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Preface and Acknowledgement

May 2026

Although I do not remember the exact time I decided it, the decision to do
a PhD was made in high school, as a challenge to myself. The decision had
very little to do with computer science. Though my grandfather’s stories in my
youth had kindled a bit of an interest in me for science, most of my youth, I
wanted to be a medical doctor, like my parents, and that changed only at the
end of high school. It was a choice between computer science and English, for
I had more of an affinity with fiction and stories. I chose computer science,
for it was expedient (I expected to be able to at least get a job in computer
science) and because I liked the clarity of purpose of it.

I almost did not come to Eindhoven either; I was set on Utrecht, but de-
cided to at least check out Eindhoven, where the open day’s mini-course on
applied logic drew me in. For most of my study, I then fixated on algorithms,
for I love their theoretical elegance, only to realise during the second year of
my master that formal system analysis was just as cool. On what was essen-
tially a whim, I decided to see if I could do some extra coursework for the
Formal System Analysis group, and on a whim, I decided to ask whether the
supervisors of those courses knew of a PhD position.

I asked at the right time; not even two days later, Jan Friso contacted me
via mail, to my considerable surprise and excitement. It turns out that the
Accelerated Verification and Verified Acceleration project group, at the time
consisting of Jan Friso Groote, Anton Wijs, Pieter Hijma, Jan Martens and Lars
van den Haak, had had the idea to make a parallel programming language for
GPUs based on graphs, which they called “graph machines”. I was brought in
with the task of making that happen, starting with some preliminary designs
by Jan Martens and Lars van den Haak. And so I did; supervised by Jan Friso
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and Thomas, I spearheaded the creation of AuDaLa from the initial ideas.
This was not as straightforward as I initially thought. I put my own spin

on the project by keeping myself to the theoretical side of programming lan-
guage design and the other related subjects I had to dive into during my PhD.
This seems to have been a somewhat unconventional approach to parallel pro-
gramming language research, to the consternation and rare (but not absent)
scorn of reviewers and other parallel programming language researchers, and
even worse, as a result of my spin, my contributions did not include an imple-
mentation or a benchmark.

A not insignificant amount of my PhD was therefore ultimately spent in jus-
tifying the project’s existence, motivating my theoretical results and refuting
reviewers which considered it only natural that any theoretical programming
language design result must be in want of an implementation, including a
benchmark. (Personally, I’d argue that this is merely conventional.) Luckily,
at some point Gijs Leemrijse came along and obliged the reviewers by creat-
ing an AuDaLa to CUDA compiler, which made these efforts quite a bit easier.
Not doing this myself gave me time to create AuDaLogic, a proof system for
AuDaLa, which I enjoyed far more.

Now, I’ve got a thesis, I have laid the groundwork for AuDaLa and AuDa-
Logic and I can consider myself the premier expert on both (out of the four
people who have been involved during my PhD). I have risen to my chal-
lenge, and now, due to the PhD and the excellent supervision by Jan Friso
and Thomas on different fronts, I also consider myself a researcher. After my
defense, my challenge will be completed.

Though the journey I went on to solve this challenge was turbulent at
times, and I would have been able to avoid many professional, personal and
social difficulties by taking the safer and more boring path, I do not regret
walking the path I did. Though my current situation and place has it’s draw-
backs, I would not want to have it any other way. Without a shadow of a
doubt, it was worth it.

In the future too, I think I will keep challenging myself, as it turns out that
challenges are the spice of life. My next adventure will be in Singapore, where
I have accepted a postdoc position under Abhik Roychoudhury on agentic ver-
ification using theorem provers.

Before I go on that adventure, now, at the end of my PhD, there are many
people I would like to thank and to give a mention. Firstly, I would like to
thank the original AVVA project group for giving me this opportunity. Further-
more, I would like to thank my supervisor Thomas Neele, my promotor Jan
Friso Groote and my brief colleague Gijs Leemrijse.

Jan Friso, you were a great promotor and secondary supervisor. I appre-
ciate and will miss your stories, your humour and your insights in academia
as a field. Your stories and insights gave colour and character to the for me
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sometimes somewhat abstract place that is academia; thanks especially for
that. Though it took some balancing, I can happily say that we found that bal-
ance; explaining something to you, especially in the later years, was engaging,
challenging, thorough and rewarding. You have a fantastic capacity for real,
genuine care about those you supervise, without which I am not sure whether
I would have finished the PhD. Thank you for your supervision; I hope you
enjoyed it as well.

Thomas, you are an excellent second author and you are a born supervisor.
During our collaboration, you were sharp, precise and calm, and you super-
vised me with a grace I would not (easily) be able to replicate. Though we
differ in many things, you had the patience to learn to effectively communi-
cate with me, while also subtly training and challenging me to improve my
thought processes and academic discussion without that ever becoming too
intrusive or forceful. For that, and for bearing with my random walk-ins and
random discussions without complaint, I thank you; I am very glad to have
had you as a supervisor. I hope supervising me led to some useful insights,
and that you also enjoyed it.

Gijs, we worked together only a bit, but I’m in awe of your intellect and
competence. Thank you for your efforts on the weak-memory semantics and
the implementation of AuDaLa, which I’m sure would not exist or be as good
without you.

During my time in Eindhoven, I have been able to participate in some truly
amazing things. I have been part of some great social groups, and I have been
able to witness and interact with some amazing people. Thank you all.

I would like to thank some people more specifically. First of all, my family.
Mam and pap, Anne-Marie and Ralph, thank you. You’ve always supported
me, and I would not have been able to do half the things I have done without
you. I love you both. Thanks to Myrthe, Jule and Jelle as well, and thanks to
Loek and Pepijn too.

Then, the extended families Franken and van Haelst. Fons and Bep, Kees
Jan, Ome Donic and Tante Hanneke, Steven and Maxime, Jord and Abby,
Robert and Lida, Bieke and Steef, Saskia and Erik, Tijmen and Aliena, thanks
for all the fun times we have had during family outings, visits and the oc-
casional boardgame night. Kees Jan and Ome Donic, thank you for being
secondary guiding figures during my time in Eindhoven as well, I really appre-
ciated that. To the new van Haelstjes, Dominique, Bente, Vicky, Hannah and
Lukas, welcome! Lastly, a posthumous thank you to my late grandparents.
Opa Paul, thank you for the stories and the walks. Oma Elly Franken-Swenker,
thank you for your practical way, the walks and your kindness and tenacity.
Oma Elly van Haelst-Snoek, thank you for your care, your sharpness and your
honesty. I am glad to have been able to visit you as I did for most of my time
in Eindhoven. I miss you.
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Figure 1: Behold! Poekie!

Next, I thank my lady and ruler, my dearest little gremlin boo of a cat
Poekie Juno Mauwmans. Behold her majesty in Figure 1. Caring for her made
my life easier when hard, and better when already good. She’s an idiot, but
a cute one, and I hope I’ll be able to enjoy her shenanigans for a long time
yet. On that note, I want to briefly mention Bob the dog and Strepie Mauw-
mans the cat, my parents’ adorable but sadly departed pets during my time in
Eindhoven.

Then, I would like to thank the great people I met and interacted with while
working as a PhD at the university of Eindhoven, starting with my workgroup,
Formal System Analysis. Anna Stramaglia, my second and office mate, you
have been a consistent pillar and friend my entire PhD. You have been there
through thick and thin and you have always cared, treating me with respect
and honesty, but also calling out my bullshit when required. Now at the end
of my PhD, you are still here, and I am happy to be able to consider you one
of my best friends now and hopefully for a long time yet. Grazie mille. Also
thank you Pavlo Burda, for the nice discussions, the events and the barbecues.

Jan Martens, Menno Bartels and Jore Booy, my other office mates, thank
you for our time together. Jan, in the office you are who I looked up to as
a young researcher; you were (and most likely still are) brilliant, sharp and
clear, with many strengths. It was a pleasure to share an office with you, and
thank you for the discussions we had during this time; though they may have
been a bit intense, they were always worthwhile. Menno, I have no doubt that
whatever you are aiming for, you will get. There are few people I have met
as quietly competent as you, and I thank you for sharing an office with me
and allowing me to explain my research to someone beyond Thomas at times.
Jore, you have the spark of unconventionality, and a great sense of humour.
You’ll be just fine as well. Thank you for sitting next to me, and throwing
balls with me as well as munching smints and for our discussions, whether
whimsical or more philosophical.

Rick Erkens, Olav Bunte and Maurice Laveaux, thank you for your com-
pany, which I greatly enjoyed during my PhD. Rick, I thank you for your
straightforward but kind honesty and your excellent taste in music and cats.
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Olav, I thank you for your easygoing affability and peacefulness, your vibing
with me and sharing stories and books. Maurice, I thank you for your kindness
and your wicked sense of humour, which blindsides me in surprising ways. Let
our drinks and our games and our concert going continue after my defense.

Clemens Dubslaff, thank you for your advice and the fun discussions we
had over the years, as well as going to Lima, Peru with me and Anna for
ICTAC. Matthias Volk, thank you for more recent discussions about academia
and the future, and for organising the CS research days. Valentina Castiglioni,
thank you for your efforts in keeping the group fun. Also thank you the time
during FORTE in Groningen.

Sebastian Betancourt Arias and Myrthe Spronck, thanks for the fun times
boardslaying the Spire and thank you Sebastian for succeeding me in the PhD
council. Thanks Mara Miulescu, Tar van Krieken, Lars van den Haak, Edward
Liem, Eduardo Costa Martins, Kevin Jilissen and Kevin van de Glind and those
of FSA already mentioned for the nice movie nights, drinks and dinners we
had together. Also thank you Jeroen Keiren for that nice Fish coverband con-
cert we went to, and thanks Roel Bloo, Herman Geuvers, Bas Luttik, Erik de
Vink, Tim Willemse, Natasja Betting-van Liempt, Agnes van den Reek, Hans
Zantema (may he rest in peace), Flip van Spaendonck, Ferry Timmers and Is-
abelle Cooijmans, along with all others of FSA already mentioned, for the nice
times, drinks, events and colloquia over the years.

I would also like to thank the SET group since I started my PhD, most no-
tably Nathan Cassee and Lavinia Paganini, for joining in with the fun. Notably,
for Nathan I remember my first IPA Fall Days, and for Lavinia, the time we
went to the Van Gogh museum. Also thanks to Satrio Rukmono, and Hossain
Muctadir, for the mangoes and the oranges and the fun.

During my PhD, I also had the pleasure of meeting a lot more people than
just those of my group. I want to thank the PhD council as led by Nathan
van Beusekom and by Sanne van Kempen. I also want to thank PhDs and
colleagues of our neighbouring groups, like Matteo Asuni, Martin Rosso, Leon
Kersten, Arpan Ray and Dominik George from SEC, Pieter Cuijpers, Adam
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Thanks the IPA PhD council under my leadership for the three lovely IPA
Fall Days events we were able to plan, and the IPA PhD students that I met
during those weeks. Specifically, I would like to thank Ivo Gabe de Wolff for
being my right hand man (and Taskmaster assistant) on the council and Philip
Tasche for his efforts on the council.

I also want to thank the fellow PhDs I met during the IPA Fall Days, Formal
Method Days, ICT.Opens, the university strike and other occasions I visited
as a PhD. Notably, thank you Christopher Esterhuyse, Dennis Sprockholt, Bob
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Chapter 1
Introduction

Since the introduction of the personal computer after the invention of the
microchip in 1971 [142], life has changed considerably. To find a location,
we now use our phones to display maps and navigate us there. Instead of
painstakingly planning out and writing documents on paper, we now use doc-
ument editors to dynamically write, change and layout documents. The inter-
net and social media have completely changed our interaction with the world,
allowing us to send messages that arrive nearly instantaneously, look up infor-
mation on the fly and communicate with people we have never met and will
probably never meet in person within seconds. All of these are a result of the
integration of computers in our daily lives.

However, when they were first introduced, computers were leagues away
from being capable of what they can be used for today. A large part of this
improvement of computers is due to a consistent effort to optimize computer
hardware to become faster and smaller. For a long time, these increases in
performance were reasonably predictable and guided by two laws, Moore’s
Law [47, 112, 131] and Dennard Scaling [27, 51]. Moore’s Law states that
miniaturizing transistors would allow the amount of transistors put on chips
to be doubled roughly every two years. Dennard Scaling states that shrinking
transistors by half their size can be done without increasing the power re-
quirements, which allows for a 40% increase in frequency per transistor [56].
Following these two laws, the performance of chips doubled roughly every two
years.

Dennard Scaling broke down around 2005 [27, 80, 112], which limited
the performance gains per generation of smaller transistors. These days, we
are also reaching the limits of Moore’s Law [112], as the miniaturizing of
the transistors is hindered by the laws of physics. Due to this, researchers
started to explore other ways for improving computing performance. One way
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of doing this is by exploiting parallelism, where multiple processors work at
the same time to execute a program as opposed to one processor executing a
program sequentially.

To facilitate exploiting parallelism, one needs programming languages that
allow parallelism in the first place. Research on how these parallel languages
should be designed already started before the 1970s [144]. Early research
into parallel programming language design yielded many extensions of exist-
ing sequential languages to work in a parallel setting, and also led to some
new principles and languages based on these principles. This second group
was better connected to the formal theory of parallel programming than the
extensions of sequential languages [103].

Additionally, theoretical research was done into which computation mod-
els should be used to reason about parallel programming and parallel algo-
rithms [20, 44, 61] and how to approach designing parallel programs [37].
The research into the approaches to the design of parallel programs gave rise
to new parallel programming paradigms, categories that programming lan-
guages can fall under, characterised by a set of principles or assumptions on
the programming environment. Like other programming paradigms, many of
the parallel programming paradigms are well-suited for specific kinds of pro-
grams [174]. Nowadays, many frameworks and languages for parallel pro-
gramming have been created, and many parallel paradigms have been speci-
fied [41, 48, 55, 101].

1.1 Complexity of Parallel Programming

Even with the current state of the art of parallel programming, the problem
remains that designing parallel programs, especially high-performance paral-
lel programs, is harder than designing sequential equivalents [5, 39, 41, 67,
70, 107]. One reason for this is that in parallel programming, multiple differ-
ent parallel processes are executing code at the same time, independently of
each other. It follows that where in sequential programming, there is a single,
straightforward execution of each program, in parallel programming, there
are exponentially many potential executions for any program, depending on
the interactions of the independent processors.

It is hard for a programmer to keep track of all possible executions of the
program, and all unintended behaviour that may stem from those possible
executions, like for example conflicts on memory resources [138]. As an ex-
ample of this, consider computing the sum of a list of numbers. In sequential
programming, this is trivially done by going through the list. However, this
only works because only one processor is executing the program. If multiple
processors are to be used, the programmer must also keep track of how the
list is divided between those processors, and how the processors will combine
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their results. If this is done incorrectly, one processor may overwrite the result
from another processor in a memory conflict, in which case the final result
returned by the program will not be the sum of all numbers in the list.

The complexity of parallel programming is made worse by the current state
of the art of parallel programming languages and frameworks, which mostly
support explicit parallelism [41], which leaves it to the user to divide the tasks
and its resources over the parallel elements throughout the whole program. In
contrast, implicit parallelism divides tasks and resources automatically.

Dividing tasks and resources effectively requires more knowledge about the
underlying hardware, memory layout and movement of data than is necessary
for sequential programming [67]. Additionally, explicit parallelism manage-
ment often bleeds into the code for the parallel programs, which in our opinion
makes parallel code unintuitive and hard to comprehend. For an example of
this, consider the example given in Section 2.1.2. We are of the opinion that
the comparison of parallel programming with an ‘arcane skill’ [39] can still
be made today, which is corroborated by the call for parallel programming
languages at a higher level of abstraction [41, 70, 75].

Another factor in the complexity of parallel programming is that it is hard
to establish whether a parallel program is correct. As many errors and faults
may depend on very specific execution behaviours that almost never happen,
it is harder to find all unintended behaviour through testing [183]. Though
we can use formal verification instead of testing, this is also harder for parallel
programs due the vast amount of possible behaviours they exhibit. Further-
more, the difficulty of parallel testing and verification is further complicated
by the many different approaches to the parallelism problem in state of the art
languages and frameworks [185], as verification methods are often developed
independently of programming languages [21, 115, 185].

The degree of the complexity of the state of the art of current parallel
programming research cannot just be attributed to parallelism being a difficult
concept. For example, parallel algorithm design research uses relatively simple
computational models [11, 97, 114] or abstract machines [19, 44, 61] to find
nice parallel algorithms [122, 163]. For some of these models, algorithms
designed for them can even be directly implemented [72].

We think that the state of the art of parallel programming research is as
complex as it is because, to quote Mattson et al. [124], “Parallel programming
research is dominated by an engineering perspective: build it, show that ‘it’
works, and move on”. This leads to a large focus on performance in paral-
lel programming research, large enough to create a ‘hardware lottery’ [95],
which favours parallel language innovations that have an immediate, short-
term performance benefit. Examples of this sentiment are considering perfor-
mance the only relevant part of parallel computing and programming [111],
and a tendency for new innovations in parallel language research to require
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benchmarking and an implementation to be considered worthwhile.
This would explain why most state of the art parallel programming lan-

guages support explicit parallelism, as that allows for better performance [41].
As defining languages as extensions for existing languages allows users to
reuse performance and hardware optimizations, code and libraries already
defined for these languages, it would also explain why languages are still
often defined as extensions for existing languages like C, C++ and Java [41]. It
furthermore explains why these extensions ignore the fact that some existing
languages, like C and C++, were originally designed for sequential program-
ming and can be considered ill-suited for massively parallel programming [75,
107].

Instead of keeping the focus of parallel programming on the performance,
we agree that it would be better to focus on programmability, a measure of
how easy it is to program in a language [39, 124]. Additionally, we consider
that it would be useful to consider verification during the language design
process, to make it easier to check the correctness of the programs created in
the language.

1.2 Research Questions and Contributions

In this thesis, we explore other facets of parallel programming than perfor-
mance to make parallel programming easier. To do this, we believe focusing
on programmability is the correct approach. However, instead of trying to
bring parallel programming closer to sequential programming [39], we be-
lieve it is more important to make parallel programming more intuitive for
programmers than it currently is. This will allow them to practice their paral-
lel programming and become more proficient at it without overly relying on
sequential programming concepts and conventions. For this, it is good to have
a more algorithm-focused view of parallel programming and abstract away
from the large focus on hardware, memory and thread management. This
leads to a focus on the data over the processes, which suits us well; as a func-
tion over time, we consider a process to be inherently sequential, where data
is more parallel due to its existence among other data.

To make our view and focus more concrete, we introduce the data-
autonomous paradigm. In the data-autonomous paradigm, data elements not
only store data and references locally, but also execute their own code. These
executions are always carried out in parallel with other data elements by
default, and are governed by a schedule. Data elements can cooperate through
stored references. Most importantly, the data-autonomous paradigm abstracts
away from processors and memory, to focus fully on data elements.

This paradigm leads to a high separation of concerns, as the code concern-
ing data structures, algorithms and orchestration is properly separated and



1.2 Research Questions and Contributions 5

not entwined with memory and process management. Furthermore, it forces
programmers to think in parallel, as by default, execution of code by data el-
ements is considered to be parallel. Lastly, it promotes a bottom-up design
process, from data element design to orchestration via the schedule. Through
these benefits, the paradigm and languages based on the paradigm facilitate
an intuitive understanding of how the data interacts in a parallel program and
therefore of what happens when the program is executed. We foresee that the
paradigm is particularly well suited for programs implementing graph algo-
rithms and other procedures that operate on unstructured data.

This leads us to our first research question for this thesis:

Research Question 1. What does a parallel programming language follow-
ing the data-autonomous paradigm look like, and what properties does that
language have?

As a response to this question, we create the parallel programming lan-
guage AuDaLa (Autonomous Data Language), the first data-autonomous lan-
guage. We mainly focus on the theoretical basis, which includes a syntax, a
formal operational semantics, a type system, an exploration of the properties
of the semantics and the type system and some theoretic extensions to the
syntax and semantics.

As we believe verification to be relevant for any parallel programming lan-
guage, we also answer the following research question:

Research Question 2. Can we create formal methods to prove programs of
AuDaLa correct?

To answer this question, we devise both the basis to prove AuDaLa pro-
grams correct using the semantics, as well as AuDaLogic, a deductive verifica-
tion proof system for proving AuDaLa programs correct based on separation
logic.

The scope of this thesis is the theoretical foundation and the verification of
AuDaLa. The thesis consists of two parts and eight chapters with content, the
dependencies of which have been visualised in Figure 1.1.

The first part deals with Research Question 1, while the second part deals
with Research Question 2. Generally, the thesis can be read from front to back,
which we recommend to get the full picture of AuDaLa and AuDaLogic. If one
is mostly interested in AuDaLogic, we recommend skipping Chapters 3, 5 and
6.

If one is mostly interested in hardware and language implementations, we
recommend first and foremost the work by Leemrijse et al. on AuDaLa [109,
110], which can be introduced by Chapter 2 and Chapter 6.2. Note that the
scope of this thesis does not include the implementation of AuDaLa [109].
Though the author of the thesis was present and somewhat involved with the
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Chapter 2

Chapter 3

Chapter 4

Chapter 5Section 6.1

Section 6.2 Section 6.3

Chapter 7 Chapter 8 Chapter 9

[109, 110]Part I

Part II

Contents

Figure 1.1: Chapter dependencies. A normal arrow signifies a full dependency and a
dashed arrow between chapters signifies that the target chapter uses ex-
amples introduced in the source chapter. Chapter 2 and Chapter 7 are
considered the starting chapters of part I and part II respectively. Material
in Section 6.2 and Section 6.3 is related to work on implementing AuDaLa
as shown in [109, 110], which is not the focus of this thesis and is not
included in it.

work implementing AuDaLa, the author does not consider his involvement
great enough for the implementation to be included in this thesis.

1.2.1 Contributions of part I

In the first part, we concern ourselves with the creation of AuDaLa and estab-
lishing its properties. For this, we have several subquestions, of which the first
is formulated as follows:

Subquestion 1. What is the theoretical basis of AuDaLa?

We answer this question in Chapter 2, where we introduce this language,
giving the concepts, a motivating example, the syntax, a type system and a
compact operational semantics of AuDaLa. As our motivating example, we
create an AuDaLa program for the prefix sum problem in Section 2.1.2. The
language is designed to be relatively simple. This is evidenced by the fact that
the syntax, the operational semantics and the type system take up less than 20
pages in this thesis, including explanations.

When considering the behaviours of parallel programming languages,
loops complicate matters. Loop behaviour is dependent on previous iterations
of the loop, which makes it difficult to analyse it and its interactions with other
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code during parallel execution. Furthermore, loop termination is undecidable,
which means that loop analysis is required to figure out its behavioural impact
on parallelly executed code. As the loop may also impact other unrelated code
executed in parallel with the loop, this complicates the analysis of all code
executed in parallel with a loop.

Therefore, AuDaLa facilitates the understanding of the results of executing
a parallel program by its enforced structure and through limiting loops to the
schedule, which coordinates the execution of programs in AuDaLa. This way,
parallelism is encountered when designing simple functions for the data ele-
ments, of which the results are easier to understand, while these functions can
be looped in the schedule. AuDaLa furthermore does not prevent resource con-
flicts from occurring in the simple functions; we leave dealing with them to the
programmer, which we consider to help build intuition for parallel program-
ming. We consider this to be possible as without loops, the added complexity
of these resource conflicts is limited.

As stated earlier, we consider that the focus of parallel programming on
explicit parallelism and the resulting focus on the underlying hardware and
the management is opposed to our focus of keeping parallel programming
programmable. See also Section 2.1.2. As a design principle, we therefore
only allow for minimal hardware, performance and implementation consider-
ations in the design of the language concepts and syntax, to keep the language
conceptually simple and programmable. We make two exceptions regarding
AuDaLa’s independence from hardware and implementations.

Firstly, AuDaLa is meant to be hardware-neutral. This means that we want
it to work on GPUs as well as CPUs. To make AuDaLa more suitable for GPUs,
we impose the requirement that the local memory of each data element cannot
contain dynamically-sized data structures. This way, the memory required per
data element will be statically determinable, which makes it easier to concep-
tualize the implementation for GPUs. Furthermore, this has the added benefit
that the data represented by the data elements in AuDaLa must be kept rea-
sonably small, as they can only have finitely many parameters. Without this
assumption, a programmer would be able to put arbitrary amounts of data into
data elements, which would essentially devolve back into processes as the el-
ement ceases to really be defined by the data it contains. In return, however,
AuDaLa does not support arrays (or similar dynamic indexing data structures),
as that would require an indexer for which the number of parameters can only
be determined during runtime. We discuss this further in Section 6.1.

Secondly, the semantics of AuDaLa contains atomic actions, actions which
execute without interference from other actions, and our atomic actions for
reading and writing to variables are reasonably strict. We assume the atom-
icity is correctly implemented, which would mean that no memory conflicts
dependent on access at the same time, like data races [77, 138], can occur.
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Though this is a strong assumption, taking it allows us to keep the seman-
tics relatively simple, which makes our work on determining the properties
of AuDaLa and creating verification methods for AuDaLa more feasible. Simi-
larly, we decided to have a single strict looping mechanism in our schedule, as
opposed to a more flexible looping mechanism.

We see two main alternatives for this choice. On the one hand, we can
make the semantics more complicated to lift this problem from the implemen-
tation from the semantics. Though this could be directly integrated into the
standard semantics, we are in favour of doing this similarly to how we in-
tegrate the Weak-memory semantics in Section 6.2 and Section 6.3, with an
alternative semantics. As a drawback, verification methods would become a
lot harder to define and harder to apply if this new semantics is not function-
ally equivalent in some way to the standard semantics. Secondly, we could lift
this problem even further and lift it to the syntax, making it the programmer’s
problem, for example by using locks. Following from our focus on programma-
bility and our opposition to explicit parallelism, we are not particularly in
favour of this approach, but it would be a valid alternative. Investigating
these alternatives and their need for them we leave to future work.

Other than these two exceptions, in this thesis and during the design of
AuDaLa, we use the shared-memory model to conceptualize executions of Au-
DaLa as a frame of reference. AuDaLa should however also be usable with
other memory models, like for example the message passing model, with per-
haps some adaptations. We do not investigate this in the thesis, so we leave
this to future work.

We talk about resource conflicts in terms of race conditions. These occur
when two parallel processes a and b access the same resource x, and at least
one of the processes writes to x, which we take to be a. Then, if b writes to
x as well, the resulting value of x becomes non-deterministic, since we do not
know whether a or b writes first. If b reads from x, the value read is non-
deterministic, as we do not know whether a writes first or b reads first. We
distinguish race conditions and data races by the fact that race conditions do
not access the variable at the same time, while data races do.

We do not prevent occurrences of race conditions to happen in AuDaLa,
as we believe they have their uses. One example of such a use is an ele-
gant write-write race condition nomination protocol approach first used by
Wijs et al. [178] and also used by Martens et al. [122] in their bisimulation
algorithm.

We then study the properties of AuDaLa, starting with programmability. As
discussed previously, programmability is a measure of how easy a program-
ming language is to program in [39, 124]. However, it is currently not a
clearly specified measure, with consensus on what is and what is not pro-
grammable. To explore programmability in AuDaLa, we have therefore made
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our own interpretation of programmability, where we consider AuDaLa to be
programmable if it is simple, structured and expressive enough to be intuitive
to use.

This leads to the following two subquestions:

Subquestion 2. To what extent is AuDaLa simple and structured?

Subquestion 3. How expressive is AuDaLa?

We have designed AuDaLa to be both simple and structured, as discussed
above and in Chapter 2. Therefore, to explore Subquestion 2, we demon-
strate the structure and simplicity of AuDaLa in Chapter 3, by giving multiple
examples of programs created for AuDaLa. This ranges from programs for
computing reachability in a directed graph to programs for solving the 3-SUM
problem and sorting lists of numbers.

For expressivity, from related work on programming language expressiv-
ity [49, 58, 130], we found that there are different ways of approaching ex-
pressivity.

On the one hand, a programming language A can be considered more ex-
pressive than a programming language B if A allows for the creation of pro-
grams that cannot in any way be expressed in B [130]. That is, however, not
the full story, because expressivity also includes some kind of judgement on
how easy it is to use a programming language. On the other hand, therefore,
A can be considered more expressive than B if A makes it easier to express
programs than B , for example by having more flexible or powerful language
features [58].

We can consider the first measure to be the relative measure, and the second
measure to the be practical measure.

In this thesis, we explore the expressivity of AuDaLa in two ways. Fol-
lowing the formal measure, we first establish an expressivity class for AuDaLa
by proving AuDaLa Turing complete. We do this by simulating a Turing ma-
chine in AuDaLa in Section 3.5 and proving that simulation to be correct in
Section 5.3.

Secondly, following the second measure, in Section 6.1 we identify some
possible extensions of AuDaLa which would allow for some programs that
would otherwise be hard to express with the standard semantics, following
the second part of the expressivity definition. We then create full semantic
adaptations to allow for those features.

Another property we study is the verifiability of AuDaLa, for which we
focus on the following subquestion:

Subquestion 4. How can we verify AuDaLa programs using the semantics and
how difficult is doing so?
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In Chapter 4, we take the first steps to answer this question by formalizing
some properties of AuDaLa programs. As we are generally interested in Au-
DaLa programs that make sense, we limit most of these properties to programs
which conform to the type system of AuDaLa as given in Chapter 2. The type
system makes sure that the program syntax is well-typed, that there is no un-
wanted overlap between names used in the program and that local variables
are declared and used properly. This allows us to make some assumptions
on the programs for which we establish the properties. From these proper-
ties, we can derive type soundness for our type system, and we also formulate
some corollaries to make proving AuDaLa programs a bit more intuitive and
high-level.

In Chapter 5, we apply the properties from Chapter 4 to prove our pro-
gram for prefix sum, one of our sorting programs and our implementation of a
Turing machine correct. Though these proofs are quite application-dependent
and close to the semantics, they already show some standard steps that most
AuDaLa proofs should go through. Furthermore, the proof for the Turing ma-
chine makes use of a stutter trace equivalence, which is a relevant technique to
prove execution results equivalent across different semantics.

The last property of AuDaLa we explore is implementability. Generally, as
AuDaLa’s semantics is finite and completely defined, we can quickly establish
that AuDaLa is indeed implementable (as confirmed by Leemrijse et al. [109]).
However, from further investigation into compiling AuDaLa to CUDA C++, a
commonly used parallel programming model and language [69], we found
that the standard semantics of AuDaLa is relatively strict and does not allow
for common compiler and hardware optimizations, which inhibits the perfor-
mance of the compiled AuDaLa programs [109]. We therefore explore the
following research question:

Subquestion 5. How can we improve AuDaLa’s semantics to be more com-
patible with common compiler and hardware optimisations?

To answer this question, we define a weak-memory semantics in Sec-
tion 6.2, which is less restrictive than the original semantics and supports
more execution optimizations. As a drawback, however, this semantics is
more complex than the original semantics. As we want to keep AuDaLa as
simple as possible, we also formally prove the original semantics and the weak
memory semantics equivalent for AuDaLa programs without read-write race
conditions in Section 6.3. This permits programmers to use the easier original
semantics for programming and verification, while the implementation can
benefit from the performance benefits of the more complex weak-memory
semantics.
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1.2.2 Contributions of part II

In the second part of the thesis, we reconsider the verification of AuDaLa pro-
grams. Though the semantic verification in Chapter 5 does exhibit a structure,
it is still lengthy and precise work to prove even the most basic of programs. In
this part, we therefore create AuDaLogic, a deductive verification proof system
for AuDaLa based on concurrent separation logic. This proof system consists
of a logic with which we can express properties about AuDaLa states, and
inference rules with which we can prove properties of AuDaLa executions.

We formulate three subquestions for this part, each of which is discussed
in a separate chapter. The first subquestion is as follows:

Subquestion 6. How can we define a proof system for AuDaLa?

We answer this question in Chapter 7, where we define the syntax and
semantics of AuDaLogic using the papers by Vafeiadis and Reynolds [159, 173]
as a starting point. This includes the definition of two functions to translate
AuDaLa expressions and the stability property to AuDaLogic.

The main differences between conventional concurrent separation logic
and AuDaLogic is the addition of the label triple, and the fact that AuDaLogic
does not use resource invariants. The label triple is a construct in the AuDa-
Logic state reflecting which data elements are currently considered active for
the program, which allows us to abstract away from irrelevant data elements
as well as irrelevant memory resources.

In conventional separation logic, some resources may be shared between
processes, but may only be accessed by one process at a time, which is facili-
tated by a lock. Using these locks prevents for example data races to happen.
Resource invariants guarantee properties of the resources both before and af-
ter they are accessed by a process. Currently, AuDaLa does support locks, so
AuDaLogic does not use resource invariants.

We give an example of how AuDaLogic can be used in practice in Sec-
tion 7.5 by proving one of our sorting algorithms correct.

With AuDaLogic fully defined, the next subquestion is the following:

Subquestion 7. Is AuDaLogic sound?

Here, soundness is an important property of proof systems, which estab-
lishes that whatever can be proven in the proof system is indeed true. For
AuDaLogic, this means proving that anything we can prove in AuDaLogic is
correct with regards to the semantics of AuDaLa.

In Chapter 8, we prove the soundness of AuDaLogic by connecting the
semantics of AuDaLa and AuDaLogic, proving our predicate generation func-
tions correct and then proving the soundness for the proof rules of AuDaLogic.
For this, we use the methods first described by Vafeiadis [173], adapted to
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fit AuDaLogic and AuDaLa. This is somewhat comparable to the stuttering
equivalence proofs of part I, if more complicated.

This gives us a sound proof system for AuDaLa. However, in its original
form, the proof system assumes that there are no race conditions in the Au-
DaLa program on which it is used. As there are programs in AuDaLa which
use benevolent write-write race conditions, which can be proven with the se-
mantics, we therefore consider the last subquestion:

Subquestion 8. How can we verify AuDaLa programs with write-write race
conditions?

In Chapter 9, we show how to adapt AuDaLogic to allow for write-write
race conditions. We demonstrate the adaptation with a small example.

We conclude the thesis with Chapter 10, where we discuss what the next
steps are for AuDaLa and AuDaLogic.

1.3 Origin of Chapters

This thesis is divided into two parts, with Part I discussing the basics of AuDaLa
and the exploration of its properties, and the second discussing the definition
and soundness of AuDaLogic.

The original idea for the data-autonomous paradigm and AuDaLa was
originally conceived by the AVVA project group, which consisted of Jan Friso
Groote, Thomas Neele, Anton Wijs, Pieter Hijma, Jan Martens and Lars van
den Haak.

Part I draws from several publications. Firstly, Chapter 2, 3, 4 and 5, ex-
cept for the Turing machine program given in Section 3.5 and its proof in Sec-
tion 5.3 originate from the publication which originally introduced AuDaLa
and its journal extension:

[64] T. T. P. Franken, T. Neele, and J. F. Groote. “An Autonomous Data
Language”. In: Theoretical Aspects of Computing – ICTAC 2023. Cham:
Springer Nature Switzerland, 2023, pp. 158–177. ISBN: 978-3-031-
47963-2. DOI: 10.1007/978-3-031-47963-2_11.

[65] T. T. P. Franken, T. Neele, and J. F. Groote. “The Autonomous
Data Language – Concepts, design and formal verification”. In:
Theoretical Computer Science 1057 (2025), p. 115560. ISSN: 0304-
3975. DOI: https : / / doi . org / 10 . 1016 / j . tcs . 2025 . 115560.

For the thesis, we have polished and slightly extended these contents. First
of all, where the journal version given above gave the six properties of well-
formed programs in one large theorem ([65, Theorem 7.14]), we have split

https://doi.org/10.1007/978-3-031-47963-2_11
https://doi.org/https://doi.org/10.1016/j.tcs.2025.115560
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them into separate lemmas for the thesis. We furthermore found that the case
distinction for the postcondition of operator commands in Property 5 in the
journal paper missed a case, which we added in this thesis.

We have additionally polished the proof of the properties, and split the
proof of property 5 into more accessible subproofs. We included the new
auxiliary Lemma 4.2.19 for property 5 (as given in Lemma 4.2.18). The proof
for type soundness, not present in the journal extension, has been included in
the thesis.

The Turing machine implementation (Section 3.5) and its correctness proof
(Section 5.3), and the semantic adaptations exploring expressivity given in
Section 6.1 originate from the following publication and its journal extension:

[62] T. T. P. Franken and T. Neele. “AuDaLa is Turing Complete”. In: Formal
Techniques for Distributed Objects, Components, and Systems. Cham:
Springer Nature Switzerland, 2024, pp. 221–229. ISBN: 978-3-031-
62645-6. DOI: 10.1007/978-3-031-62645-6_12.

[63] T. T. P. Franken and T. Neele. “Expressivity of AuDaLa: Turing Com-
pleteness and Possible Extensions”. In: Logical Methods in Computer
Science Volume 22, Issue 2 (2026). ISSN: 1860-5974. DOI: 10.46298/
lmcs-22(2:5)2026.

We have polished these contents, and made the fact that the Turing com-
pleteness proof is a stuttering equivalence proof more explicit than it was in
these publications, to connect it to the proofs in Chapter 6.

Lastly, the weak-memory semantics presented in Section 6.2 has been
adapted from the weak-memory semantics given in the following publication:

[110] G. P. Leemrijse, T. T. P. Franken, and T. Neele. “Formalisation of a New
Weak Semantics for AuDaLa”. In: Automated Technology for Verifica-
tion and Analysis. Cham: Springer Nature Switzerland, 2025, pp. 93–
116. ISBN: 978-3-031-78750-8. DOI: 10.1007/978-3-031-78750-
8_5.

For the thesis, we have slightly adapted the semantics as given in the paper,
the details of which are discussed in Section 6.2. This was done to remove
some small side cases in the proofs of Section 6.3 which would otherwise
make the proof harder to follow. The proof found in Section 6.3.2 is a new
contribution of the thesis, which proves Theorem 1 of the paper. Due to the
use of the adapted properties, we establish in the thesis that the type system
is also sound for the adapted weak-memory semantics. Though the author
contributed significantly to the proof of Theorem 2 in the paper, Theorem 2
and 3 of the paper and their respective contexts have not been included in the
thesis, as the author did not significantly contribute to the axiomatic memory
consistency model both theorems apply to.

Part II is unpublished thus far.

https://doi.org/10.1007/978-3-031-62645-6_12
https://doi.org/10.46298/lmcs-22(2:5)2026
https://doi.org/10.46298/lmcs-22(2:5)2026
https://doi.org/10.1007/978-3-031-78750-8_5
https://doi.org/10.1007/978-3-031-78750-8_5
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1.4 Related Work

In this section, we give an overview of the related work we have explored for
the different contributions in this thesis.

1.4.1 The paradigm and AuDaLa language design

Conceptually, the data-autonomous paradigm is closely related to the Parallel
Pointer Machine (PPM) [44, 78], which models memory as a graph that is
traversed by processors. We consider the PPM to be a main inspiration for the
data-autonomous paradigm, and one can consider the paradigm to be based
on the PPM. The main difference between the paradigm and the PPM is that
we do not consider the processors to be separate from the data as the PPM
does, and we do not require that data elements execute synchronously.

The data-autonomous paradigm shares the same focus on data as message
passing [42, 118, 127] languages like Active Pebbles [179], ParCel-2 [33] and
AL-1 [119], but differs in using shared variables instead of synchronisation
and messages. It also does not allow the use of data as passive elements, like
in the messages of MPI [42].

The data-autonomous paradigm can be considered related to the coor-
dination paradigm [8, 71, 148]. Like with data-driven coordination, the
data-autonomous paradigm considers the state of computation dependent
on the data, their values and their configuration relative to other data. Like
with control-driven coordination, the data-autonomous paradigm strongly
separates coordination and computation; this is evidenced by the inclusion
of a schedule in the data-autonomous paradigm, which can be considered an
integrated coordination language.

However, the data-autonomous paradigm is not just concerned with coor-
dination, but also with computation; it requires the execution of code to be
done by the data elements, which is distinct from the more process-minded
coordination paradigm. By encapsulating both the computation and the co-
ordination, the data-autonomous paradigm also imposes more structure than
coordination languages, which are meant to be integrated with other existing
base languages when used. Furthermore, the goal of the data-autonomous
paradigm is not to define an independent model to be added to base lan-
guages [71], but to be a model for fully newly defined parallel programming
languages. The two models therefore conceptually differ, but they do share
some outlooks.

As AuDaLa follows the data-autonomous paradigm, it follows that it can
also be considered related to some coordination languages. It is less related
to coordination languages like Linda [37, 38, 71] and KLAIM [50], which are
more concerned with how processes access and resolve operations on data in
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some shared space. It also does not need to create channels between compo-
nents, like for example Reo [9].

However, an interesting related coordination language to both AuDaLa and
the data-autonomous paradigm is the Gamma language [14, 15, 16] and their
chemical reaction model. In this model, data can cooperate in parallel by un-
dergoing ‘reactions’, for which they may need to fulfil certain conditions. This
model is very compatible with the data-autonomous paradigm, even though
it, following the coordination paradigm, does not specify how the reactions
should take place. The standard three problems for implementing the Gamma
language, as outlined in [15, Section 2.4], take a more process-minded view,
where data is to be manipulated, but that does not rule out a data-autonomous
intepretation. On the AuDaLa level, AuDaLa is less abstract, as it requires the
user to specify how the ‘reactions’ happen and how the data elements manip-
ulate their references to achieve intended results. Additionally, AuDaLa is far
more structured, as evidenced by the immutability of structs during execu-
tion. Nevertheless, the two are very related, if distinct ways of trying to tackle
a more data centered approach on parallel programming.

Similar to the Γ-language, the paradigm and AuDaLa are related to the
Chemical Abstract machine [19] and the Γ-Calculus Parallel Programming
Framework [68].

Another model close to the data-autonomous paradigm is the actor model
by Hewitt [86, 87]. Like actors, to make an AuDaLa program, one must first
define the templates for the data elements in the system, and like actors, a
data element can contain finitely many references to other data elements. The
difference between the model and the data-autonomous paradigm stems from
their approach to communication and execution. In the actor model, actors
send other actors messages, on which the recipients can act. In comparison,
the actions of the data elements in the data-autonomous paradigm is not re-
active with regards to other data elements, but governed by a schedule. It
follows that the data-autonomous paradigm does not have as large a focus on
message passing as the actor model.

It also follows that AuDaLa is related to actor languages, like ABS [99],
Ly [172], ParCel-1 [175], PObC++ [153] and A-NETL [10]. However, Au-
DaLa does not use the message passing model for communication, where these
languages often do. Of those who do not, OpenABL [46] uses agents similar to
data elements, but gives the agents to functions instead of functions to agents.
Active Object languages [23, 25] do give their objects functions, which is very
closely related to data elements. The execution of functions in these objects
however, is fully asynchronous: objects can activate other objects by calling
methods in them for them to execute. This is less structured than in AuDaLa,
in which the functions to be executed are defined in the schedule. As a result,
AuDaLa does not currently use futures, unlike many active object languages,
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though there may be benefits in considering how the concept of futures may
improve AuDaLa.

The motivation of our work is similar to the motivation of the creation
of the ICE language [72]. In the paper, the authors essentially bridge the gap
between the Parallel Random Access Machine [61], used for parallel algorithm
design, and hardware and implementation, with the goal to make parallel
programming easier. We can be considered to do something similar, except
with a paradigm based mainly on the PPM and defined for parallel programs,
instead of with PRAMs. This is evident in the algorithmic focus of AuDaLa
code.

In AuDaLa, the relations between data elements can be viewed as a graph,
which is also the case for graph based languages, such as DDG [171], a
scheduling language, and GraphGrind [169], a graph partitioning language.
The Connection Machine [89] uses a graph-based hardware architecture for
parallel computation. Similarly, the way data is expressed in Legion [17] and
OP2 [132] is similar to AuDaLa. However, these two languages work top
down from a main process that calls functions on data, which is unlike the
data-autonomous paradigm.

The data-autonomous paradigm has similarities with the data-parallel
problem decomposition paradigm, except that the data-autonomous paradigm
is more extreme with regards to the role of data in the program and the role
of parallism in the program. It follows that AuDaLa shares concepts with
other data-parallel languages like CUDA [69, 82] and OpenCL [40]. It has the
most in common with object-oriented approaches to data-parallelism, like the
POOL family of languages [4], languages in which small elements do parallel
computations based on their neighbours, like RELACS [158], PPC [120],
Chestnut [167] and the ParCel languages [33, 175], and actor languages.

The use of a schedule in the data-autonomous paradigm relates AuDaLa to
some more functional data-parallel languages as well. For example, AuDaLa
uses a schedule, like Halide [157]. Furthermore, the manipulation of an array
in Futhark [85] has some similarity to calling a step in AuDaLa.

1.4.2 Programmability and expressivity

We consider parallel programmability to be a measure of how easy it is to
actually use the parallel programming language for programming [39, 124].

Though we present no specific measure of programmability, which seems
to be a study all on its own, we do consider a part of this to be the expressivity
of the parallel language, which we define as the measure of what can and
cannot be expressed in the language.

As described in Section 1.2.1, we consider there to be at least two aspects
of the expressivity of parallel programming languages, following the related
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work by Mitchell [130], Felleisen [58] and Davidson [49]; relative expressivity
and practical expressivity.

We took the name relative expressivity from related work, where it is used
for example in the context of process algebras [150], fulfilling a similar func-
tion as in our context. For parallel languages, though this kind of expressivity
of actor languages has been studied before [24] and there is research into
suitable Turing machine-like models for concurrency [104, 155, 177], there
surprisingly does not seem to be a large focus on relative expressivity research
for parallel languages, including work on proving parallel languages Turing
complete. In contrast, there is a lot of work on relative expressivity for process
calculi and algebras [150, 151].

If we restrict ourselves to proving parallel languages Turing complete, we
can think of several reasons why this does not have a large focus in research.
One of these reasons can be that many of these languages extend other lan-
guages, e.g., CUDA and OpenCL are built upon C++. For these languages, Tur-
ing completeness is inherited from their base language. Other languages, for
example domain specific languages like Halide [157], are simple by design,
and if the functionality is more important than the applicability, Turing com-
pleteness may be of lesser importance. Some languages are also not Turing
complete on purpose [53, 74], for example to make automated verification
decidable. As AuDaLa is not an extension of a sequential language, Turing
completeness for AuDaLa is not automatic. It has been noted that Turing com-
pleteness also does not establish as much about expressivity as it does in the
domain of sequential languages, as Turing completeness does not account for
the impact of concurrent and distributive operations, which can lead to differ-
ences in behaviour in two Turing complete concurrent languages [54].

Though we agree with this, the fact stands that the full behaviour of a par-
allel language is a superset of the behaviour of the language in the sequential
setting, so establishing AuDaLa to be Turing complete is a good starting point
for analysing the expressivity of AuDaLa. Our method for doing so follows the
same line as the proof for the Turing completeness of Circal [52]. Other paral-
lel systems that have been proven Turing complete include water systems [84]
and asynchronous non-camouflage cellular automata [182].

Beyond Turing completeness, the notion that Turing completeness does not
account for the impact of concurrent and distributive operations on behaviour
seems to suggest that more can be done to better define relative expressivity
for programming languages, but we have not found much work on that beyond
the work we base our definition of expressivity off of, especially recent work.
We do not know precisely why this is the case, and invite anyone who does
have work on this to let us know.

We consider practical expressivity to have been studied before [164]. No-
tably, the fact that it requires some measure of what languages are easy to use
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or not directly relate it to the study of programming language usability [121,
134, 136, 162] and program comprehension [108, 181].

1.4.3 Semantic equivalences

In Section 5.3, we prove our implementation of a Turing machine correct by
proving that for every Turing machine execution there is an equivalent im-
plementation execution and vice versa. In Chapter 6, we define the weak-
memory semantics, and prove it is equivalent to the original semantics for
programs without read-write race conditions by proving that for those pro-
grams, every execution of the original semantics has an equivalent execution
in the weak-memory semantics. In general, we consider that for hardware
and optimization purposes, defining a new semantics and connecting it to the
standard semantics is a preferred approach to keep the original language sim-
ple while still allowing for optimizations and implementations. In Chapter 8,
the soundness of a proof rule or a function implies an equivalence between
the postcondition of a proof rule and the executions of the code in the proof
rule executed from states satisfying the precondition of the proof rule, which
also implies an equivalence between the semantics of AuDaLa and the proof
system.

In literature, this approach is related to the approach for determining the
determinism of parallel languages as outlined by Lu and Scott [116], with the
difference that we are not trying to establish determinism between different
executions of a program in the same semantics, but correspondence of execu-
tions of a program using two distinct semantics. There are multiple papers on
trying to equate two semantics with each other that have similarities with our
approach [117, 123, 139, 161].

Often, the related work relates a denotational semantics to an operational
semantics of the same language [117, 139, 161]. We do not use denotational
semantics in our work, instead reasoning about possible executions. However,
the step from reasoning about executions to a full denotational semantics is
not a large one, for which we would be able to use established notions like the
expression result values as defined in Chapter 4.

The paper by Mason and Talcott [123] wants to translate a higher level
actor language into a lower level language, which must preserve interaction
semantics. They prove this by extracting interaction semantics in a configu-
ration for both languages and proving that the translation and the original
program have the same interaction semantics. This is similar to our approach
for all of the above mentioned sections; in our case we extract all data and
existing data elements from the states of the program which we then use in
the proof.

What we do can also be compared to the methods used to prove compiler
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optimizations sound [113, 168], with our method being especially similar to
the one used by Kundu et al. [168]. This is most apparent in the weak-memory
semantics equivalence proof of Chapter 6, even though no translation is ap-
plied. A difference from the method used by Kundu et al. [168] is that we use
stutter trace equivalence [12] instead of bisimulation. This is due to the fact
that when a function is called by the schedule, its execution is asynchronous
for the data elements.

1.4.4 Verification of AuDaLa

In this thesis, we verify several of the examples given in Chapter 3. Other
than the verification of the Turing machine, which follows our semantic equiv-
alence approach, we consider the proofs of Chapter 5 to be contract-based, as
opposed to the AuDaLogic proofs in Part II.

Both the proofs in Chapter 5 and the AuDaLogic proofs are related to Hoare
logic [6, 91]. The proofs in Chapter 5 revolve around specifying a precondi-
tion and finding the results of executing individual steps and chaining them
together to establish a postcondition, and AuDaLogic is based on concurrent
separation logic [29, 31, 32, 141, 143, 154, 159, 160], an extension of Hoare
logic and Owicki-Gries logic [145, 146] used for verifying concurrent pro-
grams. Separation logic is not the only adaptation of Hoare logic and Owicki-
Gries logic for concurrent verification [57, 106, 166, 176], but it is probably
the most successful adaptation, and its focus on separating the available con-
text suits our purposes.

Generating the step contracts in the contract-based proofs of Chapter 5 is
akin to symbolic execution [13, 102], albeit a variant which does not need to
consider loops and needs to include parallelism. Our approach, like separation
logic, has a local focus: contracts are generated relative to their executing ele-
ments, consider only the parameters accessed by their executing elements and
work with pointers. However, the way this locality is achieved is orthogonal;
where separation logic partitions the memory to achieve locality for processes,
our approach partitions the process into the steps and achieves the locality by
only considering one step at a time.

For AuDaLa, we make a distinction between write-write race conditions
and read-write race conditions, where we consider write-write race conditions
benign enough to include and read-write race conditions as harmful. Distinc-
tions between race conditions, whether it is good to have them and methods
to find the harmful ones have been discussed before [22, 133, 137].

There is quite a body of related work on separation logic and concurrent
separation logic. Many of these are adaptations of separation logic for specific
goals [26, 76, 92, 93, 98, 105, 147, 156, 170, 184]. Due to this, there has also
been work warning to not create too many different separation logics [149] or
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work trying to unify different separation logics, for example in classes [34].
Though AuDaLogic has been created to function as a proof system for Au-

DaLa, it is still an adaptation of concurrent separation logic. As an adaptation,
we would say it is related to probabilistic separation logic [76], which also uses
the separator to split something other than the heap, though what is split is
different. We use it to split parallelism by splitting active elements from each
other, however, while the paper splits probabilities. Furthermore, in AuDa-
Logic, the splits are fictional [98]; they are abstractions from the actual state
that focus in on the current active elements and the memory that we have
assigned to them.

We have created a new separation logic, AuDaLogic, instead of making
AuDaLa fit with another, already existing separation logic. This is in contrast
to the warnings of too many separation logics as given by Parkinson [149]. In
our case, we believe this is justified; we have had to make substantial changes
to the core of concurrent separation logic as presented by Vafeiadis [173] to
make the resulting logic fit AuDaLa, including an entirely new axis along which
to split resources. We agree that finding the right core principles and creating
a “right core logic” is important [34, 100, 149], however. We think that for
such a core logic, it is important to not be too hardware focused, as while
separation logic is great for reasoning about memory resources [154], it is
also great for other resources, like the active elements or probabilities [76].

Some related work is also concerned with finding ways to prove separa-
tion logics and their proof systems sound [29, 59, 83, 88, 126, 165, 173]. We
follow the method first proposed by Vafeiadis [173], which has some similari-
ties to stuttering equivalence proofs. For example, to prove AuDaLogic sound,
we essentially compared the traces of AuDaLa to traces implied by the proof
system (traces of the proof system semantics) through a safety predicate for
which we extract the relevant data from AuDaLa states (configurations).

Interestingly, we did not have to introduce environment transitions, which
are introduced by Soares et al. [165]. These were introduced to remove a
requirement in Vafeiadis’s proof system that a parallel statement C1∥C2 can
only be split over two separated preconditions (and postconditions) P1 and P2

if the variables in P1 and C2, and P2 and C1 are disjoint. In AuDaLogic, this
never comes up, which we attribute to the local statement execution perspec-
tive of AuDaLa; variable names do not refer to fixed variables in our fictional
memory, but are relative to the struct instance which executes the statement.

For AuDaLogic future work, it is notable that there have also been efforts to
make separation logic compatible with automated verification [18, 100, 125].
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Chapter 2
Defining AuDaLa

In this chapter, we give the basics of AuDaLa. We first discuss the intuition of
AuDaLa in Section 2.1. The syntax is given in Section 2.2, and we define a
type system for AuDaLa on the syntax in Section 2.3. We then give the first
semantics for AuDaLa in Section 2.4 and conclude the chapter in Section 2.5

2.1 Concepts

In this section, we discuss the concepts of AuDaLa. We furthermore design
a program for the prefix sum problem in AuDaLa as a motivating example
to demonstrate the concepts. We will first discuss the basics, after which we
discuss the motivating example. Lastly, we discuss some important design
considerations and benefits.

2.1.1 The basics

In AuDaLa, programs are designed using three main components: the structs,
the steps and a schedule. For a visual overview of the three main components,
their purposes and relation to the other concepts, see Figure 2.1.

The structs are used to define the system of the program by defining the
types of the data elements that can occur in them. The structs in an AuDaLa
program are dependent on the context of the program. For example, to create
a parallel program that works on a graph, our system can consist of nodes
and edges. Defining a struct consists of giving the name of the struct and the
parameters available to that struct.

As an example, we can define a struct for nodes and edges as shown in
Listing 2.1. Here, the nodes have a value parameter, and the edges have a
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structs stepsbelong to scheduleinvokes

data type definitions,
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combine steps
into program

Figure 2.1: The three main components of an AuDaLa program. The numbers signify
the order in which they should be finalized in an AuDaLa program.

source and a target parameter.

1 struct Node(value: Int){}
2 struct Edge(source: Node, target: Node){
3 add {
4 target.value := target.value + source.value;
5 }
6 increment {
7 source.value := source.value + 1;
8 }
9 }

10

11 Fix(increment < add)

Listing 2.1: A small working example AuDaLa program

When executing our program, the execution will be done by struct in-
stances, which are single elements created from the template as given by a
struct. At the start of an AuDaLa program, a special null-instance is assumed
to exist for every struct. These are special struct instances which represent the
boundaries of the system, with each null-instance representing all undefined
instances of a specific struct. It can be considered a constant default instance
of a struct. As a null-instance is a default element, their parameters cannot be
changed during execution. One of the things null-instances can be used for is
initialisation, since they are the only struct instances that exist at the launch
of a program.

Each struct contains zero or more steps, which represent operations a struct
instance of that struct can do. A step contains simple, algorithmic code, con-
sisting of conditions and assignments, without loops. Struct instances may
define and use local variables during a step, but those cannot be used by other
struct instances and do not carry over between steps. This makes steps fi-
nite and easy to reason about. As a struct instance represents a piece of data



2.1 Concepts 25

executing a piece of code, the struct instance always has access to its own
parameters, as defined by the struct. Some of these parameters can be refer-
ences, which refer to other struct instances, which can be followed to access
the parameters of those struct instances.

As an example step, we can give our edge a step to add the value of its
source node to its target node, and a step to increment the value of its source
node. As an example, see the steps add and increment as shown in Listing 2.1.

The schedule prescribes an execution order on the steps. It contains step
names and fixpoint operators (Fix).

Whenever a step name occurs in the schedule, it is executed in parallel
by all struct instances of which the struct contains a definition for that step
name. It is also possible to have only the struct types of a single struct instance
execute the step by using a specific syntax construct.

The fixpoint operator is our main looping mechanism, containing a nested
schedule. It will run the contained schedule until the entire existing system
(composed of all existing struct instances) is stable. Here, we define stable
to mean that no additional struct instances have been created nor have any
parameters been changed during the execution of the schedule in the fixpoint.
If the system is not stable after an iteration of a fixpoint, the fixpoint will
be executed again. Once a fixpoint has been run at least once and the last
iteration of the fixpoint was stable, the fixpoint will finish executing and the
schedule can move on. In this case, we say that the fixpoint terminates.

The occurrences of step references and fixpoint operators are separated by
synchronization barriers (‘<’). Execution only proceeds past a barrier when all
computations that precede the barrier have concluded.

For an example schedule, consider the schedule Fix(increment < add) in
Listing 2.1. In the schedule, we loop over the steps add and increment. As
the value of source.value and target.value will keep increasing, this loop will
never terminate. To have it terminate, we can put a guard in the step using an
if-statement.

Note that nested fixpoints are allowed, which corresponds to nested loops
in other parallel programming languages. For example, Fix(Fix(step) < check) is
a schedule which contains a loop in which it will first execute the step step until
the system is stable, and then execute check once. The program will continue
with this loop until after the single execution of check, the system is stable.

Through the workings of the schedule, it follows that AuDaLa programs
are inherently parallel. With some extra effort, however, it is still possible to
define sequential programs in AuDaLa as well.
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2.1.2 A motivating example - prefix sum

To give an example of these concepts in action, we consider the prefix sum
problem:

Problem 2.1.1 (Prefix Sum). Given a sequence of n integer values v1, . . . , vn ,
compute for each position 1 ≤ k ≤ n in the sequence the sum Σk

i =1vi . We assume
that the sequence is given as a single, finite list without loops.

For example, consider the sequence of integers 3,4,2,1. We would like to
compute for each position the sum of all integers up to that position. In our
example, this means we would like to compute the sequence 3,3 + 4,3 +4 +2,3 +
4 + 2 + 1 = 3,7,9,10.

To design an AuDaLa program for prefix sum, we follow the design struc-
ture suggested in Figure 2.1. We omit the initialization of the sequence, as that
depends on the exact context in which the program will need to be applied. To
that end, our program will be comparable to the design of a parallel function
for prefix sum in other programming languages. As we still need to define
the structs, we can still conclude things about the system which executes our
program, even though we do not know the exact initialization.

In the prefix sum problem, the input is a sequence of integers. We model
an element of this sequence with a struct Position containing a value val. We
also give every Position a reference to the preceding Position, contained in pa-
rameter prev, as seen in Listing 2.2. This reference is then used to go through
the list to gain the values of all previous positions.

For this motivating example, we will assume that during the initialization
a single sequence of n integer values without cycles is initialized. We therefore
assume the value of prev for the first Position in the sequence is set to null, as it
has no previous Position. As prev is a reference to a Position, null is a reference
to the null-Position, which we use in this program to to signify the beginning
of the sequence. This null-instance has the values 0 for val and null for prev.
As we can assume that the original list is given as a single, finite list without
loops, we know that every other Position can reach the Position instance which
reflects the first position in the list by following the references stored in prev.

1 struct Position(val: Int, prev: Position){ [...] }

Listing 2.2: Partial AuDaLa code for the structs for Prefix Sum

In Listing 2.3 the steps read and write of the Position struct are shown.
These steps are based on the method for computing prefix sum in parallel
which was introduced by Hillis and Steele [90]. In Figure 2.2, we show how
with these steps, we compute the prefix sum of our example sequence 3,4,2,1.
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3 7 6 30 3 4 2 3 7 6 30 0 3 7

3 7 9 100 0 3 7 3 7 9 100 0 0 0

read

write

read

write

read < write

Figure 2.2: Execution of Prefix Sum on a small list containing the example sequence
3,4,2,1. The left side of a list element holds the parameter val, while the
right side holds the parameter auxval. The parameter prev is shown as un-
marked black arrows, while the parameter auxprev is shown as unmarked
grey arrows.

As local variables are only defined in the step they are used in, we introduce
the additional parameters auxprev and auxval to be able to carry over the
values read in the read step to the write step.

In the steps, every Position first reads prev.prev and prev.val from their pre-
decessor in the step read. After synchronisation, every position updates their
prev to prev.prev and their val to val + prev.val in the step write.

By repeating these steps, we get the execution pattern as shown in Fig-
ure 2.2. To do so, we put the steps in a fixpoint Fix(read < write) as shown
in Listing 2.3. This fixpoint will execute the schedule read < write until all
Positions are stable, synchronising in between read and write.

After one execution of the two steps, the kth position will contain the sum∑k
i =k−1 xi , and have its prev set to the k −2nd position. The next execution will

then combine this with the sum
∑k−2

i =k−3 xi , as the k−2th Position will also have
executed the first iteration of the steps, so the total sum will be

∑k
i =k−3 xi , and

so on. It follows that after log(n) iterations of read followed by write, prev is
set to null for the nth Position.

It follows that in log(n) iterations of read followed by write, the program
will have computed the prefix sum for all positions of the list, as for all Position
elements, in at most log(n) iterations, prev will be null, and value will contain
the prefix sum for that Position element.

Furthermore, if the previous Position is the null-instance, the Position ex-
ecuting the step will not add anything to the sum, as the null-value of an
integer is defined as 0 in AuDaLa. It will also set its prev to null again, as
null-parameters are automatically set to null in AuDaLa, so the prev of the
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null-instance is the null-instance.
As a result, if the prev parameter of a Position is set to null, the Position in

question is stable. It follows that after log(n) iterations, all Positions are stable,
and the fixpoint terminates.

1 struct Position(val: Int, prev: Position, auxval: Int, auxprev: Position){
2 read { /*step definition*/
3 auxval := prev.val;
4 auxprev := prev.prev;
5 }
6 write { /*step definition*/
7 val := val + auxval;
8 prev := auxprev;
9 }}

10

11 Fix(read < write) /*schedule*/

Listing 2.3: AuDaLa code for Prefix Sum with steps and a schedule

2.1.3 Design considerations

The design of AuDaLa leads to some directly visible benefits. To illustrate this,
consider the OpenCL and CUDA kernel implementations of the prefix sum
problem in Listings 2.4 and 2.5, which have been used in the literature [40,
82]. As with our program, the initialization is omitted from these programs.

In Listing 2.4, the kernel first copies the input array to the output array,
after which it uses an offset variable to check whether an element of the array
needs to keep updating itself with other elements. It uses an auxiliary element
“temp” to facilitate this update. In Listing 2.5, the kernel uses a single array
which is twice as big as the original array to alternate the updates between
the front half and the back half of the array. The method is similar to the
method of the OpenCL example, but it does need to synchronise less due to the
alternation in the array. Both kernels require synchronization barriers in their
code, as well as an offset variable to check which data needs to be operated on,
against which the thread ids need to be checked multiple times per execution.
These hardware-specific concerns are mixed with the more general code of
the functions and obfuscate the actual goal of the function. This makes the
functions harder to write and understand.

Observe however that these programs have a low separation of concerns
between hardware and function: the kernels are at the same time concerned
with correctly encoding a way to solve prefix sum as well as making sure
the data used during this encoding is mapped correctly on the memory. This
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1 kernel void koggeStone(const local T *in, local T *out) {
2 out[tid] = in[tid];
3 barrier();
4 for (unsigned offset = 1; offset < n; offset *= 2){
5 T temp;
6 if (tid ≥ offset) temp = out[tid − offset];
7 barrier();
8 if (tid ≥ offset) out[tid] = temp ⊕ out[tid];
9 barrier();

10 }}

Listing 2.4: OpenCL kernel for Prefix Sum (from [40])

may lead in part to the complexity of the code. In comparison, as illustrated
by Listing 2.3 and by Figure 2.1, AuDaLa has a high separation of concerns:
structs model data and their attributes, steps contain the algorithmic code
and the schedule contains the execution. Hardware concerns are abstracted
away and replaced with a focus on defining the right system using structs
and steps. Because of AuDaLa’s design and separation of concerns, AuDaLa
requires no synchronization barriers in the step code, no variables to find the
right indices for memory access and no offset variables to avoid going out
of bounds. Instead, these are straightforwardly incorporated in the schedule.
Though AuDaLa and its enforced method of program structure may still take a
bit of practice to get used to, we are confident that the threshold for attaining
familiarity with AuDaLa is generally lower than hardware-focused languages
like CUDA and OpenCL.

That being said, there are three design considerations which are impor-
tant for attaining this familiarity as a programmer. First of all, null-instances
and null-values in AuDaLa are distinct from the use of null-pointers in other
common programming languages. Where null-pointers point to an abstract
undefined address in the memory, null-values are defined default values, and
every null-instance for a struct is a defined instance which represents the un-
defined struct instances for that struct. It has the parameters as defined in
the struct, all set to null as well. In the case of a parameter with a struct as
type, this refers again to the null-instance of that struct, and in the case of a
parameter with a basic type, this is a specific defined null-value. This means
that reading from a null-instance is possible and does not warrant an interrup-
tion to halt the program, like reading null-pointers does in other programming
languages.

Secondly, we do not make assumptions about a global execution order of
statements executed in parallel. Thus, synchronisation only happens when
imposed by a barrier or between iterations of a fixpoint, at the schedule level.
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1 __global__ void scan(float *g_odata, float *g_idata, int n){
2 extern __shared__ float temp[];
3 int thid = threadIdx.x;
4 int pout = 0, pin = 1;
5 temp[pout*n + thid] = (thid > 0) ? g_idata[thid−1] : 0;
6 __syncthreads();
7 for (int offset = 1; offset < n; offset *= 2){
8 pout = 1 − pout; // swap double buffer indices
9 pin = 1 − pout;

10 if (thid >= offset)
11 temp[pout*n+thid] += temp[pin*n+thid − offset];
12 else
13 temp[pout*n+thid] = temp[pin*n+thid]
14 __syncthreads();
15 }
16 g_odata[thid] = temp[pout*n+thid];
17 }

Listing 2.5: CUDA kernel for Prefix Sum (or Scan) (from [82])

Therefore, AuDaLa code is not executed in lock-step, where all struct instances
all execute statements together as a single large multi-action. It follows that
we allow the occurrence of race conditions within the scope of an AuDaLa step.

Race conditions are conflicts which occur when struct instances a and b that
want to access the same variable x and at least one struct instance writes to x,
for example a. Then, if b writes to x as well, the resulting value of x becomes
non-deterministic, since we do not know whether a or b writes first. If b reads
from x, the value read is non-deterministic, as we do not know whether a
writes first or b reads first. If this cannot lead to undesirable behaviour, we
consider the race condition benign. For an example of this, see also Section 3.2.

Lastly, though the hardware is abstracted away from the programmer, the
intention is for AuDaLa to be implementable on hardware. To keep AuDaLa
compatible with GPUs or other structures with many small but simple proces-
sors with limited memory, we require that struct instances of AuDaLa only use
a fixed amount of memory. To that end, AuDaLa does not allow the use of
dynamic parameters and local variables, like dynamic arrays, in structs and
steps.

2.2 Syntax

In this section, we give the concrete syntax of AuDaLa. In the definitions below,
non-terminals are indicated with 〈·〉 and terminals with quotes; the empty
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word is ε. The non-terminal Id describes identifiers, and the non-terminal
Type describes type names, which are either Int, Nat (natural number), Bool,
String or an identifier (the name of a struct).

An AuDaLa Program consists of a list of definitions of structs and a sched-
ule:

〈Program〉 ::= 〈Defs〉 〈Sched〉
〈Defs〉 ::= 〈Struct〉 | 〈Struct〉 〈Defs〉

A struct definition gives the struct a type name (Id), a list of parameters (Pars)
and a number of steps (Steps):

〈Struct〉 ::= ‘struct’ 〈Id〉 ‘(’ 〈Pars〉 ‘)’ ‘{’ 〈Steps〉 ‘}’,

〈Pars〉 ::= 〈Par〉〈ParList〉 | ε
〈ParList〉 ::= ‘,’ 〈Par〉〈ParList〉 | ε
〈Par〉 ::= 〈Id〉 ‘:’ 〈Type〉

Here, 〈Type〉 has the syntax 〈Type〉 ::= 〈Id〉 | ‘String’ | ‘Nat’ | ‘Int’ | ‘Bool’,
and though the exact syntax of 〈Id〉 is not important for the results of this
thesis and can be exchanged for other syntax, we use the syntax 〈Id〉 ::=
[A-Za-z][A-Za-z0-9_]∗, which states that identifiers start with a letter (upper
case or lower case) and can then consist of zero or more letters, numbers or
underscores.

Steps are defined with a step name (Id) and a list of statements:

〈Steps〉 ::= 〈Id〉 ‘{’ 〈Stats〉 ‘}’ 〈Steps〉 | ε
〈Stats〉 ::= 〈Stat〉 〈Stats〉 | ε

A statement adheres to the following syntax:

〈Stat〉 ::= ‘if’ 〈Exp〉 ‘then’ ‘{’ 〈Stats〉 ‘}’ if-then statement
| 〈Type〉 〈Id〉 ‘:=’ 〈Exp〉 ‘;’ variable assignment
| 〈Var〉 ‘:=’ 〈Exp〉 ‘;’ variable update
| 〈Id〉 ‘(’ 〈Exps〉 ‘)’ ‘;’ constructor statement

The Id in the variable assignment is a variable name. The constructor state-
ment spawns a new struct instance of the type determined by Id, with param-
eter values determined by the expressions Exps. We define the syntax of a list
of expressions as:

〈Exps〉 ::= 〈Exp〉〈ExpList〉 | ε
〈ExpList〉 ::= ‘,’ 〈Exp〉〈ExpList〉 | ε

A single expression Exp then has the following syntax:
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〈Exp〉 ::= 〈Exp〉 〈BOp〉 〈Exp〉 binary operator expression
| ‘(’ 〈Exp〉 ‘)’ brackets
| ‘!’ 〈Exp〉 negation
| 〈Id〉 ‘(’ 〈Exps〉 ‘)’ constructor expression
| 〈Var〉 variable expression
| 〈Literal〉 literal expression
| ‘null’ ‘null’ expression
| ‘this’ ‘this’ expression

We consider this to refer to the struct instance from which the code which
includes this is executed.

Binary Operators follow the syntax

〈BOp〉 ::= ‘=’ | ‘!=’ | ‘<=’ | ‘>=’ | ‘<’ | ‘>’ | ‘*’ | ‘/’ | ‘%’ | ‘+’ | ‘-’ | ‘ˆ’ | ‘&&’ | ‘||’,

which represent the binary operations for which the notation is commonly
used.

A variable reference follows the syntax:

〈Var〉 ::= 〈Id〉 ‘.’〈Var〉 | 〈Id〉,
where in both cases Id is the name of a variable. Through the first case, one can
access the parameters of parameters. For example, prev.prev.val would have
been valid AuDaLa in Listing 2.3, and would access the value of the Position
before the previous Position of the current Position.

Although the exact syntax for literals and strings is not important for the
content of this thesis, we use the following syntax for literals and strings.
Literals can be strings, zero, positive or negative whole numbers and true
or false. The string syntax allows any character to occur within the string
(bounded by two double quotes) except more double quotes.

〈Literal〉 ::= 〈String〉 | 0 | -?[1-9][0-9]∗ | ‘true’ | ‘false’

〈String〉 ::= ‘"’[^"]∗‘"’

The Schedule consists of the variants as given in the following syntax:

〈Sched〉 ::= 〈Id〉 step execution
| 〈Id〉 ‘.’ 〈Id〉 typed step execution
| 〈Sched〉 ‘<’ 〈Sched〉 barrier composition
| ‘Fix’ ‘(’ 〈Sched〉 ‘)’ fixpoint calculation

The Id in the step execution is a step name. In the typed step execution,
the first Id is a type name, while the second is a step name. The typed step
execution is used to schedule a step executed by only one specific struct type.

In the rest of the thesis, we often assume that we are working on an ab-
stract syntax tree, a tree representation of the code of an AuDaLa program
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generated from the concrete syntax of that program. This allows us to ignore
the brackets when working with expressions, and to annotate the occurrences
of null and this with more information for the type system and the seman-
tics. The exact ordering of the expression binary operators is not relevant to
the results discussed in the thesis. Therefore, the exact abstract syntax is left
to the implementation.

2.3 Type System

Like many other programming languages, we put type constraints and other
syntactical constraints on the syntax of an acceptable AuDaLa program. To
formalise what is and what is not considered well-formed for an AuDaLa pro-
gram, we give a type system [35, 36, 129, 152] for AuDaLa in this section. With
the type system of AuDaLa, we root out standard type errors, where there is
a mismatch between the expected type of an expression or a variable and the
actual type presented, as well as any breach of the following requirements:

1. Identifiers may not be keywords.
2. A step name is declared at most once within each struct definition.
3. A parameter name is used at most once within each struct definition.
4. Names of local variables do not overlap with parameter names of the

surrounding struct definition.
5. Variable assignment statements (as defined in the syntax) are only used

to declare new local variables.
6. A local variable is only used after its declaration in a variable assignment

statement.

We design our type system to encode the above requirements and the re-
quirement that a program should be correctly typed, and formally define what
it means for a program to be well-formed:

Definition 2.3.2 (AuDaLa well-formedness). An AuDaLa program P is well-
formed iff according to the type rules as presented in this section, ;,; ⊢ P.

In the rest of this section, we give the type rules of the type system, high-
lighting how it enforces the six requirements given above. It follows that if
a program is well-formed, the six requirements above must be met. Later, in
Chapter 4, we also prove that the type system is sound, which means that if a
program is well-formed according to this type system, the program does not
contain type errors.

We have seven different categories of rules in our type system:

• The Environment category makes sure that the environment is well-
formed, by checking for overlap in variable names, parameters and
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struct types in the environment. In this category, we enforce our first
requirement and third requirements.

• The Types category processes the types encountered in a program, in-
cluding those declared in a struct definition. This includes a new meta-
type Step, which we introduce to be able to check the second require-
ment of well-formedness. By considering the step names variables with
the type Step in the type system, we can check for overlap between steps
with the type system as we can for any other variable type.

• The Standard Values category encodes our requirements on standard
values. Note that null can be of any type, as we work with defined
null-values and null-instances.

• The Expressions category processes the types encountered in expres-
sions. It contains rules for the binary and unary operators in AuDaLa,
variables and constructor expressions.

• The Statements category processes the types encountered in statements,
and makes sure that newly declared struct instances and variables are
well-typed. For our six requirements, this category makes sure that vari-
able assignment statements are only used to declare new local variables,
and that a local variable can only be used after it is declared in a variable
assignment statement.

• The Schedule category processes whether a schedule is well-typed by
checking if all steps in it are well-typed.

• The Program category ties the whole thing together. It uses the defi-
nitions of the program to check the definitions of the struct types, the
contents of the statements and the schedule, and to define the environ-
ments under which these should be checked. By adding the parameters
of a struct type to the environment when checking the statements of
a step of that struct type, this category, together with the statements
category, prevents local variables to overlap with the parameters of the
surrounding struct definition.

We continue with giving some standard notations and definitions, after
which we will discuss every category separately.

Notations and definitions

The rules are given using inference rule notation, where if the premises above
the line hold, the conclusion below the line holds. In these rules, we consider
free variables to be quantified universally.

In the type system, but also in the semantics and in the rest of the thesis,
we regularly use lists. List concatenation is denoted with a semicolon, and we



2.3 Type System 35

identify a singleton list with its only element. The empty list is denoted ε. If
we work with lists of statements, we assume that in this list, the statements
are also separated by a semicolon, even though if-statements do not have a
semicolon at the end in the syntax.

The type rules use a syntax variable environment Γ and a struct type envi-
ronment Ω, both of which are ordered lists. The environment Γ consists of
pairs of variable names and their types; the variable names present in Γ can be
accessed using dom(Γ). The environment Ω saves struct type definitions and
their parameters, of which the struct types can be accessed using dom(Ω).

We denote struct types using variations of the letter θ. We assume that for
every occurrence of this, the struct in which it occurs is recorded in such a
way that every occurrence of this is annotated with the name of its struct,
like thisθ. We also assume that any list, like a list of parameters, is separated
by semicolons even if the syntax specifies commas.

We denote schedules using variations of the greek letter ∆. To make work-
ing with the schedule easier, we treat occurrences of Fθ for some step F as a
variable name for a variable of a special newly introduced type Step. Here,
an occurrence of Fθ denotes that F is defined for θ. This is used to enforce the
second requirement for well-formedness, which is further discussed in Sec-
tion 2.3.

We use Str to denote any sequence of characters admissible in a string
literal and let N1 and N2 such that N1, N2 ∈ {Nat,Int}. Additionally, let S be a
statement and let S be a sequence of statements as defined in the syntax. Let
E ,E1,E2 be expressions, let x be a single variable name and let X be a variable
following the non-terminal 〈Var〉. Lastly, let ∆, ∆1 and ∆2 be schedules and let
K = {this,if,then,null,Fix,struct} be the set of keywords.

The Environment category

The category Environment deals with the well-formedness of the environment
and the types and struct types contained in it, by checking whether they over-
lap with each other and with keywords. Here, the symbol ⋄ is used to denote
that the environments are well-formed. It consists of three rules. The first
rule, Empty, tells us that if both environments are empty, the environments
are well-formed.

(Empty) ;,;⊢⋄
The other two rules, AddType and AddVar, deal with adding struct types

and variables to the struct type environment and the syntax variable environ-
ment respectively. These both require that the new variable or type is not a
keyword and are not already in the environments. For new types, we also
require that the parameters for that struct type are distinct from other pa-
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rameters. This way, we enforce the third requirement of well-formedness that
parameter names are used at most once in each struct instance definition.

By requiring that the new variables and types are not in the set of keywords
K , we implement our first requirement of well-formedness that identifiers may
not be keywords. By checking whether all the parameter names are distinct
in AddType, we furthermore check our third requirement of well-formedness
that a parameter name may occur only once in a struct definition.

(AddType)

Γ,Ω⊢ ⋄ θ ∉ dom(Ω) θ ∉ K
∀1 ≤ i < j ≤ n.(xi ̸= x j )

Γ,Ω;θ(x1 : T1, . . . , xn : Tn) ⊢ ⋄ (AddVar)

Γ,Ω⊢ T
x ∉ dom(Γ)

x ∉ K
Γ; x : T,Ω⊢ ⋄

The Types category

The category Types deals with checking whether types are well-formed and
are admitted by the environment. This is also done by three rules, TBasic,
TStruct and DefStruct, where TBasic checks standard types, TStruct checks
struct types and DefStruct checks the types of the parameters of a struct type
when it is declared.

We introduce a new basic type Step here, which we use to type step names,
which is used to enforce the second requirement of well-formedness.

(TBasic)
Γ,Ω⊢ ⋄ T ∈ {Nat,Int,Bool,String,Step}

Γ,Ω⊢ T

(TStruct)
Γ,Ω;θ(x1 : T1, . . . , xn : Tn);Ω′ ⊢ ⋄
Γ,Ω;θ(x1 : T1, . . . , xn : Tn);Ω′ ⊢ θ

(DefStruct)
Γ,Ω⊢ θ ∀1≤i≤nTi .Γ,Ω⊢ Ti

Γ,Ω⊢ θ(x1 : T1, . . . , xn : Tn)

We use a universal quantifier in the rule DefStruct, which is possible as
it is bounded by 1 ≤ i ≤ n. The quantifier can therefore be unfolded into the
separate proof obligations Γ,Ω⊢ T1 . . .Γ,Ω⊢ Tn , which we can process further
using the type system.

The Standard Values category

The category Standard Values deals with the typing requirements of literals
and null and this. Here, we divide the numbers into natural numbers (0
or larger) and negative integers (less than 0). We do this because natural
numbers are generally weakened to integers in our type system, but not the
other way around.
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(Bool)
Γ,Ω⊢ ⋄ b ∈ {true, false}

Γ,Ω⊢ b : Bool
(String)

Γ,Ω⊢ ⋄
Γ,Ω⊢ “Str” : String

(NInt)
Γ,Ω⊢ ⋄ c < 0

Γ,Ω⊢ c : Int
(PNat)

Γ,Ω⊢ ⋄ c ≥ 0

Γ,Ω⊢ c : Nat

(Null)
Γ,Ω⊢ T

Γ,Ω⊢ null : T
(This)

Γ,Ω⊢ θ
Γ,Ω⊢ thisθ : θ

The Expressions category

The category Expressions deals with checking whether expressions are well-
formed by checking that they are well-typed. We have two rules for arith-
metic, which encodes the relation between when something is deemed a nat-
ural number or an integer. We assume that arithmetic with integers or arith-
metic using subtraction leads to integers, and only preserve the natural num-
ber type when no subtraction is used and both numbers are natural numbers.
The rule VarR deals with when a reference X .xi is well-typed, which is when
X has the type θ for some struct type θ, and xi is a parameter of θ with the
right type as assigned to the parameter in the struct type declaration. The rule
ConsE deals with constructor expressions, which are well-typed if they have
the right struct type and all declared values for the parameters have the right
type.

(Eq)

Γ,Ω⊢ E1 : T Γ,Ω⊢ E2 : T
◦ ∈ {=,!=}

Γ,Ω⊢ E1 = E2 : Bool (Comp)

Γ,Ω⊢ E1 : N1

Γ,Ω⊢ E2 : N2

◦ ∈ {<=,>=,<,>,=,!=}

Γ,Ω⊢ E1 ◦E2 : Bool

(NArith)

Γ,Ω⊢ E1 : Nat
Γ,Ω⊢ E2 : Nat
◦ ∈ {∗,/,%,+,^}

Γ,Ω⊢ E1 ◦E2 : Nat
(IArith)

Γ,Ω⊢ E1 : N1

Γ,Ω⊢ E1 : N2

◦ ∈ {∗,/,%,+,^,−}

Γ,Ω⊢ E1 ◦E2 : Int

(BinLog)

Γ,Ω⊢ E1 : Bool
Γ,Ω⊢ E2 : Bool

◦ ∈ {&&, ||}
Γ,Ω⊢ E1 ◦E2 : Bool

(Brackets)
Γ,Ω⊢ E : T

Γ,Ω⊢ (E) : T

(Neg)
Γ,Ω⊢ E : Bool
Γ,Ω⊢!E : Bool

(VarS)
Γ1; (x : T );Γ2,Ω⊢ ⋄

Γ1; (x : T );Γ2,Ω⊢ x : T
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(VarR)

Γ,Ω;θ(x1 : T1, . . . , xi : Ti , . . . , xn : Tn);Ω′ ⊢ X : θ
Γ,Ω;θ(x1 : T1, . . . , xi : Ti , . . . , xn : Tn);Ω′ ⊢ xi : Ti

Γ,Ω;θ(x1 : T1, . . . , xi : Ti , . . . , xn : Tn);Ω′ ⊢ X .xi : Ti

(ConsE)
∀0≤i≤n .Γ,Ω⊢ Ei : Ti

Γ,Ω;θ(x1 : T1, . . . xn : Tn);Ω′ ⊢ θ(E1, . . . ,En) : θ

The Statements category

The category Statements deals with checking whether statements are well-
formed. In AuDaLa, expressions have types, while statements do not, which is
exemplified by the two distinct rules for constructor expressions and construc-
tor statements. Furthermore, variable assignment statements have their own
sequence rule which adds the newly assigned variable to the environment. As
discussed before, we assume that though if-then statements do not have a ‘;’
in the syntax, they will have one in lists of statements in the type system, so
there is no separate sequence rule for if-then statements.

(IfThen)

Γ,Ω⊢ E : Bool
Γ,Ω⊢S

Γ,Ω⊢ if E then{S}
(LVar)

Γ,Ω⊢ E : T
Γ1; (x : T );Γ2,Ω⊢ ⋄
Γ,Ω⊢ T x := E

(Update)

Γ,Ω⊢ X : T
Γ,Ω⊢ E : T

Γ,Ω⊢ X := E (Seq)

S ̸= ‘T x := E ′
Γ,Ω⊢ S
Γ,Ω⊢S
Γ,Ω⊢ S; S

(SeqLVar)

Γ,Ω⊢ T x := E
Γ; (x : T ),Ω⊢S
Γ,Ω⊢ T x := E ;S

(ConsS)
∀0≤i≤n .Γ,Ω⊢ Ei : Ti

Γ,Ω;θ(x1 : T1, . . . xn : Tn);Ω′ ⊢ θ(E1, . . . ,En)

The rules LVar and SeqLVar together enforce the fifth requirement for well-
formedness, by requiring that the environments are well-formed if the local
variable from the assignment statement is added to them. This can only be
true if the local variable was not already declared, as then due to SeqLVar,
the local variable would already be in the variable environment Γ. If the local
variable is then added to Γ again, the resulting environment would not be
well-formed.

These rules also straightforwardly enforces the sixth requirement, as in
LVar, the expression of the assignment statmeent is checked using the local
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variable environment which does not yet contain the local variable declared
in the assignment statement. The local variable is only added to the variable
environment in the rule SeqLVar.

The Schedule category

The category Schedule deals with checking whether the schedule is well-
formed. We do not consider an empty schedule to be well-formed in an
AuDaLa program, as in that case the AuDaLa program will never execute
anything.

(SBar)
Γ,Ω⊢∆1 Γ,Ω⊢∆2

Γ,Ω⊢∆1 <∆2
(SFix)

Γ,Ω⊢∆
Γ,Ω⊢ Fix(∆)

(STypCall)
Γ,Ω⊢ Fθ : Step
Γ,Ω⊢ θ.F

(SNormCall)
Γ,Ω⊢ Fθ : Step

Γ,Ω⊢ F

With the rules STypCall and SNormCall, we check whether the steps oc-
curring in the schedule occur in the environments. For the rule SNormCall,
the struct type θ is arbitrary. Though as an unbounded variable it is universally
quantified, as it only occurs in the premise, the proof rule states that from any
struct type θ such that Γ,Ω⊢ Fθ : Step we can conclude that Γ,Ω⊢ F . It follows
that to prove Γ,Ω⊢ F , there must exist at least one θ such that Γ,Ω⊢ Fθ : Step.
It follows that θ can be chosen when proving a program well-formed. Note
that step names can be processed using the VarS rule from the Expressions
category.

The Program category

The last category, Program, consists of only one rule, Prog, which ties our
type system together. For this rule, we split a program P into two syntactic
elements: DP , which represents the topmost syntactic Defs element and ∆P ,
which represents the schedule of P. Let Structs(DP ) be a function that returns
struct type definition information from DP , which consists of all struct types
and their parameters formatted as θ(x1 : T1, . . . , xn : Tn). Let ParsP (θ) return the
parameters of θ as defined in DP including type information. Let Steps(DP )
be a function to extract step definition information from DP , consisting of the
step and its struct type. We consider these steps to have the type Step, so
the output is formatted as a list consisting of elements with format Fθ : Step,
where F is a step. Let StepDef (DP ) be a function to extract step definition
information coupled with their statements, which outputs a list of elements of
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the format (Fθ ,S). The rule Prog is given below (label omitted for space):

P = DP ∆P
∀θ(x1 : T1, . . . , xn : Tn) ∈ Structs(DP ).Γ,Ω;Structs(DP ) ⊢ θ(x1 : T1, . . . , xn : Tn)

∀(Fθ ,S) ∈ StepDef (DP ).Γ;ParsP (θ),Ω;Structs(DP ) ⊢S
Γ;Steps(DP ),Ω⊢∆P

Γ,Ω ⊢ P

This is the rule which decomposes checking a program into multiple subtasks
to check. In this rule, we define that a program consisting of definitions and a
schedule is well-formed iff all struct types are defined well (top line), all steps
are well defined (second line left) and the schedule is well defined (second line
right). Here, we again use universal quantifiers, but these are all bounded, as
P is a finitely sized program and can therefore only have a finite amount of
defined struct types and steps.

Combined with the other rules which deal with the Step type, this rule en-
forces the second requirement for well-formedness, that a step is declared at
most once within each struct definition, as if this is not the case, Γ;Steps(D),Ω⊢
∆ will never be true, as Γ;Steps(D),Ω will not be well-formed. Furthermore,
together with the statement rule LVar, this rule enforces the fourth require-
ment for well-formedness, that names of local variables do not overlap with
parameter names of the surrounding struct definition. If there is a local vari-
able name that overlaps with a parameter name of the surrounding struct
definition, then, with x being this name and with the local variable assign-
ment statement in the step F as defined for θ, with statements S, the require-
ment Γ;ParsP (θ),Ω;Structs(D) ⊢ S would never hold, as x would already be
in Γ;ParsP (θ), which means that the rule LVar can never be applied for the
assignment statement that initializes x as a local variable.

With the type system defined and enforcing the six requirements for well-
formedness, we now continue by defining the semantics for AuDaLa.

2.4 Semantics

In this section, we present the semantics of AuDaLa. We have chosen to ex-
press the semantics of AuDaLa as an interleaving semantics, as if we make
the timesteps small enough, we will almost always be able to order simulta-
neous actions by the exact time they are started. As stack machines suitably
expose interleaving between actions, and because they are naturally suited
for expressing the evaluation of expressions, we have chosen to express the
semantics of AuDaLa as a stack machine.

Throughout this section and in the thesis in general, we frequently make
use of function updates. For this, we use the following definition:
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Definition 2.4.3 (Function update). Given a total function f : A → B and a ∈ A
and b ∈ B , then f [a 7→ b](a) = b and f [a 7→ b](x) = f (x) for all x ̸= a.

We extend this to partial functions straightforwardly: If a ∈ A and f (a) is
undefined, then with b ∈ B , f [a 7→ b](a) = b as well. We lift this operation to
sets of updates: f [{a1 7→ b1, a2 7→ b2, . . . }] = f [a1 7→ b1][a2 7→ b2] . . . . Since the
order of applying updates is relevant, this is only well-defined if the left-hand
sides a1, a2, . . . are pairwise distinct. If B contains tuples, that is, B = B1×. . .×Bn ,
we can also update a single element of a tuple: if f (a) = 〈b1, . . . ,bn〉, then we
define f [a, i 7→ b](a) = 〈b1, . . . ,bi−1,b,bi +1, . . . ,bn〉 and f [a, i 7→ b](x) = f (x) for all
x ̸= a.

We regularly use lists, as defined in Section 2.3. For convenience, we repeat
our definition here. List concatenation is denoted with a semicolon, and we
identify a singleton list with its only element. The empty list is denoted ε. If
we work with lists of statements, we assume that in this list, the statements
are also separated by a semicolon, even though if-statements do not have a
semicolon at the end in the syntax.

To define the semantics, we start by giving some sets and definitions used
to bridge the syntax and the semantics. We then define commands, used as
primitives for the behaviour encoded in the syntax, and a function from the
syntax to commands. We define the states of an AuDaLa program, and then
use the commands and the schedule to define operational behaviour of an
AuDaLa program. We conclude with Definition 2.4.10.

From syntax to semantics

In our semantics, we make use of several elements of the syntax. First of all,
our semantics is defined relative to an AuDaLa program P, and we assume we
work on the abstract syntax tree of P. To this end, we do not concern ourselves
with operator precedence and parentheses, and we assume that polymorphic
elements such as null and 42 are labelled with the right type for their context,
viz., nullT is the expression null of type T .

We have a number of sets containing AST elements: ID is the set of all
identifiers, LT is the set of all literals, SC is the set of all schedules, ST is the
set of all statements and EX contains all expressions. The set containing all
syntactic types is T = {Nat,Int,Bool,String}∪ ID, corresponding to the non-
terminal 〈Type〉, and the set O = {<=,>=,<,>,=,!=,∗,/,%,+,−,^,&&, ||} contains
all syntactic binary operators, corresponding to the non-terminal 〈BOp〉.

While the schedules are represented using their syntax, in the semantics,
we do consider schedules to be lists separated by <. It follows that schedules
can be empty (ε) and that ∆ = ∆ < ε. However, note that in the syntax, an
empty schedule is not admitted in the type system, so every program starts
with a non-empty schedule.
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In our semantics, labels reference concrete struct instances (as opposed to
struct definitions). We assume some sufficiently large set L containing these
labels. We also have the semantic types N, Z, B and String corresponding
to the natural numbers, the integers, the booleans and the set of all strings,
respectively. We consider the natural numbers to be a subset of the integers
containing all positive numbers and 0. All semantic values are collected in
V = L⊔Z⊔B⊔ String (where ⊔ denotes the disjoint union). The set of all
semantic types is T = {L,N,Z,B,String}, and the set of all semantic operators
is O = {=, ̸=,≤,≥,<,>,∗,/,%,+,−,^,∧,∨}. The semantic value of a literal g ∈ LT
is val(g ). We consider the semantic value of this to be the label ℓ ∈L of the
struct instance executing the line of code in which this occurs.

In addition, we assume for every struct type θ the existence of a null-label
ℓ0
θ
∈ L, so that we can provide a default value for each syntactical type with

the function defaultVal : T →V, defined as:

defaultVal(T) =


0 if T = Nat or T = Int
false if T = Bool
ε if T = String
ℓ0

T if T ∈ ID

.

We define the set of all null-labels to be L0, with L0 ⊂L.

Commands and the interpretation function

To facilitate conciseness in our operational semantics, we break down state-
ments and expressions into commands, which can be viewed as atomic actions
in the semantics. We define commands as follows:

Definition 2.4.4 (Commands). A command c is constructed according to the
following grammar:

c ::= push(v) | rd(x) | wr(x) | cons(x) | if(C ) | not | op(o)

where v ∈ V ∪ {this} is a semantic value or this, a special value, x ∈ ID is an
identifier, C is a list of commands, and o ∈ O is an operator. The set of all
commands is C.

Intuitively, this is the semantic equivalent to the syntactic this-expression.
The precise effect of each command is discussed later in this section when the
operational rules are given.

Statements and expressions are compiled into a list of commands according
to the following recursive interpretation function:



2.4 Semantics 43

Definition 2.4.5 (Interpretation function). Let x, x1, . . . , xn ∈ ID be variables,
E ,E1, . . . ,Em ∈ EX expressions, g ∈ LT a literal, θ ∈ ID a struct type, S ∈ ST a
statement, S ∈ ST∗ a list of statements, T ∈ T a type and ◦ ∈ O an operator
from the syntax. Let the list x1; ...; xn be the list of n variables from x1 to xn .
We define the interpretation function �·� : ST∗∪EX∗ →C∗ transforming a list of
statements or expressions into a list of commands:

�g � = push(val(g ))

�this� = push(this)

�nullT � = push(defaultVal(T))

�x1. · · · .xn� = push(this);rd(x1); . . . ;rd(xn)

�!E� = �E�;not

�E1 ◦E2� = �E1�;�E2�;op(◦)

�if E then{S}� = �E�; if(�S�)

�T x := E� = �x1. · · · .x0.x := E�
�x1. · · · .xn .x := E� = �E�;�x1. · · · .xn�;wr(x)

�θ(E1, . . . ,Em)� = �E1�; . . . ;�Em�;cons(θ)

�ε� = ε

�S;S� = �S�;�S�
We fix that if n = 0, �x1. · · · .xn� = push(this) as a special case. We require
push(this) to give us the label of the current executing struct instance at the
start of resolving any reference.

States, struct instances and the initial state

We then give the definitions of the structures of our semantics, states and struct
instances. Struct instances are instantiated from the structs during runtime and
can be considered the data elements of AuDaLa.

We define them as follows:

Definition 2.4.6 (Struct instance). A struct instance is a tuple 〈θ,γ,χ,ξ〉 where:
• θ ∈ ID is the type of the struct,
• γ ∈C∗ is a list of commands that are to be executed,
• χ ∈V∗ is a stack that stores values during the evaluation of an expression,
• ξ : ID → V is an environment that stores the values of local variables as

well as parameters.
We define S as the set of all possible struct instances.

A state of a program is the combination of a schedule that remains to be
executed, a collection with all the struct instances that currently exist and a
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stack of Boolean values that are required to determine whether a fixpoint has
been reached. Every label can refer to at most one distinct struct instance.
This is formalised in the following definition:

Definition 2.4.7 (State). A state is a tuple 〈∆,σ,sχ〉, where:
• ∆ ∈ SC is a schedule expressed as a list,
• σ :L→S∪ {⊥} is a struct environment,
• sχ ∈B∗ is a stability stack.

The set of all states is defined as G = SC × (L→S∪ {⊥})×B∗.

Intuitively, the stability stack keeps track of whether a fixpoint should ter-
minate. When starting execution of this fixpoint, a new variable is placed on
the stability stack corresponding to this fixpoint. This variable is set to true ev-
ery time the fixpoint iterates, and is set to false when a parameter is changed
during the execution of the fixpoint. Consider for example the code for Prefix
Sum (Listing 2.3). In it, the fixpoint for read < write will place a single variable
on the stability stack, which is reset to true at the start of an iteration and only
remains true if no element updates its prev or val parameters to new values.
Note that the state space is not dependent on the program.

With a notion of states and struct instances, we define null-instances, which
function as a default instance for every struct:

Definition 2.4.8 (Null-instances). Let p = 〈∆,σ,sχ〉 ∈G be a state. Then the set
of null-instances in state p is defined as {σ(ℓ) |σ(ℓ) ̸= ⊥∧ℓ ∈L0}.

Thus, each struct instance that is labelled with a null-label is a null-
instance.

Our initial state of P is dependent on the definition of P. As in Section 2.3,
let our program P be defined as P = DP ∆P , with DP the definitions of the
program and ∆P the schedule of the program. We define ΘP ⊆ ID to be the set
of all struct types defined in P. The initial variable environment for a struct
instance of type θ is ξ0

θ
, defined as ξ0

θ
(x) = defaultVal(T ) for all x : T ∈ ParsP (θ),

where ParsP (θ) returns the parameters of θ in P including the types of those
parameters in a list. For other variables x ∈ ID, ξ0

θ
(x) is left arbitrary.

We then define the initial state of P as follows:

Definition 2.4.9 (Initial state). The initial state of P is p0
P = 〈∆P ,σ0

P ,ε〉, where
σ0
P (ℓ0

θ
) = 〈θ,ε,ε,ξ0

θ
〉 for all θ ∈ΘP and σ0

P (ℓ) = ⊥ for all other labels.

Intuitively, this definition states that the initial state of a program P consists
of the schedule as found in the program, a struct environment filled with null-
instances for every struct type declared in P and an empty stack.
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The transition relation

We define the behaviour of our semantics in terms of a transition relation
⇒P , which is dependent on the program P. We present ⇒P using inference
rule notation to give operational rules, where if the premises above the line
are satisfied, the transition below the line is enabled. In this relation, we
consider every transition to be labelled by the operational rule that induced
the transition. The dependence of ⇒P on P stems from the dependence on
parameter information from P.

There are rules that define the execution of commands and rules for the
execution of a schedule. We start with the former, starting with the push
command. Command push(v) pushes value v on the stack χ, and push(this)
pushes the label of the structure instance on χ:

(ComPush)
σ(ℓ) = 〈θ,push(v);γ,χ,ξ〉

〈∆,σ,sχ〉⇒P 〈∆,σ[ℓ 7→ 〈θ,γ,χ;v,ξ〉],sχ〉

(ComPushThis)
σ(ℓ) = 〈θ,push(this);γ,χ,ξ〉

〈∆,σ,sχ〉⇒P 〈∆,σ[ℓ 7→ 〈θ,γ,χ;ℓ,ξ〉],sχ〉
The command rd(x) reads the value of variable x from environment ξ′ of ℓ′
and places it onto the stack:

(ComRd)

σ(ℓ) = 〈θ,rd(x);γ,χ;ℓ′,ξ〉
σ(ℓ′) = 〈θ′,γ′,χ′,ξ′〉

〈∆,σ,sχ〉⇒P 〈∆,σ[ℓ 7→ 〈θ,γ,χ;ξ′(x),ξ〉],sχ〉
For normal struct instances, wr(x) takes a label ℓ′ and a value v from the stack
and writes this to ξ′(x), the environment of the struct instance corresponding
to ℓ′. If x is a parameter (as opposed to a local variable) and writing v changes
its value, then any surrounding fixpoint in the schedule becomes unstable. In
that case, we set the auxiliary value su (for stability update) to false and clear
the stability stack by setting it to sχ1 ∧ su; . . . ;sχ|sχ|∧ su. This leaves the stack
unchanged if su is true. Below, in the update “[ℓ′,4 7→ ξ′[x 7→ v]]”, recall that
f [a, i 7→ b] denotes the update of a function that returns a tuple.

(ComWr)

σ(ℓ) = 〈θ,wr(x);γ,χ; v ;ℓ′,ξ〉
σ(ℓ′) = 〈θ′,γ′,χ′,ξ′〉

ℓ′ ∉L0 ∨x ∉ ParsP (θ′)
su = (x ∉ ParsP (θ′)∨ξ′(x) = v)

〈∆,σ,sχ〉⇒P 〈∆,σ[ℓ 7→ 〈θ,γ,χ,ξ〉][ℓ′,4 7→ ξ′[x 7→ v]],

sχ1 ∧ su; . . . ;sχ|sχ|∧ su〉

The next rule skips the write if the target is a parameter of a null-instance,
which ensures that the parameters of a null-instance cannot be changed. This
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rule does not apply on local variables, which can be used by null-instances.
This is useful for the initialization of a system, for example.

(ComWrNSkip)

σ(ℓ) = 〈θ,wr(x);γ,χ; v ;ℓ′,ξ〉
σ(ℓ′) = 〈θ′,γ′,χ′,ξ′〉

ℓ′ ∈L0 ∧x ∈ ParsP (θ′)

〈∆,σ,sχ〉⇒P 〈∆,σ[ℓ 7→ 〈θ,γ,χ,ξ〉],sχ〉

Let b be a boolean value on the top of the stack χ. A not command negates b:

(ComNot)
σ(ℓ) = 〈θ,not;γ,χ;b,ξ〉

〈∆,σ,sχ〉⇒P 〈∆,σ[ℓ 7→ 〈θ,γ,χ;¬b,ξ〉],sχ〉
An op(◦) command applies the semantic equivalent o ∈O of the syntactic op-
erator ◦ ∈ O to the two values at the top of χ (here taken to be the values a
and b), of which the result is put on top of the stack:

(ComOp)
σ(ℓ) = 〈θ,op(◦);γ,χ; a;b,ξ〉

〈∆,σ,sχ〉⇒P 〈∆,σ[ℓ 7→ 〈θ,γ,χ; (a o b),ξ〉],sχ〉
Let θ′ ∈ΘP be the type of a struct with n parameters. The command cons(θ′)
creates a new struct instance of type θ′ in the struct environment σ with a
fresh label ℓ′, and initializes the parameters to the top n values of the stack:

(ComCons)

σ(ℓ) = 〈θ,cons(θ′);γ,χ; v1; . . . ; vn ,ξ〉
ParsP (θ′) = x1 : T1; ...; xn : Tn

σ(ℓ′) = ⊥
〈∆,σ,sχ〉⇒P 〈∆,σ[{ℓ 7→ 〈θ,γ,χ;ℓ′,ξ〉,

ℓ′ 7→ 〈θ′,ε,ε,ξ0
θ′ [{x1 7→ v1, . . . , xn 7→ vn}]〉}], false|sχ|〉

The command if(C ) with C ∈ C∗ adds commands C to the start of γ if the top
value of the stack is true. If the top value is false, the command does nothing:

(ComIfT)
σ(ℓ) = 〈θ, if(C );γ,χ; true,ξ〉

〈∆,σ,sχ〉⇒P 〈∆,σ[ℓ 7→ 〈θ,C ;γ,χ,ξ〉],sχ〉

(ComIfF)
σ(ℓ) = 〈θ, if(C );γ,χ; false,ξ〉

〈∆,σ,sχ〉⇒P 〈∆,σ[ℓ 7→ 〈θ,γ,χ,ξ〉],sχ〉
In the remaining rules, let Done(σ) = ∀ℓ.(σ(ℓ) = ⊥∨∃θ,χ,ξ.σ(ℓ) = 〈θ,ε,χ,ξ〉), let
sc be a (possibly empty) schedule. The predicate Done(σ) holds when all
commands have been executed in all struct instances in σ.

We can initiate steps globally and locally. The global step initiation converts
all statements in a step to commands for any structure instance that has that
step and adds the commands to γ. Recall that P = D ∆ and recall from last
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section that StepDef (D) returns all pairs (Fθ,S) such that F is a step defined for
θ ∈ ΘP as the list of statements S. Let SF

θ
= ε if there is no list of statements

S such that (Fθ ,S) ∈ StepDef (D), and let SF
θ

be a list of statements such that
(Fθ,SF

θ
) ∈ StepDef (D) otherwise.

(InitG)
Done(σ)

〈F <∆,σ,sχ〉⇒P 〈∆,σ[{ℓ 7→ 〈θ,�SF
θ �,ε,ξ〉 |σ(ℓ) = 〈θ,ε,χ,ξ〉}],sχ〉

The local step initiation converts the step to commands and adds those com-
mands to γ only for struct instances of a specified struct θ:

(InitL)
Done(σ)

〈θ.F <∆,σ,sχ〉⇒P 〈∆,σ[{ℓ 7→ 〈θ,�SF
θ �,ε,ξ〉 |σ(ℓ) = 〈θ,ε,χ,ξ〉}],sχ〉

Neither of the step initializations flush the previous local variables from the
struct environments. Instead, the type system of AuDaLa as found in Sec-
tion 2.3 limits the scope of local variables to the steps they are declared in. If
required, it can also be enforced in the semantics by defining a function which
takes the value of the struct instance environment if the given variable is a
parameter, and ⊥ otherwise.

Let ∆1 be a schedule. Fixpoints are initiated when first encountered:

(FixInit)
Done(σ)

〈Fix(∆) <∆1,σ,sχ〉⇒P 〈∆ < aFix(∆) <∆1,σ,sχ; true〉
The symbol aFix is a semantic symbol used to denote a fixpoint which has been
initiated. When an initiated fixpoint is encountered again, the stability stack
is used to determine whether the body should be executed again:

(FixIter)
Done(σ)

〈aFix(∆) <∆1,σ,sχ; false〉⇒P 〈∆ < aFix(∆) <∆1,σ,sχ; true〉
(FixTerm)

Done(σ)

〈aFix(∆) <∆1,σ,sχ; true〉⇒P 〈∆1,σ,sχ〉

The full operational semantics

Using the definitions of this section, in particular the states and state space,
the initial state and the transition relation, we give an operational semantics
for an AuDaLa program P:

Definition 2.4.10 (Operational semantics). The semantics of P is the directed
graph 〈G,⇒P , p0

P 〉, where G is the set of all states as defined in Def. 2.4.7, ⇒P
is the labelled transition relation for P as given above and p0

P is the initial
state of P as defined in Def. 2.4.9.
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2.4.1 Example: prefix sum

As an example of how the semantics works, consider the program PSum in List-
ing 2.6, which contains the code for Prefix Sum and an initialization function
for the sequence 3,4,2,1.

1 struct Position(val: Int, prev: Position, auxval: Int, auxprev: Position){
2 read {
3 auxval := prev.val;
4 auxprev := prev.prev;
5 }
6 write {
7 val := val + auxval;
8 prev := auxprev;
9 }

10 init {
11 Position one := Position(3, null, null, null);
12 Position two := Position(4, one, null, null);
13 Position three := Position(2, two, null, null);
14 Position four := Position(1, three, null, null);
15 }
16 }
17

18 init < Fix(read < write) /*schedule*/

Listing 2.6: AuDaLa code for Prefix Sum initialized for the sequence 3,4,2,1

For this program, the semantics is the directed graph
〈G,⇒PSum, p0

PSum〉, following Definition 2.4.10. Here ⇒PSum is the transi-
tion relation, with the parameter function ParsPSum, which is defined as
ParsPSum(Position) = val : Int,prev : Position,auxval : Int,auxprev : Position and
the empty list for all other inputs. Furthermore, the initial state p0

PSum is the
state 〈init < Fix(read < write),σ0

P ,ε〉, with σ0
PSum defined as:

σ0
PSum(ℓ) =

{
〈Position,ε,ε,ξ0

Position〉 if ℓ = ℓ0
Position

⊥ otherwise

and ξ0
Position defined as:

ξ0
Position(x) =



0 if x = val

ℓ0
Position if x = prev

0 if x = auxval

ℓ0
Position if x = auxprev

⊥ otherwise

.
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The execution of PSum then follows the transition relation ⇒PSum. As
Done(σ0

PSum(ℓ)) holds and the first schedule element in the schedule is a step
call init, only the InitG transition relative to init is enabled in the initial state.
Let the four statements of init be represented by S1, S2, S3 and S4. By applying
that rule, we get the state p1, which is defined as

〈Fix(read < write),σ0
P [ℓ0

Position 7→ 〈Position,�S1;S2;S3;S4�,ε,ξ0
Position〉],ε〉.

According to the definition of the interpretation function, we know that

�S1;S2;S3;S4� =�S1�;�S2�;�S3�;�S4�
�S1� =push(val(3));push(defaultVal(Position));

push(defaultVal(Int));push(defaultVal(Position));

cons(Position);push(this);wr(one);

with �S2�, �S3� and �S4� straightforwardly adapted from �S1�. Then from p1,
the only transitions we can follow are the many push transitions, processed as
defined in the semantic rule ComPush and ComPushThis until we end up in
the state p2, defined as

〈Fix(read < write),σ0
P [ℓ0

Position 7→
〈Position,cons(Position);push(this);wr(one);�S2�;�S3�;�S4�,

3;ℓ0
Position;0;ℓ0

Position,ξ0
Position〉],ε〉

Here, we know that the value stack is equal to 3;ℓ0
Position;0;ℓ0

Position by the defi-
nition of defaultVal.

From p2, we can make a ComCons transition, creating a new Position struct
instance, for which we take some fresh label ℓ1. This results in the state p3,
given below.

〈Fix(read < write),σ0
P [{

ℓ0
Position 7→ 〈Position,push(this);wr(one);�S2�;�S3�;�S4�,ℓ1,

ξ0
Position〉

ℓ1 7→ 〈Position,ε,ε,

ξ0
Position[{val 7→ 3,prev 7→ ℓ0

Position,auxval 7→ 0,auxprev 7→ ℓ0
Position}]〉

}],ε〉

On this transition, there are a few remarks. First of all, note that there are ac-
tually infinitely many transitions ComCons, depending on our choice of label
(for now, ℓ1). As the exact label chosen does not matter, we generally make
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sure our definitions and further work on the semantics allow for any of the
chosen labels, as can be seen in the definitions in Chapter 4. We shall take p3

as a representative state for the purpose of this example.

Furthermore, the rule specifies to update the stability stack to a sequence of
false the length of the stability stack. As the stability stack is empty, it follows
that it stays empty.

Lastly, neither the transition nor the semantics as a whole makes sure that
the values written to variables are actually compatible with the variables. This
is done by the type system instead.

As the new struct instance does not have any commands, the only transi-
tions enabled from p3 are those of the rest of the commands of S1. Resolving
push(this) then changes the value stack of the struct instance of ℓ0

Position to
ℓ1;ℓ0

Position.

After that, the semantics resolve the command wr(one) using the transition
rule ComWr, as one is not a parameter according to ParsPSum(Position). This
transition can only occur because there is a struct instance associated with the
label at the top of the stack, in this case ℓ0

Position. The transition then updates
the variable one as owned by the struct instance of ℓ0

Position to the new value as
defined in the value stack, ℓ1. This results in state p5:

〈Fix(read < write),σ0
P [{

ℓ0
Position 7→ 〈Position,�S2�;�S3�;�S4�,ε,

ξ0
Position[one 7→ ℓ1]〉

ℓ1 7→ 〈Position,ε,ε,

ξ0
Position[{val 7→ 3,prev 7→ ℓ0

Position,auxval 7→ 0,auxprev 7→ ℓ0
Position}]〉

}],ε〉

The program then continues with S2, S3 and S4, of which the execution
is similar to S1. One exception is that the execution of S2, S3 and S4 read
the label for their previous element from the variable environment of ℓ0

Position
when required, along the transition ComRd. The way this happens is rea-
sonably straightforward, and follows the definition of ComRd. Let the new
labels chosen for the struct instances created in S2, S3 and S4 be ℓ2, ℓ3 and ℓ4

respectively.
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After S4 is executed, the resulting state is p6:

〈Fix(read < write),σ0
P [{

ℓ0
Position 7→ 〈Position,ε,ε,

ξ0
Position[{one 7→ ℓ1, two 7→ ℓ2, three 7→ ℓ3, four 7→ ℓ4}]〉

ℓ1 7→ 〈Position,ε,ε,

ξ0
Position[{val 7→ 3,prev 7→ ℓ0

Position,auxval 7→ 0,auxprev 7→ ℓ0
Position}]〉

ℓ2 7→ 〈Position,ε,ε,

ξ0
Position[{val 7→ 4,prev 7→ ℓ1,auxval 7→ 0,auxprev 7→ ℓ0

Position}]〉
ℓ3 7→ 〈Position,ε,ε,

ξ0
Position[{val 7→ 2,prev 7→ ℓ2,auxval 7→ 0,auxprev 7→ ℓ0

Position}]〉
ℓ4 7→ 〈Position,ε,ε,

ξ0
Position[{val 7→ 1,prev 7→ ℓ3,auxval 7→ 0,auxprev 7→ ℓ0

Position}]〉
}],ε〉

Let the struct environment as used in p6 be σ1. From the definition of
p6, it follows that Done(σ1) holds. The next transitions will then be schedule
transitions. In this case, from p6, only the transition FixInit is allowed, which
leads to p7, following the definition of FixInit:

〈read < write < aFix(read < write),σ1, true〉

From there, the program will execute the steps of read and write in a simi-
lar manner as how it executed init. However, as in this case the commands of
a step, for example the first read step executed, are loaded in in all the struct
instances of σ1, the commands executed by the different struct instances can
interleave. It is therefore harder to determine the exact effects of read and
write than it is to determine the effects of the initial execution of init. Addi-
tionally, where in init the stability stack was not updated due to it being empty,
in the execution of read and write, the stability stack is updated as defined in
the transition rules.

After a single iteration of read and write, the program will not be stable,
and FixIter will be used to call for another iteration of the fixpoint. Following
Figure 2.2, after three iterations, the system will be stable and the fixpoint
operator will be removed from the schedule using the FixTerm transition. At
that point, program PSum will terminate. For a proof of the exact effects of the
non-initialization part of PSum, see also Section 5.1.
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2.5 Conclusion

In this chapter, we have discussed the concepts, related work, the syntax, the
type system and the first semantics of AuDaLa. The syntax and the type sys-
tem have been given in full, and we have argued that the type system indeed
tests for the requirements we want to enforce other than well-typedness. We
furthermore gave the full operational semantics of AuDaLa, as seen in Defini-
tion 2.4.10.

In Chapter 4, we shall define important properties for AuDaLa programs
based on the type system and the semantics, as well as establish that the type
system is sound, by proving that a well-formed program cannot contain type
errors. Wile the semantics given according to Definition 2.4.10 is considered
to be the standard semantics of AuDaLa programs, we adapt this semantics for
a better implementation and some other purposes in Chapter 6. In the next
chapter, we discuss some examples of AuDaLa programs.



Chapter 3
Examples of AuDaLa

In the last chapter, we defined AuDaLa by giving an overview of its design, a
motivating example and defining a syntax, type system and a semantics for the
language. In this chapter, we give several examples of AuDaLa code for various
applications, using the syntax and semantics of AuDaLa as defined in Chap-
ter 2. By doing this, we demonstrate how to use AuDaLa. We also argue that
the examples in the chapter show that AuDaLa is reasonably programmable:
the examples show that programming AuDaLa is reasonably simple and struc-
tured. In particular, we think that the method for programming in AuDaLa is
similar to designing parallel algorithms for an abstract machine.

We first design a program to compute reachability in directed graphs as
a second basic example for AuDaLa in Section 3.1. Then, we discuss two
more difficult examples by designing a program for creating a spanning tree
in Section 3.2 and designing programs for the 3-SUM problem in Section 3.3.
Furthermore, we discuss sorting in AuDaLa in Section 3.4. We give a template
for implementing arbitrary Turing machines in AuDaLa in Section 3.5, and
conclude the chapter with Section 3.6.

Chapter conventions and preliminaries.

In this chapter, we often do not give initialisation code for the programs cre-
ated, as those are dependent on the specific cases for which the program is
applied. Instead, we give expectations of the precondition before applying
the program. An exception for this is our program for computing reachability,
where we do give an example of what the initialisation looks like for a specific
case.

Furthermore, we give the number of struct instances used, the work and
the span of the programs given in this section. Here, work and span are terms
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from analysing parallel algorithms: in our setting, work represents the num-
ber of executed commands required to execute the program, and span is the
largest number of commands that have to be executed sequentially during the
execution of the program. The amount of struct instances used gives a bound
on the required space. Recall that we designed AuDaLa to require that ev-
ery struct instance uses a finite amount of space, which makes the number of
struct instances a usable metric for estimating space requirements.

We use the big O notation to give the upper bounds on the growth rate
of the struct instances, work and span as a function of the input of the pro-
gram. The big O notation is used to give upper bounds on functions. For two
functions f (x) and g (x), f (x) = O(g (x)) iff there exists a positive real number
c and a real number a such that | f (x)| ≤ c ∗ g (x) for all x ≥ a. Generally, we
abstract away from choosing the a, and just assume that it exists. In this case,
we say that f (x) = O(g (x)) for large enough x. If for example f (x) = x + 5, then
f (x) = O(g (x)) for large enough x when g (x) = x, x2 or other faster growing
functions, but not if for example g (x) = 5 or g (x) = log(x)/2. From this point on
we omit the “for large enough x” part.

As an example, the prefix sum program created in Section 2.1.2 used on
a list of size n uses O(n) struct instances, as we need one struct instance for
every list element. The prefix sum executes logn sequential iterations. We
can bound the commands executed per iteration for every struct instance by a
constant, so we can disregard the precise amount of commands for our upper
bound. During an iteration, every struct instance executes these commands,
so the total amount of commands executed per iteration is bounded by the list
size n. It follows that the prefix sum program requires O(n logn) work and has
a span of O(logn).

3.1 Reachability

In Section 2.1, we discussed how to code a program for the Prefix Sum prob-
lem as a motivating example. Another problem for which it is equally simple
to create a program in AuDaLa is the reachability problem:

Problem 3.1.1 (Reachability). Given a directed graph G = (V ,E), where V is
the set of vertices and E is a set of directed edges, and a source v ∈V , compute
for all vertices whether they can be reached through a path of edges starting
from v .

To solve this problem with an AuDaLa program, we create two structs:
Node for nodes and Edge for edges. We give Node a single parameter reach,
which saves whether the node is reachable, and we give Edge two parameters,
source to save the source node and target to save the target node.
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1 struct Node (reach: Bool) {}
2

3 struct Edge (source: Node, target: Node) {
4 reachability {
5 if (source.reach = true) then {
6 target.reach := true;
7 }
8 }
9 }

10

11 init < Fix(reachability)

Listing 3.1: AuDaLa code for a reachability program on a small graph, with example
initialization

We then design a step reach, which sets the reach-parameter of the target
to true if the reach-parameter of the source is true. This way, edges can pass on
the reachability property from the source to the target. For the schedule, we
use Fix(reach), which makes the edges transmit the reachability property until
every node that is reachable has been set to reachable. This results in the code
displayed in Listing 3.1.

The program uses O(|V |+ |E |) struct elements. The span of the program is
O(d), with d the diameter of the graph: the farthest distance in edges between
two nodes. As the reachability property can be passed through one edge at
a time, the reachability property needs to be passed on at most d sequential
times to guarantee that all possible reachable nodes have been reached. While
this means that there can be at most d + 1 iterations in AuDaLa, as AuDaLa
fixpoints require one additional iteration to establish stability, we do not have
to include that iteration in the upper bound as the function d +1 is bounded by
O(d). The program then requires O(d ∗|E |) work, as in at most d + 1 iterations,
every edge executes a constant number of commands to check if they need to
update anything, and then a constant number of commands to update their
target if required.

During initialisation, the input should be a directed graph, reflected by the
values of the source and target parameters of the edges. Furthermore, one
vertex should be set to reachable. Setting more than one vertex to reachable
makes the program a solution for the many-source reachability problem, which
has a source set of nodes instead of a single source node. Furthermore, while
the code currently assumes a directed graph, the code can easily be extended
for an undirected graph, by also setting the source vertex’s reach parameter to
true if the target vertex reach parameter is true.

An execution of the program on a small graph is shown in Figure 3.1, where
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the edges and nodes of the graph are modelled by their respective structs.
An example of an initialization step for the execution shown in Figure 3.1 is
shown in Listing 3.2. Here, the step init will be executed by the null-instance
of Edge, as that is the only Edge struct instance to exist when the step is called.

a b

c d

a b

c d

reach

a b

c d

a b

c d

reach

reach

Figure 3.1: Execution of Listing 3.1 on a small graph. Grey Nodes are considered reach-
able.

1 init {
2 Node a := Node(true);
3 Node b := Node(false);
4 Node c := Node(false);
5 Node d := Node(false);
6

7 Edge ab := Edge(a, b);
8 Edge ac := Edge(a, c);
9 Edge cb := Edge(c, b);

10 Edge cd := Edge(c, d);
11 }

Listing 3.2: Example initialization step for reachability, which can be added to the
struct Edge in Listing 3.1.

3.2 Creating a Directed Spanning Tree

Our next example deals with creating a spanning tree from a directed graph.
A spanning tree of a graph G is a subgraph G ′ of G such that G ′ is a tree and
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1 struct Node(dist: Int, in: Edge){}
2

3 struct Edge(s: Node, t : Node){
4 linkEdge{
5 if s.dist != −1 && t .dist = −1 then {
6 t .in := this;
7 }
8 }
9 handleEdge {

10 if t .in != null then {
11 if t .in = this then {
12 t .dist := s.dist + 1;
13 }
14 if t .in != this then {
15 s := null;
16 t := null;
17 }
18 }}}
19

20 Fix(linkEdge < handleEdge)

Listing 3.3: AuDaLa code for creating a spanning tree

G ′ contains all the nodes of G. Spanning trees have nice properties: they are
connected, have n − 1 edges for n vertices, they do not have loops and they
are useful in other algorithms. Generally spanning trees are undirected, but
we consider a directed variant, to keep the code simpler. Extending this to
undirected graphs is straightforward.

We define the problem of creating a spanning tree as follows:

Problem 3.2.2 (Oriented Spanning Tree Creation). Given a connected di-
rected graph G = (V ,E) and a root node u ∈ V , create a directed spanning tree
G ′ rooted at u.

We create the directed spanning tree using breadth-first search. This means
we will consider the nodes in the order of how many edges we need to traverse
to reach the node from the source. In this tree, for every node v , the path from
u to v is a shortest path in G. We do this by incrementally adding nodes from
G with a higher distance to u to the spanning tree.

We first sketch our approach. In the i th breadth-first search iteration, the
program adds all edges (s, t ) to the tree such that the distance from u to s is
i −1 and the distance from u to t is still unknown. If multiple such edges lead
to the same t , the program uses a race condition to determine which edge is
chosen. As any edge will suffice, this race condition is benign. The distance
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Figure 3.2: Execution of Listing 3.3 on a small graph.

from u to t is then set to i and we continue with the next iteration.
Contained in Listing 3.3 is an AuDaLa program that implements this ap-

proach. The program defines the struct Node (line 1) with parameters dist,
to store the distance from root node u, and in, a reference to its incoming
spanning tree edge. The struct Edge (line 3) has a source s and a target t .

During initialisation, the input should be a directed graph, with a root Node
u with dist 0 and with the dist parameter of the other Nodes set to −1. For every
Node, the parameter in should be set to null.

Both steps in the program belong to Edge. The first step, linkEdge, first
determines whether an Edge e from Node s to Node t is at the frontier of the
tree in line 5. This is the case when s is in the tree, but t is not. If so, e
nominates itself as the Edge connecting t to the tree, t .in (line 6). This is a
race condition won by only one edge for t , the edge which applies the semantic
rule ComWr last. In the second step, handleEdge, if the nomination for t has
finished (line 10) and e has won the nomination (line 11), e will update t ’s
distance to the root. If e has lost, it will remove itself from the graph, here
coded as setting the source and target parameters to null in lines 14 to 18.

To create a full spanning tree, this must be executed until all Nodes have a
positive dist and all Edges are either t .i n for their target Node t or have null as
their source and target. To this end, the schedule (line 20) contains a fixpoint,
in which Edges first nominate themselves and then update the distances of new
Nodes. This fixpoint terminates, as Edges in the spanning tree will continuously
update their targets with the same information and Edges which lost their
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nomination will not get past the first conditions of the two steps, causing the
data elements to stabilize after all Nodes have received a distance from u.
Initialization steps should be placed before the shown schedule. An execution
of the program on a small graph is shown in Figure 3.2, where the edges and
nodes of the graph are modelled by their respective structs. In the example,
every Edge newly considered in the current step is grey. Considered Edges stay
considered, but stable. The dotted arrows denote the possible new values for
t.in of a target node t . Note that the Edge from c to d wins the race condition
to the reference d .in.

The program uses O(|V |+ |E |) struct instances. The span of the program
is O(d), with d the diameter of the graph, as in the worst case all edges in
the path which determines the diameter of the graph need to be considered
sequentially. It follows that the worst case running time for the algorithm is
O(d). The amount of work performed by this program is O(d ∗|E |).

3.3 The 3-SUM Problem

In this section, we create two programs for the 3-SUM problem [66, 94]:

Problem 3.3.3. Given a set S of n integers, are there three elements a,b,c ∈ S
such that a + b + c = 0? These elements a,b and c do not need to be distinct.

The first program, in Listing 3.4, contains a naive solution, and uses a
nested fixpoint. This serves as an example of the use of nested fixpoints. The
second program, in Listing 3.4 solves this in linear time (but with O(n2) work).
This program is based upon the program given by Hoffman [94]. Both pro-
grams require n struct instances.

We assume that the set has been given to us as a list. If not, we can convert
the set to a list in linear time using a fixpoint in which we nominate an element
still in the set and then put it at the back of the list. Furthermore, our second
program assumes that this list is sorted, which can be achieved by applying
the example code from Section 3.4.1 or 3.4.2.

Both programs define the struct Elem, which represents an element of the
list. In the first program, it has a value val, a reference to the next element
next, a reference to the first element of the list first and a reference to two
other mutable elements, p1 and p2. They also have a parameter ans, which
holds the answer to the question. After initialisation, val, next and first are set
as specified above. The parameter ans is set to false and p1 and p2 are set to
first.

To solve the 3SUM problem, the first program will make every list element
a walk through the list in a nested fashion to find elements b and c s.t a,
b and c are not the null-Element. For every element b chosen by a, a will
walk through the list to find c, if it exists. If not, it will replace b with its
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1 struct Elem(val: Int, next: Elem, first: Elem, p1: Elem, p2: Elem, ans: Bool){
2 next{
3 if !ans then {
4 p1 := p1.next;
5 p2 := first;
6 }
7 }
8 walk {
9 if p1 != null && p2 != null then {

10 if val + p1.val + p2.val = 0) then {
11 ans := true;
12 }
13 }
14 if !ans then {
15 p2 := p2.next
16 }
17 }
18 }
19 Fix(Fix(walk) < next)

Listing 3.4: AuDaLa implementation for naive 3SUM solution

next element in the step next. This program performs O(n3) work (n elements
check at most n2 combinations), with a span of O(n2): in the worst case, where
no triple exists, O(n) elements in the list need to be traversed O(n) times.
The code therefore executes in O(n2) time. Note that this program contains a
nested fixpoint: every iteration of the outer fixpoint, the elements will walk
through the entire list in the inner fixpoint, and then replace b with the next in
next after having done so. The inner fixpoint becomes stable when a suitable
b is found, or the whole list has been traversed (as then the null-instance is
reached).

In the second program (Listing 3.5), Elem has the parameters next and prev
which refer to those respective elements in the list. It also has candidate refer-
ences p1 and p2, initialized as the first and last element in the list respectively,
a value val and an integer ans to give the answer to the problem (initialized
to 0).

The second program first computes the current value of the three saved
elements. If the current value is 0, a solution is found and ans can be set to
1. Otherwise, it will either move p1 to a node with a larger value or p2 to a
node with a smaller value, depending on the current value. If p1 or p2 passes
the current node, then either there is a solution with the current node as one
of the side nodes or there is no solution with the current node. Either way,
the node may stop checking for a solution. This is reflected in ans being set
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1 struct Elem(val: Int, next: Elem, prev: Elem, p1: Elem, p2: Elem, ans: Int){
2 iterate {
3 if ans = 0 then {
4 Int cur := val + p1.val + p2.val;
5 if (p2 = prev || p1 = next) then {
6 ans := −1;
7 }
8 if cur = 0 then {
9 ans = 1;

10 }
11 if ans = 0 && cur > 0 then {
12 p2 := p2.prev;
13 }
14 if ans = 0 && cur < 0 then {
15 p1 := p1.next;
16 }
17 }
18 }
19 }
20

21 Fix(iterate)

Listing 3.5: AuDaLa implementation for a more efficient 3SUM solution

to -1. At the end of the program, if there is a solution, then there will be at
least one node per solution with ans set to 1, which is the middle node of the
solution. We have depicted the fixpoint process for a single element in the list
in the second program in Figure 3.3.

This program performs O(n2) work; every Elem does a single (possibly in-
complete) walk through the list. The span is O(n), constrained by a walk
through the list of an Elem. The total running time is then O(n).

3.4 Sorting in AuDaLa

In this section, we discuss sorting in AuDaLa, which we define as follows:

Problem 3.4.4 (Sorting). Given a list of values L1 = v1, . . . , vn such that
v1, . . . , vn are distinct, positive values, output a list of values L2 = v ′

1, . . . , v ′
n such

that v ′
1 < . . . < v ′

n and for all vi ∈ L1, it holds that vi ∈ L2.

We give two programs to solve this problem in AuDaLa. The first program,
presented in Section 3.4.1, has all elements of the list walk through the list to
find the order, after which they rearrange themselves. This program has a span
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Figure 3.3: Execution of Listing 3.5 for a single element on a small list. The element
considered is grey. The upper arrow points at p2, and the lower arrow
points at p1. The value ans has been displayed above and right of the
element, and the computed value cur for an iterate step has been displayed
next to the iterate steps.
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1 struct ListElem(val: Int, next: ListElem, newNext: ListElem, comp: ListElem){
2 compareElement {
3 if comp != null then {
4 if (comp.val >= val && ((newNext = null) || comp.val < newNext.val)) then {
5 newNext := comp;
6 }
7 comp := comp.next;
8 }
9 }

10 reorder {
11 next := newNext;
12 }
13 }
14

15 Fix(compareElement) < reorder

Listing 3.6: AuDaLa code for sorting

(and running time) of O(n). The second program, presented in Section 3.4.2,
adapts binary search to dynamically create a new, sorted list from the old list.
This program has a span (and running time) of O(logm), where m is the largest
value in the list.

Furthermore, we have investigated implementing Cole’s Algorithm [43] in
AuDaLa. Though this work is not finished, we have added a discussion of our
findings in Section 3.4.3.

3.4.1 Linear-time sorting

A concise example of an AuDaLa program for sorting a linked list of n
elements can be found in Listing 3.6. In it, the elements of the list traverse the
list together, during which each element e is looking for its successor in the
sorted list. After the traversal, the successor element is saved and the link is
updated to the saved element. This reorders the list to the sorted list.

The program defines the struct ListElem, modeling the nodes of the list,
with parameters val, next, a reference to the next ListElem, newNext, a ref-
erence to the ListElem that should come next in the sorted list, and comp, a
reference to the current ListElem newNext is compared to. The initialisation
needs to make sure that for every element in the list, there is a corresponding
ListElem with the right value and the right next ListElem, and that in every
element, comp is set to the first element of the list and newNext is set to null.

To facilitate our strategy we give our ListElem two steps, one to check an
element in the list called compareElement and one to reorder the list at the end
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compareElement

reorder
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compareElement

compareElement

3 4 2 1

compareElement

Figure 3.4: Execution of Listing 3.6 on a small list. The parameters next, newNext and
comp are shown as black, grey and dashed unmarked arrows respectively,
and the null-references for newNext and comp are not shown. The nodes
corresponding to ListElems contain the value of parameter val.

called reorder. With the step compareElement, an element checks whether the
element to which the comp reference leads is a better next element than the
current element saved in newNext (line 4) and updates newNext if that is the
case. Afterwards, the comp reference is updated to the next element in the list
(line 7). With the reorder step, an element replaces their old next reference
with newNext (line 11).

To have the program execute our strategy, we call a fixpoint on compa-
reElement, such that every element checks all elements in the list. After that is
done, the schedule tells the elements to reorder (line 15). An execution of the
program on a small list is shown in Figure 3.4.

The program requires n struct instances, one for every list element. It
performs O(n2) work, as every list element is compared to every other list
element. Its span is O(n), as it walks through a list of size n sequentially.
Therefore, the program runs in O(n) time.

3.4.2 Linked List Copy Sort

A more complex example for sorting a linked list of n elements in AuDaLa can
be found in Listing 3.7, which makes a sorted copy of the given list. The idea
of the algorithm is to do tree-insert for every data element at the same time,
using a tree of size O(logm), which is dynamically created and repurposed to
use as few new data elements as possible.

At the start of execution, this copy consists of a single element, which
encompasses the full range of the old list. In every iteration, all elements of
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the new list split and divide their range (when necessary), and elements from
the old list linked to an element of a new list redivide themselves over that
element and its new split. This continues until every new element has exactly
one old element linked to it. At that point, the new list is a sorted copy of the
old list.

The program defines the struct OldElem, which represents an element of
the old list, and NewElem, which represents an element of the new list. Struct
OldElem has parameters val, which holds its value, place, which holds the
NewElem it is currently linked to, and move, which saves whether the old el-
ement should move to the right neighbour of its current place during a split.
Struct NewElem has the parameters min, spl (split) and max, which hold the
current range of the new element and the value it will split the range on during
the next split. Additionally, it has parameters next, which holds the next new
element in the list, p1, which holds a representative old element which is in
the first half of its range, p2, which holds a representative for the second half
of its range, hasSplit, which signals to the old elements that the new element
has split and done, which saves whether the element will have to split again.

During initialisation, there should be a single new element b to which all
old elements of the linked list are linked. For all old elements, move should be
set to false. For b, min should be set to the minimum value of the linked list,
max should be set to the maximum value of the linked list, spl should be set
to (max−min + 1)/2 + min. The parameter hasSplit should be false, done should
be true and next, p1 and p2 should be set to null. Finding max and min can be
done with a method akin to Prefix Sum.

To facilitate the strategy of splitting the new elements and dividing the old
elements after the split, we use three steps. The first step, checkStable is used
to check whether a new element should split its range further. This is the case
if there is still an element on the right side of the range of a new element or if
there are multiple elements still on the left side of the range of a new element,
which the step encodes. For the first part of the second step, migrate, let e be a
new element which just split into e and e2. In the first part of migrate, the old
elements distribute themselves over e1 and e2 by either moving to e2 or staying
at e. In the second part of migrate the old elements prepare themselves for the
next split and distribute themselves over the left and right sides of the range
of their current element. The third step, split, regulates the splitting of new
elements. Every new element halves the range, but based on the contents of
the ranges, they either change their minimum or maximum if only one half is
populated, or they make a new element if both halves are populated. They
then reset their representatives of both ranges and the done parameter.

During execution, the method will execute through a fixpoint migrate <
Fix(checkStable < split < migrate). The first call to migrate divides the old ele-
ments over the range of the new elements. The fixpoint then keeps splitting
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1 struct OldElem(val: Int, place: NewElem, move: Bool){
2 checkStable {
3 if (place.p2 != null || (val <= place.spl && place.p1 != this)) then {
4 place.done := false;
5 }
6 }
7 migrate {
8 if (move) then {
9 if (place.hasSplit) then {

10 place := place.next;
11 }
12 move := false;
13 }
14 if (val <= place.spl) then {
15 place.p1 := this;
16 }
17 if (val > place.spl) then {
18 place.p2 := this;
19 move := true;
20 }
21 }
22 }
23 struct NewElem(min: Int, spl: Int, max: Int, next: NewElem, p1: OldElem, p2:

OldElem, hasSplit: Bool, done: Bool){
24 split {
25 if (!done) then {
26 if (p1 != null && p2 != null) then {
27 next:=NewElem(spl+1,spl+1+(max−(spl+1))/2,max,next,null,null,false,true)

;
28 max := spl;
29 hasSplit := true;
30 }
31 if (p1 != null && p2 = null) then {
32 max := spl;
33 hasSplit := false;
34 }
35 if (p2 != null && p1 = null) then {
36 min := spl + 1;
37 hasSplit := false;
38 }
39 spl := min + (max − min)/2;
40 p1 := null;
41 p2 := null;
42 }
43 done := true;
44 }
45 }
46

47 migrate < Fix(checkStable < split < migrate)

Listing 3.7: AuDaLa code for Linked List Copy Sort
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Figure 3.5: Execution of Listing 3.7 on a small list. The upper rows are the old ele-
ments, the lower rows the new elements. For the old elements, the pa-
rameter place is depicted by the grey arrows. For the new elements, the
numbers beneath every element are formatted “[min]-[max], [spl]”. New
elements for which hasSplit is true have a bold border, and a new element
for which done is true is grey.
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until for every new element, there is only one old element (which is stored in
p1). This is helped by the parameter done, which only allows for splits if the
new element is unstable. The execution of the first iteration of the program
on a small list is shown in Figure 3.5.

For a list with n data elements with maximum value m, the program uses
exactly 2n struct instances, as it does not create a struct instance for the new
list unless there is an element of the old list within its range, and struct in-
stances are repurposed if there is no element of the old list within range. The
program performs O(n logm) work, as all list elements compare themselves to
at most logm other elements. The span of the algorithm is O(logm), for in the
worst case, an element must go through logm comparisons before it is placed
correctly in the new list. It follows that the program runs in O(logm) time with
n data elements with maximum value m.

3.4.3 Cole’s algorithm discussion

Parallel sorting has an optimal theoretic running time of O(logn). To establish
that that theoretic running time can also be achieved in AuDaLa, which does
not use arrays and therefore does not have easy ways to enforce constant
time access, we have investigated how to implement Cole’s Algorithm [43] in
AuDaLa. (We chose Cole’s Algorithm for this as our main other option, the
AKS network, is more impractical [1, 81].)

We found that we can adapt Cole’s Algorithm for linked lists without im-
pacting the running time, while keeping the parameter restriction of AuDaLa
in mind. This makes us confident that Cole’s algorithm can be implemented in
AuDaLa, which means that sorting in AuDaLa can be done in O(logn) time. Be-
cause of that, though we have not yet formally adapted our result to AuDaLa,
we discuss what we found in this section. To discuss our findings, we first give
a rough overview on how Cole’s Algorithm works, followed by a discussion of
what we were able to change and what we found we could not change.

Cole’s Algorithm Overview

Cole’s Algorithm is essentially a pipelined sampling merge sort. The algorithm
incrementally creates a binary merge tree from the original array. This tree
consists of logn levels containing nodes, where every node represents a part
of the original array. It starts by dividing the original array into arrays of
size four (which are sorted in constant time). These form the nodes of the first
level. Then in O(logn) iterations, the algorithm will fill in the rest of the merge
tree, which leads to the sorted list on the top.

Let k be the number of the current iteration, let i be a level, and let arrays
jk and j ′k be neighbouring arrays on level i with parent array mk on level i +1.
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Then during iteration k, samples are taken from jk and j ′k using the indexes of
those arrays, which are then merged into a new array mk+1 using the ordering
information of mk . If jk and j ′k are finished, then either every fourth element,
every second element or every element is sampled, depending on whether this
is the first, second or third iteration in which they are finished. If jk and j ′k
are not yet finished, then every fourth element is sampled. At the end of the
iteration, jk , j ′k and mk are replaced with arrays jk+1, j ′k+1 and mk+1, which are
either finished or two times as big as their predecessors, and fully sorted. The
doubling of the size of jk+1, j ′k+1 and mk+1 compared to jk , j ′k and m is due to
a finely tuned pipelining balance, which is powered by the sampling strategy.
In the next iteration, the old arrays jk , j ′k and mk become irrelevant.

To merge jk and j ′k , rankings are used, which save ordering information:
if an element a ranks into an element b, then a should be inserted after b
and before b’s right neighbour if a is merged into b’s list. These need to be
maintained and updated for the new arrays of the next iteration

Important is that mk+1, jk+1 and j ′k+1 do not have to contain all elements
of mk , jk and j ′k . The path of an element through all the arrays to the top of
the merge tree is not constant, and an element may reach the top level of the
merge tree in one time step only to be removed from the top level the next
timestep. The only guarantees we have are the relations between the arrays
as a whole.

Adaptations

We have put some effort to adapt Cole’s Algorithm to work with linked lists,
while keeping AuDaLa’s restrictions in mind. The main difficulty for doing this
is that we cannot use index access, which makes rankings the only method for
accessing other elements in constant time. Due to the erratic path of single
elements through the merge tree, maintaining the rankings throughout the
timesteps turned out to be difficult.

To solve this, our linked list version keeps the progress of an element
through the merge tree monotone. We therefore merge the linked lists rep-
resenting mk , jk and j ′k into mk+1, jk+1 and j ′k+1 as well, and use some extra
rankings to keep track of which elements are new and which are holdovers
from past lists. This is facilitated by the fact that linked lists are dynamic
and that elements can copy themselves in constant time with the AuDaLa
restrictions of finite memory per element. This allows us to correctly update
the rankings in the linked list version as well, and also to make the algorithm
a bit simpler by not throwing away most of the merge tree every iteration. The
adaptation focuses on making sure that all required information for sampling
and merging is locally available and correctly maintained. Furthermore, the
adaptation does not use arrays or dynamic amounts of information locally. We
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are therefore confident that we would be able to implement this adaptation in
AuDaLa.

We have studied ways to improve the above adaptation further in two
ways. Firstly, while the merge tree is maintained in our adaptation, we still
need to add some extra structure to be able to sample exactly as in the
original. Secondly, now that the merge tree is maintained, to make a space-
efficient version, we would like to remove elements from lower levels of the
merge tree when they are sampled. However, the growth of the lists in each
level needs to remain a constant factor to maintain the running time of the
algorithm, which is a precarious balance, easily upset by changes introduced
to achieve either of these goals. Therefore, we have not been able to find a
way to make versions of the algorithm with these features.

In conclusion, though we are confident that Cole’s Algorithm can be im-
plemented in AuDaLa with a running time (and span) of O(logn), our inves-
tigation has not led to further results. Furthermore, AuDaLa code for the
adaptation has not yet been made nor proven correct.

3.5 A Turing Machine in AuDaLa

In this section, we define a Turing machine in AuDaLa. We first give some
background information on Turing machines in Section 3.5.1, before giving
the design and the code in Section 3.5.2. This example is proven correct in
Chapter 5, from which it follows that AuDaLa is Turing complete.

3.5.1 Turing machines

We define a Turing machine following the definition of Hopcroft et al. [96]. Let
D = {L,R} be the set of the two directions left and right. A Turing machine M is
a 7-tuple M = (Q, q0, A,Λ,Σ,B ,δ), with a finite set of control states Q, an initial
state q0 ∈ Q, a set of accepting states A ⊆ Q, a set of tape symbols Λ, a finite
set of input symbols Σ ⊆ Λ, a blank symbol B ∈ Λ \Σ and a partial transition
function δ : Q ×Λ↛Q ×Λ×D.

Every Turing machine M operates on an infinite tape divided into cells.
Initially, this tape contains an input string I = ς0 . . .ςn with symbols from Σ. All
other cells are set to the blank symbol B . The cell the Turing machine operates
on is called the head. We represent the tape as a function t :Z→Λ, where cell
i contains symbol t (i ) ∈Λ. In this function, cell 0 is the head, cells i such that
i < 0 are the cells left from the head and cells i such that i > 0 are the cells
right from the head. We restrict ourselves to deterministic Turing machines.
We also assume the input string is not empty, without loss of generality.

We define a configuration to be a tuple (q, t ), with q the current state of the
Turing machine and t the current tape function. Given input string I = ς0 . . .ςn ,
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the initial configuration of a Turing machine M is (q0, tI ), with q0 as defined
for M , and tI (i ) = ςi for 0 ≤ i ≤ n and tI (i ) = B otherwise.

During the execution, a Turing machine M performs transitions, defined
as:

Definition 3.5.5 (Turing machine transition). Let M = (Q, q0, A,Λ,Σ,B ,δ) be a
Turing machine with input string I and let (q, t ) be a configuration such that
δ(q, t (0)) = (q ′,ς′,D), with D ∈D. Then (q, t ) → (q ′, t ′), where t ′ is defined as

t ′(i ) =

{
ς′ if i = 1
t (i −1) otherwise if D=L and t ′(i ) =

{
ς′ if i = −1
t (i + 1) otherwise if D=R.

We say a Turing machine M accepts a string I iff, starting from (q0, tI ) and
taking transitions while possible, M halts in a configuration (q, t ) such that
q ∈ A.

3.5.2 The implementation of a Turing machine in AuDaLa

In this section, we describe the implementation of a Turing machine in Au-
DaLa.

Intuitively, this implementation consists of two components. The tape is
modelled as a linked list of cells, which is extendable at both edges to make it
functionally infinite. Furthermore, we define a control to actually execute the
Turing machine, which contains the transition information and which links
to the head of the tape. Note that the definition of the AuDaLa program is
dependent on the Turing machine it implements. In the rest of this section, we
give the template for this implementation, including an example at the end.

Let M = (Q, q0, A,Λ,Σ,B ,δ) be a Turing machine and I an input string. We
implement M and initialize the tape to I in AuDaLa. We assume w.l.o.g. that
Q ⊆Z with q0 = 0 and that Λ⊆Z with B = 0.

As M ’s tape is infinite and AuDaLa does not allow dynamic amounts of
parameters, we instead model M ’s tape as a connected group of tape cells, as
that can be done with a finite amount of parameters. We then add new tape
cells to the end of the tape when necessary, which allows for an arbitrarily
large tape.

For the tape cells, we create the struct TapeCell, with a left cell (parameter
left), a right cell (right) and a cell symbol (symbol).

The control of M is modeled by a struct Control, which saves a tape head
(variable head), a state q ∈ Q (state) and whether q ∈ A (accepting). See List-
ing 3.8. The step transition in the Control struct models the transition function
δ. For every pair (q,ς) ∈ Q ×Λ such that δ(q,ς) = (q ′,ς′,D) with D ∈ D, transi-
tion contains a clause as shown in Listing 3.9 (assuming D = R). This clause
updates the state and symbol, and saves whether the new state is accepting.
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1 struct TapeCell (left: TapeCell, right: TapeCell, symbol: Int){} //def. of TapeCell
2

3 struct Control (head: TapeCell, state: Int, accepting: Bool) {
4 transition {
5 see Listing 3.9 and 3.10 //definition of the step "transition"
6 }
7 init {
8 see Listing 3.11 //definition of the step "init"
9 }

10 }
11

12 init < Fix(transition) //schedule: run "init" once and then iterate "transition"

Listing 3.8: The AuDaLa Turing machine structure

1 if (state == q && head.symbol == ς) then {
2 head.symbol := ς′; //update the head symbol
3 state := q ′; //update the state
4 accepting := (q ′ ∈ A); //the new state is accepting or rejecting
5

6 if (head != null && head.right == null) then {
7 head.right := TapeCell(head, null, 0); //call constructor to create a new TapeCell
8 }
9 head := head.right; //move right

10 }

Listing 3.9: A clause for δ(q,ς) = (q ′,ς′,R).

It also moves the head and creates a new TapeCell if there is no next TapeCell
instance, which we check in line 6. Note that we also check whether the head
is not null, for while the null-instance of head cannot update its own param-
eter, it can still make new TapeCells, which is undesirable. For this, as ς can
be null, we need to explicitly check whether head is a null-instance. Note that
B = 0, and that if D = L the code only minimally changes.

The clauses for the transitions are combined using an if-else if structure
(syntactic sugar for a combination of ifs and variables), so only one clause is
executed each time transition is executed. See Listing 3.10.

In the step init in the Control struct, we create a TapeCell for every symbol
ς ∈ I from left to right, which are linked together to create the tape. We
also create a Control-instance. Listing 3.11 shows this for an example tape
I = ς0,ς1,ς2. A call of init in the schedule causes the null-instance of Control
to initialize the tape. It also initializes a single non-null instance of Control.
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1 transition {
2 if (state == q1 && head.symbol == ς1) then{
3 /*clause 1*/
4 }
5 else if (state == q2 && head.symbol == ς2) then {
6 /*clause 2*/
7 }
8 else if (state == q3 && head.symbol == ς3) then {
9 /*clause 3*/

10 }
11 // etc.
12 }

Listing 3.10: The transition step. The shown pairs all have an output in δ.

1 init {
2 TapeCell cell0 := TapeCell(null, null, ς0); // initialize the tape
3 TapeCell cell1 := TapeCell(null, null, ς1);
4 TapeCell cell2 := TapeCell(null, null, ς2);
5

6 cell1.left := cell0; // connect the tape
7 cell0.right := cell1;
8 cell2.left := cell1;
9 cell1.right := cell2;

10

11 Control(cell0, 0, (q0 ∈ A)); //initialize the control
12 }

Listing 3.11: Initializing input string I.
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1 struct TapeCell (left: TapeCell, right: TapeCell, symbol: Int){} //def. of TapeCell
2 struct Control (head: TapeCell, state: Int, accepting: Bool) {
3 transition {
4 if (state == 0 && head.symbol == 0) then{ // transition δ(0,0)
5 head.symbol := 0;
6 state := 0;
7 accepting := false;
8 if (head != null && head.right == null) then {
9 head.right := TapeCell(head, null, 0);

10 }
11 head := head.right;
12 }
13 else if (state == 0 && head.symbol == 1) then{ // transition δ(0,1)
14 head.symbol := 1;
15 state := 0;
16 accepting := false;
17 if (head != null && head.right == null) then {
18 head.right := TapeCell(head, null, 0);
19 }
20 head := head.right;
21 }
22 else if (state == 0 && head.symbol == 2) then{ // transition δ(0,2)
23 head.symbol := 2;
24 state := 1;
25 accepting := true;
26 if (head != null && head.right == null) then {
27 head.right := TapeCell(head, null, 0);
28 }
29 head := head.right;
30 }
31 }
32 init {
33 TapeCell cell0 := TapeCell(null, null, 1); // initialize the tape
34 TapeCell cell1 := TapeCell(null, null, 1);
35 TapeCell cell2 := TapeCell(null, null, 2);
36 TapeCell cell3 := TapeCell(null, null, 1);
37 cell1.left := cell0; // connect the tape
38 cell0.right := cell1;
39 cell2.left := cell1;
40 cell1.right := cell2;
41 cell3.left := cell2;
42 cell2.right := cell3;
43 Control(cell0, 0, false);
44 }
45 }
46 init < Fix(transition) //schedule: run "init" once and then iterate ‘‘transition"

Listing 3.12: The AuDaLa program for Mex with input string 1121.
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The schedule will then make that instance of Control run the transition step
until the program stabilizes. Listing 3.8 shows the final structure of the pro-
gram.

Example 3.5.6. As an example, consider a Turing machine
Mex = ({0,1},0, {1}, {0,1,2}, {1,2},0,δ), with δ(0,0) = (0,0,R), δ(0,1) = (0,1,R) and
δ(0,2) = (1,2,R), with no transitions defined for state 1. This Turing machine
walks through the input and stops after finding a 2. In Listing 3.12, we have
created an AuDaLa program for this Turing machine with input string ‘1121’.
The Turing machine with input string ‘1121’ is visualised in Figure 3.6.

1 1 2 10 0 0 0

tape

0 1

2/2R

0/0R
1/1R

head

Control Behaviour

Figure 3.6: The Turing Machine of Example 3.5.6 with input string ‘1121’.

3.6 Conclusion

In this chapter, we have presented and discussed multiple examples of pro-
grams in AuDaLa, to demonstrate certain features and as a basis for those
reading it to start programming with AuDaLa. We gave another basic example
of AuDaLa in Section 3.1. This example is considered again in Chapter 6, as
it leads to a potential adaptation of the AuDaLa semantics. We demonstrated
a benign race condition in Section 3.2, a nested fixpoint in Section 3.3. We
have given some sorting algorithms in Section 3.4, including a discussion on
adapting Cole’s Algorithm [43] in AuDaLa. Along with the program for Prefix
Sum, we prove the linked list copy sorting algorithm of Section 3.4.2 correct
in Chapter 5, and we create a proof tree for the linear sorting algorithm in
Chapter 7. We leave an implementation and verification of Cole’s Algorithm to
future work. In the next chapter, we will be considering the semantics further
and give and prove some properties for AuDaLa programs.





Chapter 4
Properties of AuDaLa

This chapter explores the behaviour of AuDaLa and AuDaLa programs by giv-
ing definitions and proving properties for AuDaLa. The goal of this is to get an
insight in what generic facts we can establish for the behaviour of AuDaLa as
defined by the semantics in Chapter 2. We also use the properties established
in this section in Section 5 to prove some of our example algorithms correct.

We start out with some standard properties and definitions (Section 4.1),
like reference notation and some lemmas and definitions on race conditions
and (non-)determinism.

Then, we analyze well-formed programs in Section 4.2. This results in a
set of six properties on the precise results of the execution of commands in
well-formed programs.

After that, we explore the implications of these six properties in Sec-
tion 4.3, leading to three main results. Firstly, we formalize the notion of an
expression result, which simplifies semantic proofs and other formal reasoning
about AuDaLa. Secondly, we prove our type system sound using the six
properties. Thirdly, we define some collaries that simplify reasoning about
well-formed AuDaLa programs in proofs by lifting the proof from transitions
to syntax statements and expressions.

After Section 4.3, we conclude the chapter in Section 4.4.

4.1 Properties of AuDaLa Programs

In this section, we give some standard definitions and properties of any Au-
DaLa program. First, to simplify reasoning about semantic values and vari-
ables, we define reference notation for semantic values, based on the dot nota-
tion as used in the syntax:
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Definition 4.1.1 (Reference Notation). Let σ be a structure environment and
let s be a struct instance with label ℓs such that σ(ℓs ) = 〈θ,γ,χ,ξ〉. We define
the notation ℓs .xi inductively on i , with a variable x:

1. ℓs .x1 = ξ(x),
2. ℓs .xi = ξ′(x) for i > 1, with ℓs .xi−1 ∈L and σ(ℓs .xi−1) = 〈θ′,γ′,χ′,ξ′〉.

We write ℓs .x for ℓs .x1 and s.x for ℓs .x, where σ(ℓs ) = s and x is a parameter of
s.

We then define the notions of executions and accesses:

Definition 4.1.2 (AuDaLa Execution). Let p be an AuDaLa state reachable in
some program P. An execution from p refers to a possibly infinite chain of
semantic rule transitions that start in a state p, characterized by the labels of
those transitions. A finite execution refers to a finite chain of semantic rule
transitions that starts in a state p and ends in a state p1.

We extend this definition to fit our use of it: As steps are finite by the
definition of steps (see Chapter 2), an execution of a step F from p refers
to a chain of rule transitions from p starting with an Init-transition for F and
ending in the first state that contains a struct environment σ for which Done(σ)
holds. A step F can be executed from p iff there exists an execution of F from
p.

As expressions and statements are finite, an execution of an expression E ,
a statement S or a command list C by some struct instance s from p refers to a
chain of rule transitions from p starting with the transition enabled by the first
command of �E�, �S� or C for s and ending with the transition enabled by the
last command of, respectively, �E�, �S� or C for s. Additionally, for every com-
mand in �E�, �S� or C , there needs to be a corresponding transition induced by
that command taken by s. This allows for interleaving with other statements
or expressions; not all transitions need to correspond to a command of �E�, �S�
or C in the command list of s. An expression E , a statement S or a command
list C can be executed from p by a struct instance s iff there exists an execution
of, respectively, E , S or C from p for s.

An execution of a program P refers to a possibly infinite chain of semantic
rule transitions that start in the state p0

P . A finite execution of a program
P starts in p0

P and ends when no transition is possible. Lastly, we consider
bounded executions, where an execution of size i from p starts at p and ends
at some state p1 reached after exactly i transitions.

Recall that parameters and local variables are both considered variables.
We then define the following:

Definition 4.1.3 (AuDaLa Semantic Access). Let x be a variable. We define
every application of the semantic rules ComRd and ComWr with respect to x
to be an access of x.
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Here, an application of ComWrNSkip for x does not constitute an access.
We use this to introduce some other definitions and lemmas, starting with a

notion of determinism. For this, note that we non-deterministically assign new
labels to newly created struct instances. As the exact labels we assign does not
matter as long as all labels are unique, which is enforced by the semantics, we
can ignore the values of newly assigned labels for a notion of determinism. We
use the following notions:

Definition 4.1.4 (AuDaLa Determinism). Let P be an AuDaLa program con-
taining step F . Let p be some state from which F can be executed. Then F
is deterministic for p iff there exists exactly one state modulo newly assigned
labels which is reached by executing F from p.

Additionally, a variable x is deterministic for F and p iff in all states reached
by executing F from p the value for x is the same modulo newly assigned la-
bels. Furthermore, F is (fully) deterministic iff for all states p that can execute
F , F is deterministic for p, and x is (fully) deterministic for F if x is determin-
istic when executing F from all states that can execute F .

Definition 4.1.5 (Race Condition). Let P be an AuDaLa program, let F be
a step in P and let p be a state in P from which F can be executed. Then
F executed from p contains a race condition for parameter x iff there exist
distinct struct instances sa and sb that both access a parameter x in the same
struct instance during an execution of F from p and at least one of the two
instances writes to x. If both sa and sb write to x, this is a write-write race
condition, otherwise this is a read-write race condition. If any step F in the
execution of P has a race condition for some parameter, then P has a race
condition.

Note that in the semantics, writes are atomic, which means that race con-
ditions cannot be data races, which are race conditions with overlapping ac-
cesses. It follows that the result of a race condition still depends on the con-
text, but cannot be fully random.

With the above definitions of race conditions and determinism, we are able
to prove the following lemma:

Lemma 4.1.6 (AuDaLa Determinism). A step F from an AuDaLa program P
is deterministic for some state p if F does not contain a race condition from p.

Proof. We prove the lemma by contradiction.
Assume that F does not contain a race condition from p. Then assume that

F is not deterministic from p. As F is not deterministic, there exist multiple
distinct states modulo newly assigned labels which can be reached by execut-
ing F from p, following Definition 4.1.4. Let p1 and p2 be two of these states,
and let π1 be an arbitrary execution of F from p reaching p1 and let π2 be an
arbitrary execution of F from p reaching p2.
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As p1 and p2 are distinct (modulo newly assigned labels), they must differ
in either their schedule or their struct instance contents. As π1 and π2 are both
executions of F from p, they only contain a single schedule transition (either
InitL or InitG), which is taken from p. As both π1 and π2 start from p, it
follows that this is the same schedule transition, and as the other transitions
in π1 and π1 do not impact the schedule, the difference between p1 and p2

must lie in their struct instance contents. Let the state resulting from the
schedule transition from p be p ′.

As F has only a single definition, it only has a single translation to com-
mands. It follows that π1 and π2 execute the same command transitions. Fur-
thermore, as the semantics does not allow for reordering, these command tran-
sitions are executed in the same order. By definition of the AuDaLa semantics,
any one executed command transition does not introduce non-determinism
modulo newly assigned labels locally. It follows that π1 and π2 start their
command transitions from p ′ and execute the same command transitions in
the same order, with none of those transitions inducing local non-determinism
(modulo newly assigned labels). Therefore, any non-determinism must have
been introduced by the interleaving of the execution of F by different struct
instances. This contradicts with the fact that F does not contain race condi-
tions from p. Therefore, if F does not contain a race condition p, an execution
of F from p is deterministic, which contradicts our assumptions

We can adjust the focus from a whole step to a single parameter, leading
to the following corollary:

Corollary 4.1.7 (AuDaLa Parameter Determinism). A parameter x is deter-
ministic during the execution of a step F (of an AuDaLa program P) from a
state p iff F does not contain a race condition for x from p.

Proof. This is true along the same lines of the proof for Lemma 4.1.6, except
that we only consider differences in the value for x in p1 and p2 and consider
x to be the variable used in the last two alineas of the proof.

Finding race conditions can be difficult. To this end, we define potential
race conditions, which can be found on a syntax level. To do so, we first define
the following:

Definition 4.1.8 (Direct and indirect syntax access). Let X be a parameter
reference in the syntax, following 〈Var〉. If X is of the form “x1. . . . .xn .x", X is
an indirect syntax access of x. If X is of the form “x", X is a direct syntax access
of x. We consider a syntax access to be a write access if it occurs in an update
or variable assignment statement to the left of the assignment operator.

Note that indirect syntax accesses can only be write syntax accesses in
update statements. We use this to define potential data races:
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Definition 4.1.9 (Potential Race Condition). Let P be an AuDaLa program
and let F be a step in P. Let θa and θb be a pair of struct types for which F is
defined, allowing for θa = θb . Let there be a pair of statements S1 in F for θa

and S2 in F for θb which include syntax accesses Xa and Xb of some parameter
x of a struct type θ′. Let either Xa or Xb be indirect and let either Xa or Xb be
a syntax write access to x. Then the pair (S1,S2) is a potential race condition on
x.

These can be used to consider which parameters can possibly be in a data
race:

Lemma 4.1.10. Let P be an AuDaLa program and let F be a step in P. If F
does not have any potential race conditions on parameter x, F does not have
any race conditions on parameter x.

Proof. If F does not have any potential race conditions, there are no pairs of
statements (S1,S2) that can be taken from any executions of F in any structs
such that S1 and S2 are executed by different struct instances but access x in
the same struct instance of which at least one access is a write access. Then it
follows that F cannot have any race conditions on x.

We also define a notion of instability:

Definition 4.1.11 (Instability). Let P be an AuDaLa program containing a
step F . Let p be a state of P from which F can be executed, and let s be a
struct instance in p. A parameter s.x with value v before the execution of F is
unstable after the execution of F from p, denoted as s.x∗, iff a write command
is executed during F that sets s.x to a value v ′ ̸= v .

Lastly, as we also want to prove partial programs, which may contain race
conditions in the undefined parts of the program, we give a more specific
definition for what we consider a program without read-write race conditions:

Definition 4.1.12 (RW Race Condition Free from Premise State). We consider
an AuDaLa program P to be without read-write race conditions from some
state p1 iff any execution of P starting in p1 does not contain a read-write
race condition. When considering executions from p1, we consider p1 to be
the premise state.

4.2 Properties of Well-Formed Programs

In this section, we analyse the properties of well-formed programs specifically.
To do this, we give six properties of states which can be reached during exe-
cutions of well-formed programs.



82 Properties of AuDaLa

Before we do this, however, we need to introduce an auxiliary notion, to re-
late well-formedness to schedules using the semantics-only schedule element
aFix, as those are not considered well-formed by the type system. For our
properties and our proofs, however, it is useful to be able to make assertions
on the relative well-formedness of the schedule and the program even after
execution has started. We therefore define well-formed modulo aFix:

Definition 4.2.13 (Well-Formed modulo aFix). A schedule ∆ is well-formed
modulo aFix, notation Γ,Ω ⊢

aF
∆ for some environments Γ and Ω, if replacing all

occurrences of aFix in ∆ with Fix yields a well-formed schedule ∆′.

Furthermore, let P be the set of all AuDaLa programs. We define a function
sem : T ×P→T∪{⊥} to translate between syntax types and semantic types more
smoothly. Let sem be defined as:

sem(Nat,P) =N,

sem(Int,P) =Z,

sem(Bool,P) =B,

sem(String,P) = String,

sem(θ,P) = θ if θ ∈ΘP
sem(θ,P) = ⊥ if θ ∉ΘP .

The six properties of well-formed programs we will prove can be intuitively
stated as:

1. For all states reachable in a well-formed program, either the schedule is
empty or it is well-formed modulo aFix (Lemma 4.2.14).

2. For all states reachable in a well-formed program, if the Done-predicate
holds and the schedule is not empty, then there is a schedule transition
that can be taken from the state (Lemma 4.2.15).

3. For all states reachable in a well-formed program, if the Done-predicate
holds and the schedule is not empty, then after a finite number of sched-
ule transitions from the state, a step will be called (Lemma 4.2.16).

4. For all states reachable in a well-formed program, when executing
a command, the command is always the last command of some ex-
pression or the last command of a statement that it is generated from
(Lemma 4.2.17).

5. For all states reachable in a well-formed program, when executing a
command, we know specific information about the current state depend-
ing on the command, we know that a command transition must be en-
abled (due to the specific information we know about the state) and we
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know specific information about the state resulting from this transition
depending on the command (Lemma 4.2.18).

6. For all states reachable in a well-formed program, when executing a
step, this execution is finite; after a finite number of transitions, the
Done-predicate will hold (Lemma 4.2.20).

For the rest of this subsection, we will prove the properties separately, be-
fore combining them in a theorem at the end of the subsection. Each property
depends upon different parts of the semantics, but all parts of the semantics
are used in the proofs.

We start by giving the first property and its proof. For readability, we distin-
guish between schedules ∆ and schedule elements sc, where schedule elements
can be fixpoints or step calls but not of the form sc = sc1 < sc2.

Lemma 4.2.14 (Property 1 of well-formed programs). Let p = 〈∆,σ,sχ〉 be
an AuDaLa state reached by some well-formed program P = D ∆P such that
Γ,Ω⊢ D ∆P for some Γ,Ω. Then either ∆ = ε or Γ;Steps(D),Ω ⊢

aF
∆.

Proof. We prove Property 1 by induction on the states traversed in any execu-
tion of P. As a base case, the execution starts in the initial state p0

P ; by the
premise of the lemma, this state has a well-formed schedule. This proves the
base case.

Then, let pi = 〈∆,σ,sχ〉 be the i th state traversed in some execution
of P with definitions D, from which some transition is taken to a state
pi +1 = 〈∆′,σ′,sχ′〉. By the induction hypothesis, we assume it holds that
Γ;Steps(D),Ω ⊢

aF
∆ or that ∆ = ε. Then, we do a case distinction:

• If the transition taken is a command transition it holds that ∆′ = ∆, so
Γ;Steps(D),Ω ⊢

aF
∆′ or ∆′ = ε.

• If the transition taken is a schedule transition, we know that ∆ ̸= ε, as
this is required by every schedule transition.

As ∆ is well-formed, we know that it has a well-defined non-empty first
element sc, such that ∆ = sc or ∆ = sc < Sched1.

Then, if ∆ = sc, we know that Γ,Ω ⊢
aF

sc, as ∆ is well-formed modulo aFix.

Then, we have a case distinction on the form of sc:

1. If sc = F for some step F or sc = θ.F for some struct type θ and some
step F , then the schedule transition that is taken is InitG or InitL
respectively. These will remove sc from the schedule.

2. If sc = Fix(∆1) for some schedule ∆1, the transition must be FixInit,
resulting in ∆′ = ∆1 < aFix(∆1) which replaces sc. As Γ;Steps(D),Ω ⊢
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Fix(∆1), it holds that Γ;Steps(D),Ω ⊢
aF
∆1. It follows that

Γ;Steps(D),Ω ⊢
aF
∆1 < aFix(∆1).

3. If sc = aFix(∆1) for some schedule ∆1, the transition must be either
FixIter or FixTerm. If the transition is FixIter, then ∆′ =∆1 < aFix(∆1)
replaces sc. As Γ;Steps(D),Ω ⊢ aFix(∆1), Γ;Steps(D),Ω ⊢

aF
∆1. It fol-

lows that Γ;Steps(D),Ω ⊢
aF
∆1 < aFix(∆1). If the transition is FixTerm,

sc is removed from the schedule.

From this, we can conclude that either ∆′ = ε or Γ;Steps(D),Ω ⊢
aF
∆′, so the

induction step holds.

Then if ∆ = sc < ∆1, with sc being a single schedule element, note that
Γ;Steps(D),Ω ⊢

aF
∆ iff Γ;Steps(D),Ω⊢∆1 and Γ;Steps(D),Ω ⊢

aF
sc. Any sched-

ule transition only affects the first schedule element, so after a single
transition, ∆1 will remain unchanged. This means that we can consider
sc as a separate schedule. We then apply same case distinction as above,
from which we can conclude that either the first element is removed
after a transition or the transition results in a schedule ∆′′ such that
Γ;Steps(D),Ω ⊢

aF
∆′′. In the first case, ∆′ = ∆1 and Γ,Ω ⊢

aF
∆′. In the sec-

ond case, we know that Γ;Steps(D),Ω ⊢
aF
∆′′ and Γ;Steps(D),Ω ⊢

aF
∆1, so we

know that Γ;Steps(D),Ω ⊢
aF
∆′. Therefore, in this case, the induction step

holds.

It follows that the induction step holds, so Property 1 also holds.

We use this first property to prove the second property:

Lemma 4.2.15 (Property 2 of well-formed programs). Let p = 〈∆,σ,sχ〉 be
an AuDaLa state reached by some well-formed program P = D ∆P such that
Γ,Ω⊢ D ∆P for some Γ,Ω. Then if Done(σ) holds and ∆ ̸= ε, there exists at least
one schedule transition that can be taken from p with definitions D.

Proof. Let p = 〈∆,σ,sχ〉 be a state reached in an execution of P such that
Done(σ) = true. Assume that ∆ ̸= ε. It follows from Property 1 that ∆ is well-
formed modulo aFix, so we know that ∆ has a well-formed and well-defined
first schedule element sc. Then, we do a case distinction on what this element
is:

1. If sc = F for some step F , then it follows that InitG is enabled: Done(σ)
holds, and beyond that, the only requirement is that sc = F . Same holds
for sc = θ.F and InitL.
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2. If sc = Fix(∆1) for some schedule ∆1, the transition FixInit can be taken,
as Done(σ) holds and sc fits the pattern in the schedule which is the other
requirement.

3. If sc = aFix(∆1) for some schedule ∆1, then whether a transition can be
taken depends on whether there is a value on top of the stability stack.
This is, however, the case: The only rule which introduces a pattern
which includes aFix in the semantics is the rule FixInit, which also adds a
value on top of the stability stack. The only rule which removes a value of
from the stability stack is FixTerm, which also removes an aFix pattern.
It follows that the amount of values in the stability stack corresponds
exactly to the amount of aFix patterns. It follows that there is a value
on the stability stack when a aFix pattern is encountered. Then, either
this value is true or false. If the value is true, note that Done(σ) holds
and that an aFix pattern is the topmost schedule element, so FixTerm is
enabled. Along the same lines, if the value is false, FixIter is enabled.

It follows that if the schedule is not empty and Done(σ) holds, there must be
a well-formed first schedule element and for all forms that element can take
there is an enabled transition.

This, again, is used to prove the third property:

Lemma 4.2.16 (Property 3 of well-formed programs). Let p = 〈∆,σ,sχ〉 be
a well-formed AuDaLa state reached by some program P = D ∆P such that
Γ,Ω ⊢ D ∆P for some Γ,Ω. If Done(σ) holds and ∆ ̸= ε, then after a finite
amount of transitions from p either the schedule is empty or there is an InitG
or InitL transition to some state p ′ = 〈∆′,σ′,sχ′〉 for which Done(σ′) does not
hold.

Proof. We prove Property 3 by first proving through induction that after any
sequence of transitions from p either the schedule is empty or there must be an
InitG or InitL transition. We then prove that after this InitG or InitL transition
to, w.l.o.g., state p ′, Done(σ′) does not hold.

If either InitG or InitL are enabled, by definition of the schedule and the
transitions, no other transitions are enabled, so the InitL or InitG transition
must also be taken. We therefore make no distinction between the an InitG or
InitL transition being enabled and that transition being taken.

We first do induction on the structure of the schedule. As base case, we take
that ∆ = ε, which directly satisfies our property. We then assume as induction
hypothesis 1 that for all but the first element of the schedule, any sequence of
schedule transitions eventually leads to either the schedule being empty or an
InitL or InitG transition being taken.

Let sc be the first element of ∆, and assume that InitG and InitL are not
enabled. It follows that sc = aFix(∆1) or sc = Fix(∆1). Let the next transition
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taken be t , from p to p ′ = ∆′,σ′,sχ′. This transition exists, by Property 2. We
then do induction on the number of occurrences k of both Fix and aFix in sc.
If k = 1, It follows that ∆1 is either a step call, a typed step call or a sequence of
step and typed step calls, as ∆ is well-formed modulo aFix. Then if t = FixInit,
(so sc = Fix(∆1)), ∆′ will start with the sequence ∆1 < aFix(∆1), and as ∆1 must
have a step call as first element, either InitL or InitG must be enabled. The
same argument holds if t = FixIter, but with sc = aFix(∆1). If t = FixTerm, so
sc = aFix(∆1), sc is removed. Then either ∆′ = ε, or we use induction hypothesis
1 to conclude that any sequence of schedule transitions eventually leads to
either the schedule being empty or an InitL or InitG transition being taken.

We then assume as induction hypothesis 2 that if k = i − 1, any sequence
of schedule transitions eventually leads to either the schedule being empty
or an InitL or InitG transition being taken. Let k = i . Then if t = FixInit,
so sc = Fix(∆1), ∆′ will start with the sequence ∆1 < aFix(∆1). As the amount
of occurrences of both Fix and aFix in ∆1 must then be i − 1, by induction
hypothesis 2, any sequence of schedule transitions eventually leads to either
the schedule being empty or an InitL or InitG transition being taken. The
same argument holds if t = FixIter, but with sc = aFix(∆1). If t = FixTerm, so
sc = aFix(∆1), sc is removed. Then again either ∆′ = ε, or we use induction
hypothesis 1 to conclude that any sequence of schedule transitions eventually
leads to either the schedule being empty or an InitL or InitG transition being
taken.

It follows that after a finite number of transitions from p either the sched-
ule is empty or there must be an InitG or InitL transition to some state p ′ =
〈∆′,σ′,sχ′〉. By the definition of the schedule transitions, when transition InitG
is taken for some step F , by definition of InitG, the commands of F are put
into the command list of every struct instance of a struct type for which F
is defined. The same holds for when transition InitL is taken for some step
call θ.F . As ∆ is well-formed modulo aFix, there is at least one struct type for
which F is defined, and as there always exists a null-instance for every struct
type, there is then at least one struct instance which will have commands in
their command list. It follows that ¬Done(σ′).

This concludes the schedule properties. We continue with the first of the
step execution properties:

Lemma 4.2.17 (Property 4 of well-formed programs). Let p = 〈∆,σ,sχ〉 be
an AuDaLa state reached by some well-formed program P = D ∆P such that
Γ,Ω⊢ D ∆P for some Γ,Ω. If ¬Done(σ), let ℓ ∈L such that σ(ℓ) = 〈θ,γ,χ,ξ〉 and
γ ̸= ε. Let γ = c j ;γ, such that c j has been generated from a statement S, with
�S� = c1; . . . ;cm . Then there exists a ck with k ≤ j such that either ck ; . . . ;c j = �E�
for some expression E or ck ; . . . ;c j = �S� for some statement S.
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Proof. To prove the lemma, we do a case distinction on which command c j is
and choose an appropriate ck :

1. If c j = push(val(g )), it has been generated by the interpretation function
in response to either the expression g , with g ∈ LT , or, if g = defaultVal(T )
for some T , to nullT . It follows that with k = j , the lemma holds. Anal-
ogously, the lemma holds if c j = push(this), which is generated for the
expression this.

2. If c j = rd(xi ) for some variable xi , then we know that c j is generated
by the interpretation function in response to some variable expression
x1. · · · .xn , with xi ∈ x1. · · · .xn . Let ck be the first command of �x1. · · · .xn�.
Then ck ; . . . ;c j = �x1. · · · .xi � and the lemma holds.

3. If c j is a wr, cons, if, not or op command, it is automatically the last gen-
erated command for some expression or statement as per the definition
of the interpretation function. The lemma will then hold for ck being the
first command generated for the same expression or statement.

As in all cases, a k can be chosen, the lemma holds.

We use this to make the proof of the next property easier. We then prove
the fifth property, which is the most important property for step executions.
Intuitively, this property allows us to reason about the execution of statements
and expressions in terms of their preconditions and postconditions on a se-
mantic level. This property cannot be split further, as the proof for what we
can expect as preconditions depends on the proof of what we can expect as
postconditions and vice versa. Furthermore, the cases also intermingle in their
dependencies.

Lemma 4.2.18 (Property 5 of well-formed programs). Let p = 〈∆,σ,sχ〉 be a
well-formed AuDaLa state reached by some well-formed program P = D ∆P
such that Γ,Ω ⊢ D ∆P for some Γ,Ω. If ¬Done(σ), let ℓ ∈ L such that σ(ℓ) =
〈θ,γ,χ,ξ〉 and γ ̸= ε. Let γ = c j ;γ, such that c j has been generated from a state-
ment Si in a step F , with �Si � = c1; . . . ;cm . Let S1; . . . ;Si−1 be the statements
executed by the struct instance of ℓ before Si as a part of F .

Then, with ck with k ≤ j such that ck ; . . . ;c j = �E� or ck ; . . . ;c j = �Si �, let
pk = 〈∆k ,σk ,sχk〉 be the state right before the transition induced by ck and let
σk (ℓ) = 〈θ,γk ,χk ;ξk〉. Then at least one of the following holds:

1. c j = push(v) for some v ∈V or c j = push(this),

2. c j = rd(x) and all of the following hold:

(a) χ = χk ;ℓ′ and σ(ℓ′) = 〈θℓ′ ,γℓ′ ,χℓ′ ,ξℓ′〉 for some θℓ′ ,γℓ′ ,χℓ′ ,ξℓ′ , and if
x ∉ ParsP (θℓ′ ) then ℓ′ = ℓ,
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(b) either Sq = (T x := E) for some 1 ≤ q < i , T ∈ T and E ∈ EX or (x : T ) ∈
ParsP (θℓ′ ) for some T ∈ T ,

(c) either T ∈ΘP , ξℓ′ (x) ∈L and σ(ξℓ′ (x)) = 〈T,γx ,χx ,ξx〉 (for some γx ,χx

and ξx) or T ∈ T \ ID and ξℓ′ (x) ∈ sem(T ).

3. c j = wr(x) and all of the following hold:

(a) χ = χk ; v ;ℓ′ and σ(ℓ′) = 〈θℓ′ ,γℓ′ ,χℓ′ ,ξℓ′〉 for some θℓ′ ,γℓ′ ,χℓ′ ,ξℓ′ and if
x ∉ ParsP (θℓ′ then ℓ′ = ℓ,

(b) either Sq = (T x := E) for some 1 ≤ q ≤ i , T ∈ T and E ∈ EX or (x : T ) ∈
ParsP (θ′) for some T ∈ T ,

(c) either T ∈ΘP , v ∈L and σ(v) = 〈T,γ′′,χ′′,ξ′′〉 (for some γ′′,χ′′ and ξ′′)
or T ∈ T \ ID and v ∈ sem(T ).

4. c j = cons(θ), with θ ∈ΘP and ParsP (θ) = x1 : T1; · · · ; xc : Tc for some c, and
χ = χk ; v1; · · · ; vc and for all xh : Th , either Th ∈ T \ ID and vh ∈ sem(Th) or
Th ∈ΘP and vh ∈L∧σ(vh) = 〈Th ,γ′′,χ′′,ξ′′〉 for some γ′′,χ′′ and ξ′′.

5. c j = if(C ) and χ =χk ;b such that b ∈B.

6. c j = not and χ =χk ;b such that b ∈B.

7. c j = op(◦) and χ =χk ; a;b and all of the following hold:

(a) If ◦ ∈ {=,!=} then a,b ∈ {N,Z} or there exists a T ∈ {N,Z,B,String}∪
ΘP such that either T ∉ ΘP and a,b ∈ T or T ∈ ΘP and σ(a) =
〈T,γa ,χa ,ξa〉 and σ(b) = 〈T,γb ,χb ,ξb〉,

(b) If ◦ ∈ {<=,>=,<,>,∗,/,%,+,^,−} then a,b ∈ {N,Z},
(c) If ◦ ∈ {&&, ||} then a,b ∈B.

Additionally, there exists a transition induced by c j from p to a state p ′ =
〈∆′,σ′,sχ′〉 such that σ′(ℓ) = 〈θ,γ′,χ′,ξ′〉 and all of the following hold:

1. If c j = push(v) for some v ∈ V, then it holds that χ′ = χk ; v and γ′ =
c j +1; . . . ;cm ;�Si +1; · · · ;Sn�.

2. If c j = push(this), then χ′ =χk ;ℓ and γ′ = c j +1; . . . ;cm ;�Si +1; · · · ;Sn�.
3. If c j = rd(x), with χ =χk ;ℓ′ and σ(ℓ′) = 〈θℓ′ ,γℓ′ ,χℓ′ ,ξℓ′〉 for some θℓ′ ,γℓ′ ,χℓ′ ,ξℓ′ ,

then χ′ =χk ;ξℓ′ (x) and γ′ = c j +1; . . . ;cm ;�Si +1; · · · ;Sn�.
4. If c j = wr(x), then, with χ = χk ; v ;ℓ′, σ′(ℓ′) = 〈θℓ′ ,γ′ℓ′ ,χ′ℓ′ ,ξ′ℓ′〉 such that

either ℓ′ ∉ L0, ξ′
ℓ′ = ξℓ′ [x 7→ v] and if x ∉ ParsP (θℓ′ ) or ξℓ′ (x) ̸= v then

sχ′ = false|sχ|, or ℓ′ ∈ L0, ξ′
ℓ′ = ξℓ′ and sχ′ = sχ. Additionally, χ′ = χk ,

γ′ = �Si +1; · · · ;Sn�.
5. If c j = cons(θ), then, with χ = χk ; v1; · · · ; vc and ParsP (θ) = x1 : T1; ...; xc :

Tc , it holds that χ′ = χk ;ℓ′ for some ℓ′ such that σ(ℓ′) = ⊥ and σ′(ℓ′) =
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〈θ,ε,ε,ξ0
θ

[{x1 7→ v1, . . . , xc 7→ vc }]〉, γ′ = c j +1; . . . ;cm ;�Si +1; · · · ;Sn�, and it holds
that sχ′ = false|sχ|.

6. If c j = if(C ), with χ = χk ;b, χ′ = χk and if b = true, γ′ = C ;�Si +1; · · · ;Sn� and
if b = false, γ′ = �Si +1; · · · ;Sn�.

7. If c j = not, with χ =χk ;b, χ′ =χk ;¬b and γ′ = c j +1; . . . ;cm ;�Si +1; · · · ;Sn�.
8. If c j = op(◦), with χ = χk ; a;b, then γ′ = c j +1; . . . ;cm ;�Si +1; · · · ;Sn� and, with

o the semantic equivalent of ◦, χ′ = χk ;c for some c such that all of the
following hold:

(a) If a ∈ T and b ∈ T with T ∈T and ◦ ∈ {=,!=}, then c = a o b and c ∈B,
(b) If a ∈ T1 and b ∈ T2, with T1,T2 ∈ {N,Z} and ◦ = {<=,>=,<,>,=,!=},

then c = a o b and c ∈B,
(c) If a ∈ T1 and b ∈ T2, with T1,T2 ∈ {N,Z} and ◦ = {∗,/,%,+,^,−}, then

c = a o b and c ∈Z,
(d) If a,b ∈N and ◦ = {∗,/,%,+,^}, then c = a o b and c ∈N.
(e) If a,b ∈B and ◦ ∈ {&&, ||}, then c = a o b and c ∈B.

Note that if at least one of the cases in the first case distinction of Property 5
holds, exactly one case holds, as due to the fact that they require c j to be a
specific command, all cases are mutually exclusive.

To prove this lemma, we first prove an auxiliary lemma:

Lemma 4.2.19 (Expression/Semantics Type Correspondence). Let p = 〈∆,σ,sχ〉
be an AuDaLa state reached by some well-formed program P = D ∆P such
that Γ,Ω⊢ D ∆P for some Γ,Ω. If ¬Done(σ), let ℓ ∈L such that σ(ℓ) = 〈θ,γ,χ,ξ〉
and γ ̸= ε. Let γ = c j ;γ, such that c j has been generated from a statement S,
with �S� = c1; . . . ;cm . Let ck ∈ c1; · · · ;c j exist such that ck ; . . . ;c j = �E� for some
expression E . Let E have type T in P according to the type system. Then if
Property 5 holds for c j , there exists a single value v that is put on the stack
by the transition induced by c j . Furthermore, either T ∈ T \ ID and v have the
semantic type sem(T ), or T ∈ ΘP and v will be a label ℓ such that the struct
type of σ(ℓ) is T .

Proof. This follows from a case distinction on the command c j is and what
expression E generates the commands ck ; . . . ;c j :

• If c j is a push-command, then according to to the interpretation function
and the rules ComPush and ComPushThis, v = val(g ) and E = g , in which
case v ∈ sem(T ), or v = ℓ and E = this, in which case E has type θ, v = ℓ
and σ(v) has the type θ.

• If c j is a read-command, then according to Property 5, it is a read com-
mand of some variable x with type Tx . It follows that E has type Tx , as
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P is well-formed (following rule VarR). Then, from Property 5, we then
know that if Tx ∈ΘP , v ∈L and σ(v) has struct type Tx . Furthermore, if
Tx ∈ T \ ID, according to Property 5, we know that v ∈ sem(Tx ).

• If c j is a constructor-command, then according to Property 5, we know
that v = ℓx such that σ(ℓx ) has struct type θx . As c j is generated from E
through the interpretation function, it follows by that function and the
type system that E has type θx .

• If c j is a not-command or an op-command, then by the fact that P is
well-formed and c j is generated by the interpretation function applied
on E , E has a type T ∈ T \ ID and v ∈ sem(T ).

As the lemma holds in all cases, the lemma holds.

We use this auxiliary lemma in the proof of Property 5.
The proof of Property 5 is intricate and has a lot of overlapping cases, due

to which we have decided to not give a single full proof, but to divide the proof
into subproofs, including a full proof made up of these subproofs.

The proof takes the form of a strong induction. As there are many cases to
consider in the step case of this proof, we have split the proof into subproofs
for accessibility.

Full proof of Property 5. Let p = 〈∆,σ,sχ〉 be a well-formed AuDaLa state
reached by some program P = D ∆P such that Γ,Ω ⊢ D ScP for some Γ,Ω.
Then assume that ¬Done(σ). Let ℓ ∈L be a label such that σ(ℓ) = 〈θ,γ,χ,ξ〉 and
γ ̸= ε. Let γ = c j ;γ, such that c j has been generated from a statement S, with
�S� = c1; . . . ;cm .

Let ck with k ≤ j such that ck ; . . . ;c j = �E� or ck ; . . . ;c j = �Si �. According to
Property 4, this ck is guaranteed to exist, so we assume ck has the largest k
possible for c j . Let pk = 〈∆k ,σk ,sχk〉 be the state right before the transition
induced by ck and let σk (ℓ) = 〈θ,γk ,χk ;ξk〉.

To prove the lemma, we perform a strong induction on the total number
of commands for which a transition induced by that command has been taken
during the execution of P. For the base case, refer to Subproof 4.2.19.A.
For the step case, refer to Subproof 4.2.19.B. As the strong induction holds,
Property 5 holds.

Subproof 4.2.19.A - Base case for strong induction. In the base case, we
assume that c j is the first command to be processed in the execution of P
Then it follows that c j = ck = c1, as c j must be the first command of �S�.
This means that c j is both the first and the last command of some expres-
sion or statement. By the definition of the interpretation function, this can
only happen for the expressions g with g ∈ LT , this, nullT and x1. · · · .x0.
In all of those cases, c j = push(v) for some value v ∈ V or c j = push(thi s).



4.2 Properties of Well-Formed Programs 91

This satisfies the first part of Property 5. Then, if c j = push(v) for some
v ∈ V, a transition ComPush will be enabled to a state p ′ = 〈∆′,σ′,sχ′〉 with
σ′(ℓ) = 〈θ,c j +1; . . . ;cm ;�Si +1; · · · ;Sn�;γ′,χ; v,ξ′〉. As χ = χk , this satisfies the prop-
erty. If c j = push(this), then a transition ComPushThis will be enabled to a
state p ′ = 〈∆′,σ′,sχ′〉 with σ′(ℓ) = 〈θ,c j +1; . . . ;cm ;�Si +1; · · · ;Sn�,χ;ℓ,ξ′〉. As χ = χk ,
this satisfies the property. ■

Subproof 4.2.19.B - Step case for strong induction. In the step case of the
second strong induction, we assume as the induction hypothesis that Prop-
erty 5 holds for all previously processed commands. In particular, it holds for
all commands c1; . . . ;c j−1 in �S�, and it holds for all write commands processed
before c j during the execution of P.

We then do a case distinction on the commands c j can be.

• The case where c j is a push-command is analogous to the base case,
given in Subproof 4.2.19.A.

• For the case where c j is a rd-command, refer to Subproof 4.2.19.C.

• For the case where c j is a wr-command, refer to Subproof 4.2.19.D.

• For the case where c j is a cons-command, refer to Subproof 4.2.19.E.

• For the case where c j is an if-command, refer to Subproof 4.2.19.F.

• For the case where c j is a not-command, refer to Subproof 4.2.19.G.

• For the case where c j is an op-command, refer to Subproof 4.2.19.H.

As all the cases hold, it follows that the step case for the strong induction over
d also holds. ■

Subproof 4.2.19.C - Detailed step case rd. If c j = rd(x) for some x, then ck =
push(this) and the expression E is a variable expression x1. · · · .xh .x, as seen in
the proof for Property 4. As rd(x) was generated by the interpretation function,
it follows that there exists a variable xh with h ≥ 0 such that E = x1. · · · .xh .x. It
follows that E = E ′.x for E ′ = x1. · · · .xh , and that we can apply the induction
hypothesis on command c j−1, as ck ; . . . ;c j−1 = �E ′� and the distance between ck

and c j−1 is d −1.
From Property 5 and Lemma 4.2.19 for c j−1 we then know that there was

a transition from a state ph = 〈∆h ,σh ,sχh〉 with some ℓh such that σh(ℓh) =
〈θh ,γh ,χh ,ξh〉 (for some θh ,γh ,χh ,ξh) and χ = χk ;ξh(xh), for some xh defined
in Si . We also know that ξh(xh) ∈L, as E is well-formed through P, so x1. · · · .xh

leads to a label.
Furthermore, we know from the induction hypothesis that Property 5 holds

for all previously processed write commands wr(y) during the execution of P,
where y has syntactic type Ty ∈ T and vy is the new value written by the
command. Due to that, if Ty ∈ ΘP , then vy ∈ L and vy represents a struct
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instance with type Ty , and if Ty ∈ T \ ID, then vy ∈ sem(Ty ). We also know
by the definition of the initial state of P and the fact that null-parameters
cannot be overwritten during the execution of P, that for any null-parameter
z of syntactic type Tz ∈ T , if Tz ∈ΘP then vz = ℓ0

Tz
, which represents the null-

instance of type Tz , and if Tz ∈ T \ ID, then vz = defaultVal(Tz ), so vz ∈ sem(Tz ).
As AuDaLa does not delete struct instances, it follows that σ(ξh(xh)) =

〈θ′,γ′,χ′,ξ′〉 (for some θ′,γ′,χ′,ξ′) and we also know, with θ′ the struct type of
σ(ξh(xh)), that x ∉ ParsP (θ′) implies that ξh(xh) = ℓ, as otherwise x1. · · · .xh .x
would not be admitted by the type rule VarR. With this, the first precondition
for the rd command is satisfied.

As P is well-formed, we know that there was either a statement Sq = (T x :=
Ex ) with 1 ≤ q < i and Ex ∈ EX or that (x : T ) ∈ ParsP (θ′) for some T ∈ T , as
otherwise x1. · · · .xh .x would not be provable in the type system. This satisfies
the second precondition for the rd command.

From the earlier application of the induction hypothesis on all previous
write-commands, we also know that if T ∈ ΘP , it holds that ξ(x) ∈ L and as
AuDaLa does not delete struct instances, it holds that σ(ξ′(x)) = 〈T,γx ,χx ,ξx〉
(for some γx ,χx ,ξx). Furthermore, if T ∈ T \ ID, it holds that ξ(x) ∈ sem(T ).
With this, the third precondition for the rd command is satisfied.

These preconditions also satisfy the requirements for the ComRd transi-
tion, so there exists an enabled transition ComRd to a state p ′ = 〈∆′,σ′,sχ′〉
with
σ′(ℓ) = 〈θ,c j +1; . . . ;cm ;�Si +1; · · · ;Sn�,χk ;ξh(x),ξ′〉, by definition of ComRd. This
satisfies the postconditions of the command rd. ■

Subproof 4.2.19.D - Detailed step case wr. If c j = wr(x) for some x, then
c j = cm , by the definition of the interpretation function. It follows that
ck = c1 and that ck ; . . . ;cm = �Si �. By the interpretation function, it follows that
�Si � = �E ′�;�x1. · · · .xh�;wr(x) for some expression E ′ and some variable expres-
sion x1. · · · .xh . By the induction hypothesis on the commands �E ′� = c1; . . . ;ca ,
we know that after command ca , we are in a state pa = 〈∆a ,σa ,sχa〉, with
σa(ℓ) = 〈θ,ca+1; . . . ;cm ;�Si +1; . . . ;Sn�,χk ; v,ξa〉 for some value v ∈V. By the induc-
tion hypothesis on the commands �x1. · · · .xh� = ca+1; . . . ;cm−1 and analogous rea-
soning as in the case above, we know that σ(ℓ) = 〈θ,cm ;�Si +1; . . . ;Sn�,χk ; v ;ℓh ,ξa〉
for some ℓh ∈ L, with σ(ℓh) = 〈θh ,γh ,χh ,ξh〉 for some θh ,γh ,χh ,ξh and, if
x ∉ ParsP (θh), with ℓ′ = ℓ. This satisfies the first precondition of the wr
command.

Again, as P is well-formed, we know that there was either a statement
Sq = (T x := Ex ) with 1 ≤ q ≤ i and Ex ∈ EX or that (x : T ) ∈ ParsP (θh) for some
T ∈ T , as otherwise x1. · · · .xh .x would not be provable in the type system. This
satisfies the second precondition of the wr command.

Then, to establish the third precondition, note that by the induction hy-
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pothesis for the strong induction, we know that Property 5 holds for com-
mands c1; . . . ;ca . We then know that v has the semantic type which reflects E ′
in pa , due to Lemma 4.2.19. Furthermore, as AuDaLa does not remove struct
instances and keeps struct types of struct instances immutable, we can extend
this to p. As P is well-formed, we also know that E ′ has the same syntactic
type as x. It follows that the third precondition is satisfied.

Then if ℓh ∉ L0, there exists a transition ComWr to a state p ′ = 〈∆′,σ′,sχ′〉
with σ′(ℓ) = 〈θ,�Si +1; · · · ;Sn�,χk ,ξ′〉 and σ′(ℓ′) = 〈θℓ′ ,γℓ′ ,χℓ′ ,ξ′ℓ′〉 such that ξ′

ℓ′ =

ξℓ′ [x 7→ v] and if x ∉ ParsP (θℓ′ )∨ ξℓ′ (x) ̸= v then sχ′ = false|sχ| by definition of
ComWr.

If ℓh ∈ L0, there exists instead a transition ComWrNSkip to a state
p ′ = 〈∆′,σ′,sχ〉 with
σ′(ℓ) = 〈θ,�Si +1; · · · ;Sn�,χk ,ξ′〉 and σ′(ℓ′) = 〈θℓ′ ,γℓ′ ,χℓ′ ,ξℓ′〉 by definition of
ComWrNSkip. ■

Subproof 4.2.19.E - Detailed step case cons. If c j = cons(θ) for some struct type
θ, then it must have been generated as the last command of an expression or
statement θ(E1, . . . ,Eh). It then follows that the largest possible ck is the first
command of θ(E1, . . . ,Eh). Then let ParsP (θ) = (x1 : T1); . . . ; (xh : Th). It follows
from repeated application of the induction hypothesis and Lemma 4.2.19 that
every expression Ei ∈ E1, . . . ,Eh leaves a value v ∈ V on the stack, such that
χ =χk ; v1; . . . ; vh . Due to Lemma 4.2.19, as Property 5 holds for all commands in
�E1; . . . ;Eh� due to the induction hypothesis, we know that for every expression
Ei ∈ E1, . . . ,Eh that vi has the semantic type which reflects Ei after it has been
added to the stack, which we extend to p as AuDaLa does not remove struct
instances or change their struct types. As P is well-formed, xi has the same
syntactic type as Ei , so it follows that for all xi : Ti , either Ti ∈ T \ ID and
vi ∈ sem(Ti ) or Ti ∈ΘP and vi ∈L such that σ(v) has struct type Ti .

Then by the definition of the transition ComCons with a fresh label ℓ′,
there exists a transition to a state p ′ = 〈∆′,σ′,sχ′〉 with
σ′(ℓ) = 〈θ,c j +1; . . . ;cm ;�Si +1; · · · ;Sn�,χk ;ℓ′,ξ′〉 and
σ′(ℓ′) = 〈θ,ε,ε,ξ0

θ
[{p1 7→ v1, . . . , ph 7→ vh}]〉 and sχ′ = false|sχ|. ■

Subproof 4.2.19.F - Detailed step case if. If c j = if(C ) for some command list C ,
then c j must have been generated as part of an if-statement, such that c j = cm

and �Si � = �E ′�; if(�S�) for some expression E ′ and some list of statements S.
It follows that ck = c1. Then by application of the induction hypothesis and
Lemma 4.2.19 on �E ′� = c1; . . . ;cm−1, we know that χ =χk ;b, where b ∈B.

Then by the definition of the transitions ComIfT and ComIfF, there exists a
transition to a state p ′ = 〈∆′,σ′,sχ′〉 with σ′(ℓ) = 〈θ,γ′,χk ,ξ′〉 such that if b = true,
γ′ = C ;�Si +1; · · · ;Sn�. and if b = false, γ′ = �Si +1; · · · ;Sn�. ■
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Subproof 4.2.19.G - Detailed step case not. If c j = not, it must have been
generated as the last command of an expression !E ′ for some expression E ′,
where E ′ is of type Bool as P is well-formed. It follows that the largest pos-
sible ck is the first command of �!E� = �E�;not. By application of the induction
hypothesis on �E ′� together with Lemma 4.2.19, we then know that χ = χk ;b,
and we know that b ∈B due to Lemma 4.2.19.

Then by the definition of the transition ComNot there exists a transition
to a state p ′ = 〈∆′,σ′,sχ′〉 with σ′(ℓ) = 〈θ,�Si +1; · · · ;Sn�,χk ;¬b,ξ′〉. ■

Subproof 4.2.19.H - Detailed step case op. If c j = op(◦) for some syntactic
operator ◦, it must have been generated as the last command of an expression
E1 ◦E2. It follows that the largest possible ck is the first command of �E1 ◦
E2� = �E1�;�E2�;op(◦). Then, by induction hypothesis on �E1� and �E2�, and the
relation between the interpretation function and the stack in the semantics,
we know that χ = χk ; a;b for a,b ∈ V. From Lemma 4.2.19, we know that if
E1 has type T1, then either T1 ∉ΘP , and a ∈ sem(T1) or T1 ∈ΘP , a ∈L and, as
AuDaLa does not delete struct instances, σ(a) is a struct instance with type T1.
We know the same for E2 and b.

We then know that if ◦ ∈ {=,!=} then a,b ∈ {N,Z} or there exists a T ∈
{N,Z,B,String}∪ΘP s.t. either T ∉ΘP and a,b ∈ T or T ∈ΘP and a and b are
labels of struct instances with type T , by the type rules Eq and Comp.

By the type rules Comp, NArith and IArith, we know that if ◦ ∈ {<=,>=,<
,>,=,!=,∗,/,%,+,^,−} then a,b ∈ {N,Z}, and by the type rule BinLog we know
that if ◦ ∈ {&&, ||} then a,b ∈B.

Then by the definition of ComOp, there exists a transition to a state p ′ =
〈∆′,σ′,sχ′〉 with σ′(ℓ) = 〈θ,c j +1; . . . ;cm�Si +1; · · · ;Sn�,χk ;cξ′〉 such that:

1. if a ∈ T and b ∈ T with T ∈T and ◦ = {=,!=}, then c = a o b and c ∈B,

2. if a ∈ T1 and b ∈ T2, with T1,T2 ∈ {N,Z} and ◦ = {<=,>=,<,>,=,!=}, then
c = a o b and c ∈B,

3. if a ∈ T1 and b ∈ T2, with T1,T2 ∈ {N,Z} and ◦ = {∗,/,%,+,^,−}, then c =
a o b and c ∈Z,

4. if a,b ∈N and ◦ = {∗,/,%,+,^}, then c = a o b and c ∈N and

5. if a,b ∈B and ◦ ∈ {&&, ||}, then c = a o b and c ∈B.

It follows that this step case holds. ■

With this, all the subproofs have been given; we conclude that Property 5
as given in Lemma 4.2.18 holds. Then the only property which we still need
to prove is the sixth property:

Lemma 4.2.20 (Property 6 of well-formed programs). Let p = 〈∆,σ,sχ〉 be
a well-formed AuDaLa state reached by some program P = D ∆P such that
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Γ,Ω ⊢ D ∆P for some Γ,Ω. If Done(σ) does not hold in p, then after a finite
amount of transitions there must be a transition to some state p ′ = 〈∆′,σ′,sχ′〉
for which Done(σ′) holds.

Proof of Property 4.2.20. Let p = 〈∆,σ,sχ〉 be a well-formed AuDaLa state
reached by some program P = D ∆P such that Γ,Ω⊢ D ∆P for some Γ,Ω. Then
assume that ¬Done(σ). Let k be the total amount of commands still present
in some command list of some struct instance. As Done(σ) = false we know
that k > 0. Then the amount of transitions enabled directly corresponds to the
commands c such that for some ℓ′ ∈ L, σ(ℓ′) = 〈θ′,c;γ′,χ′,ξ〉. It follows that
after a transition to a state p1, there are k −1 commands in total still present
in some command list of some struct instance, and the transitions enabled are
similarly bound to commands as in p. As P is well-formed, steps in P are
finite, so k must be a finite number. Then it follows that after a finite amount
of transitions, we arrive in a state p ′ = 〈∆′,σ′,sχ′〉 such that Done(σ′′) = true.

We then conclude this section with the following theorem:

Theorem 4.2.21 (Properties of well-formed AuDaLa programs). Let p =
〈∆,σ,sχ〉 be an AuDaLa state reached by some well-formed program P = D ∆P
such that Γ,Ω ⊢ D ∆P for some Γ,Ω. Then, for p, the following properties
hold:

• Property 1, as specified by Lemma 4.2.14,

• Property 2, as specified by Lemma 4.2.15,

• Property 3, as specified by Lemma 4.2.16,

• Property 4, as specified by Lemma 4.2.17,

• Property 5, as specified by Lemma 4.2.18,

• Property 6, as specified by Lemma 4.2.20.

4.3 Corollaries and Type Soundness

In this section, we give some corollaries resulting from Theorem 4.2.21, in-
cluding the type soundness of our type system. We firstly define result values
for expressions and discuss those in the scope of programs without read-write
race conditions. Then, we assert that our type system is sound. Lastly, we
give some corollaries to reason directly about the result of executing syntactic
statements.
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Expression results

First, we define result values to extrapolate the results on command executions
to expressions:

Definition 4.3.22 (Expression Results). We define the result (value) of an exe-
cution of an expression E by a struct instance s in some step F in a well-formed
program P to be a value v resulting from the transition induced by the last
command cm of �E� in the command list of s as per Theorem 4.2.21.

There always is at least one resulting value for every expression, by mul-
tiple applications of Property 5 on all commands of the expression. However,
there may be multiple values, because we allow for interleaving during the
execution of an expression E by struct instance s. If E contains a read to a
variable which is not deterministic during F , this can lead to multiple result
values for E . The following holds, however:

Lemma 4.3.23. Let E be an expression in a well-formed program P executed
by a struct instance s from some state p. Let x1, . . . , xn be the parameters
referenced during E . If all parameters xi ∈ x1, . . . , xn are deterministic during
the execution, then there exists only a single result value for E executed by s
during P.

Proof. If all of the parameters of E are deterministic, it follows that any com-
putations on them have a deterministic outcome, so the value returned by the
execution must also be deterministic.

In this case, we say that the result (value) of E is deterministic.
In this thesis, we are interested in proving programs without read-write

race conditions from some premise state p1. In program executions without
read-write race conditions from p1, all resulting values from all expressions are
deterministic, as the fact that parameters are read in an expression E executed
by a struct instance s during the execution of a step F from some state p means
they cannot be written to during F . It follows that in a program without read-
write race conditions from p1, expression results are deterministic.

Type soundness

We then establish type soundness for AuDaLa, starting with a small overview
of what that means for a type system. Type soundness was first defined by
Milner [128] as the property that well-typed programs do not go “wrong”.
This is further expanded upon by Wright and Felleisen [180], which identify
this as weak type soundness, and more specifically define it as the absence of
type errors during execution. They give a definition of strong type soundness,
stating that if a program (or expression) is evaluated to be of some type by
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the type system, the value returned from evaluating that program also has
that type. They then give the well-known syntactic approach for proving type
soundness based on progress and preservation.

Here, weak type soundness is indeed weaker than strong type soundness.
Weak type soundness will be satisfied if there are no type errors, even if there
are type mismatches in the program (as long as they don’t incur a type er-
ror). Strong type soundness does not allow for type mismatches between the
program and its evaluation.

In our language, there are essentially two levels of the semantics. The first
level works directly on the syntax and deals with the execution of the schedule.
The second level works on commands generated by the syntax and deals with
the execution of the statements of steps occurring in the schedule. To establish
type soundness for AuDaLa, we have to consider the type soundness of both
levels.

Due to the fact that a good part of the semantics does not directly work on
the syntax of the program, we cannot use progress and preservation. As defin-
ing a type system on the commands does not have a use beyond proving type
soundness using the progress and preservation method (for commands only,
not for the schedule), we have decided to instead establish type soundness
using the semantics directly.

To prove the type soundness of our type system, we will need to prove that
in every state of a well-formed program P, weak and strong soundness hold
for the execution of P. We first establish weak soundness. To do this, we first
have to define when a type error occurs in AuDaLa:

Definition 4.3.24 (Type Errors in AuDaLa). Let p = 〈∆,σ,sχ〉 be an AuDaLa
state. We define a type error to occur in p iff one of the following holds:

1. The schedule ∆ is neither empty nor well-formed modulo aFix.

2. The values on the stack of a struct instance in σ are not compatible with
a command transition enabled for that struct instance.

3. A transition is enabled in some struct instance of σ that writes a value to
a variable environment such that the variable written to and the value
have different types.

Note that as the transitions on the schedule match with the first entry in the
schedule, a schedule that is neither empty nor well-formed will terminate the
program early, instead of incur a visible type error. We still count it though, as
the error has been incurred by a mismatch in expected schedule content and
actual schedule content.

Note then that AuDaLa’s type system is weakly sound:
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Corollary 4.3.25 (Weak type soundness for the type system of AuDaLa).
There are no type errors in any state encountered during any execution of a
well-formed AuDaLa program P.

Proof. This follows from Theorem 4.2.21. The first property directly contra-
dicts that an occurrence of the first possible type error can happen in P. The
fifth property contradicts the occurrence of the second and third types of type
error with its strong requirements on the types of the values on the stack and
the values written to variable environments.

Then, to prove that strong soundness holds, note that the only dynamic
parts of an AuDaLa program that have types are the schedule and expressions
used in steps. As we already established that the schedule is well-formed mod-
ulo aFix right until it is empty (which is expected, as if the schedule is empty
the program terminates), we then only need to establish that the expressions
evaluated during a program execution are evaluated to a value which matches
type with the expression.

To do this, we define the following corollary, an addendum to Corol-
lary 4.3.25, which is derived from Lemma 4.2.19:

Corollary 4.3.26 (Strong type soundness addendum). Let P be a well-formed
program, and let E be an expression defined in a step of a struct type with type
θ. Let E have type T in P according to the type system. Let p be an AuDaLa
state reached by P from which E can be executed. Then either T ∈ T \ ID and
the result value of E executed from p will have the semantic type sem(T ), or
T ∈ ΘP and the result value of E executed from p will be a label ℓ such that
the struct type of σ(ℓ) is T .

Proof. As Property 5 holds for every command executed during a well-formed
program P, we can apply Lemma 4.2.19 on all the commands constituting an
expression during the execution of P, from which the corollary follows.

With this, we then conclude the following corollary:

Corollary 4.3.27. The type system of AuDaLa is sound: it is both strongly and
weakly sound.

Proof. By Corollary 4.3.25 and Corollary 4.3.26.

Execution of syntactic statements to proofs

Lastly, we continue with some more corollaries to make proving in AuDaLa
more streamlined. Firstly, on a more general level, we know that the execution
of a statement S in a step F in a well-formed program P by a struct instance s
leads to the effects in Property 4.2.18 depending on the last command in �S�.
Intuitively, this means the following:
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Corollary 4.3.28 (Execution Effects). Let S be a statement executed during
the execution of a step F in a well-formed program P by a struct instance s.
Let p ′ be a state resulting from the transition induced by the last command of
�S� for s. Then:

1. If S is an update statement x1. . . . .xn .x := E , then, with x the variable in
the struct instance belonging to a result of an execution of x1. . . . .xn , if
x is not a parameter of a null-instance, x will be updated to a result of
an execution of E during the execution of S in p ′, and all values in the
stability stack will be reset to false if this means that a parameter has
changed. If x is a parameter of a null-instance, E is executed and any
struct instances created during the execution of E are still present in p ′,
but x has not been updated.

2. If S is a variable assignment statement T x := E , then it has the same
effect as executing the update statement x := E .

3. If S is an if-statement, in p ′, E will be executed to a result b ∈B. If b = true,
the if-clause will be taken. If b = false, the if-clause will be skipped.

4. If S is a constructor statement θ(E1, . . . ,Em), then in p ′, there will be a
new struct instance for a fresh label ℓ with type θ and its parameters set
to results of executions of E1, . . . ,Em , and all values in the stability stack
will be reset to false. Additionally, ℓ will be the last value on the stack of
s.

Additionally, let E be the expressions executed as a part of S. For any expres-
sion E ∈ E , if E is a constructor expression θ(E1, . . . ,Em), the fourth point above
will also hold for E , except that the fresh label ℓ will not necessarily be the last
value on the stack of s. Lastly, the effects of a statement will be deterministic
if all results from all expressions in S are deterministic.

Proof. Follows from applications of Theorem 4.2.21 and Lemma 4.3.23. The
fact that the if-condition will resolve to a boolean value follows from Corol-
lary 4.3.26.

In this thesis, we often consider only AuDaLa programs without read-write
race conditions from some premise state, in which case the direct effects of
all statements are deterministic. However, we do not exclude write-write race
conditions, so we need to weaken the above Corollary to find the permanent
results of executing update statements in a step when write-write race condi-
tions can occur:

Corollary 4.3.29 (Permanent Update Results). Let P be a well-formed pro-
gram without read-write race conditions from some premise state p1, with a
step F . Let F be executed from some state p and let s be a struct instance in
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p. Let S be the last update statement of some parameter s′.x of some struct
instance s′ by s, which updates s′.x to a value v . Let S be the last update
statements of s′.x across all definitions of F for any struct type θ. Then we can
guarantee that after the execution of F from p:

a. If s′ is a null-instance, s′.x = null.

b. If s′ is not a null-instance:

i. If s′.x is not involved in a write-write race condition, s′.x = v .
ii. If s′.x is involved in a write-write race condition in F , let N be the

set of all possible values written to s′.x during the execution of any
statement from S by any struct instance during the execution of F
from p. Then s′.x ∈ N .

Additionally, we know that if s′.x has had its value changed during the execu-
tion of F , all values in the stability stack have been reset to false during the
execution of F .

Proof. Follows from applying Corollary 4.3.28 on all statements executed dur-
ing the execution of F from p.

4.4 Conclusion

In this section, we have established some basic definitions for analysing Au-
DaLa programs and some basic features of AuDaLa programs and well-formed
AuDaLa programs, including Theorem 4.2.21. We have established the sound-
ness of our type system with Corollary 4.3.27, and we have given some more
corollaries and auxiliary definitions which make it easier to reason about pro-
grams.

With the corollaries proven in this section, one can prove the effects of
an AuDaLa step F by hand on the level of the syntactic code of F in the pro-
gram, without transforming that behaviour into commands, using the above
corollaries to formally establish the behaviour of statements. For variables x
deterministic during the execution of F , one only has to consider the final
value of x relative to a single struct instance, which can then be generalised
to all struct instances. This can be done by sequentially walking through the
code of F . For variables x involved in write-write race conditions, one will
need to construct the set N as defined in Corollary 4.3.29.

With that, we are ready to prove some of our example programs correct in
Chapter 5.



Chapter 5
Proving in AuDaLa

In this chapter, we prove some of our examples from Chapter 3 correct by using
the properties of well-formed AuDaLa programs as established in Chapter 4.
During the proofs, we consider the program in a vacuum; we assume that if
something is not changed by the program as a whole, it is not changed at all.
With this, we rule out outside interference by hardware. As we want to prove
the correctness of AuDaLa programs, not AuDaLa program implementations,
we consider this to be a fair assumption. We also omit the type system proof
derivation to prove both programs well-formed.

In this chapter, we prove three example programs correct. In Section 5.1,
we prove our AuDaLa program for prefix sum as given in Section 2.1.2 correct.
In Section 5.2, we prove the sorting AuDaLa program given in Section 3.4.2
correct. In Section 5.3, we prove the Turing machine implementation of Sec-
tion 3.5 correct, hereby also proving AuDaLa Turing complete. We conclude
the chapter in Section 5.4.

The first two proofs straightforwardly use the results from Chapter 4. The
last proof proves our implementation correct by establishing a stuttering equiv-
alence between the behaviours of the program and the behaviours of the Turing
machine, which will later be used in Chapter 6 to prove another version of the
AuDaLa semantics conditionally equivalent to the standard semantics.

5.1 Proving Prefix Sum Correct

In this subsection, we prove that the code as given in Listing 2.3 correctly
computes the prefix sum. To prove the code in Listing 2.3 correct, we first
consider the steps of this code, for which we prove the execution results. The
strategy is to first consider which parameters are in a race condition, if any,
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using information on the states from which the step is executed. Then, we
can establish the results of the execution of the step on the parameters using
Corollary 4.3.29. For parameters not involved in race conditions, this consists
of walking through the step sequentially and establishing the last value written
to the parameter. After we have considered the execution results of all the
steps, we combine them into contracts for one iteration of the fixpoints present
in the schedule. These we then use to prove the execution results of fixpoints,
from which we establish the final result of executing the code. If this result
corresponds to the requirements as stated in the problem, it is correct provided
the state from which it is executed is a valid premise state.

The rest of the section follows the outline as explained above, but first we
restate the problem and give the initialization requirements.

Problem statement and initialization

The problem is restated as given in Problem 5.1.1:

Problem 5.1.1 (Prefix Sum). Given a sequence of n integer values v1, . . . , vn ,
compute for each position 1 ≤ k ≤ n in the sequence the sum Σk

i =1vi . We assume
that the sequence is given as a single, finite list without loops.

As the code does not describe initialization, we need to specify the re-
quirements of a premise state from which this code can be executed with the
intended effect. These requirements have already been stated in Section 2.1.2,
but are formalized here:

Definition 5.1.2 (Premise of Listing 2.3). We define a premise state of the
prefix sum code as a state p1 = 〈∆,σ,sχ〉 such that there are labels ℓ1, . . . ,ℓn

for positions s1, . . . , sn where σ(ℓ1) = 〈Position,ε,ε,ξ1〉 is the first position s1,
with s1.val = v1 and s1.prev = null, and for every si with 1 < i ≤ n, si = σ(ℓi ) =
〈Position,ε,ε,ξi 〉, with si .val = vi and si .prev = ℓi−1.

Step execution results

We then prove the execution results of the steps. For Listing 2.3, instead of
considering variables separately we prove that all steps are deterministic as a
whole:

Lemma 5.1.3. All steps in Listing 2.3 are deterministic.

Proof. This follows from the fact that no step in Listing 2.3 has potential race
conditions:

• In read, a potential race condition would need to include either auxval or
auxprev, as those are the parameters written to in read. However, these
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parameters are not accessed indirectly, so there can be no potential race
conditions on them, following from Definition 4.1.9. Therefore, read has
no potential race conditions.

• In write, no parameters used are accessed indirectly, which is required for
a potential race condition to exist, according to Definition 4.1.9. There-
fore, write has no potential race conditions.

Therefore, no step in Listing 2.3 has potential race conditions. It follows from
Lemma 4.1.10 that no step in Listing 2.3 has race conditions. It follows by
Lemma 4.1.6 that all steps in Listing 2.3 are deterministic.

As all steps are deterministic, we can walk through a step sequentially to
determine its effects, as established in Section 4.4. That way, we establish the
following contracts for read and write in Listing 2.3. Here, we make use of
reference notation, as defined in Definition 4.1.1.

Lemma 5.1.4 (read Contract). Let p = 〈∆,σ,sχ〉 be an AuDaLa state and let
LPosition be the labels of Position structs in p. Executing read starting at state p
results in a state p ′ = 〈∆,σ′,sχ〉. In p ′, for every ℓs ∈LPosition such that s =σ(ℓs ) =
〈Position,γ,χ,ξs〉, let s′ be σ′(ℓs ). Then s′.auxval = s.prev.val and s′.auxprev =
s.prev.prev.

Proof. Let p, p ′, s and s′ be as defined in the lemma. As read is deterministic,
we can sequentially walk through the statements of the read step.

By applying Corollary 4.3.28 to the first statement of read, it follows that
s′.auxval = s.prev.val. By applying it to the second statement of read, we know
that s′.auxprev is equal to s.prev.prev. Note that if ℓs ∈L0, all the parameters
of s are set to null, so s.prev.val = 0 and s.prev.prev = ℓ0

Position, and additionally
s.auxval = 0 and s.prev = ℓ0

Position. Therefore, while the updates are ignored, the
lemma still follows.

Lemma 5.1.5. Let p = 〈∆,σ,sχ〉 be an AuDaLa state and let LPosition be the
labels of Position structs in p. Executing write starting at state p results in a
state p ′ = 〈∆,σ′,sχ〉. In p ′, for every ℓs such that s =σ(ℓs ) = 〈Position,γ,χ,ξs〉, let
s′ be σ′(ℓs ). Then s′.val = s.val + s.auxval and s′.prev = s.auxprev.

Proof. Let p, p ′, s and s′ be defined in the lemma. As write is deterministic,
we can sequentially walk through the statements of the write step. By ap-
plying Corollary 4.3.28 to all statements, we get that s′.val = s.val + s.auxval
and s′.prev = s.auxprev. Again, if ℓs ∈ L0, as all parameters are set to null,
s.val + s.auxval = 0 + 0 = 0, and s.auxprev = ℓ0

Position, but also s.val = 0 and s.prev =
ℓ0

Position. Therefore, while the updates are ignored, the lemma still follows.
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Schedule execution results

We then consider the schedule. As the fixpoint in the schedule first executes
read and then write, we define the following combined contract for read <
write:

Lemma 5.1.6 (Fixpoint execution). Let p = 〈∆,σ,sχ〉 be an AuDaLa state and
let LPosition be the labels of Position structs in p. Executing read<write starting
at state p results in a state p ′ = 〈∆,σ′,sχ〉. In p ′, for every ℓs such that s =
σ(ℓp ) = 〈Position,γ,χ,ξs〉, let s′ be σ′(ℓs ). Then s′.val = s.val + s.prev.val, s′.prev =
s.prev.prev, s′.auxval = s.prev.val and s′.auxprev = s.prev.prev.

Proof. Follows from Lemmas 5.1.4 and 5.1.5.

We now prove the following two lemmas. As the proof for these lemmas
can be efficiently combined, we prove them together:

Lemma 5.1.7 (Termination). Executing Fix(read < write) terminates.

Lemma 5.1.8 (Result). Executing Fix(read < write) starting at premise state
p1 = 〈∆1,σ1,sχ1〉 results in a state p ′ = 〈∆′,σ′,sχ′〉. In p ′, for every ℓi such that
position si =σ(ℓi ) with 1 ≤ i ≤ n, let s′i be σ′(ℓsi ). Then s′i .val =

∑i
k=1 vk .

Proof of Termination and Result. For the first lemma, the fixpoint terminates
when an iteration is reached which does not change any of the parameters.
We need to prove that this iteration is eventually reached. The second lemma
is more straightforward.

To prove both, we will first prove that after every iteration j of the fixpoint,
s′i .val =

∑i
k=h vk , with h = max(1, i −2 j + 1) and s′i .prev = ℓi−2 j or null if i −2 j ≤ 0

for any 1 ≤ i ≤ n, by induction on j .

j = 1. For the first iteration, we start at premise state p1 and end at a state
p2. In p2, according to Lemma 5.1.6, s′i .val = si .val + si .prev.val = si .val +
si−1.val, with si−1 = σ1(ℓi−1). If i − 1 < 1, then si−1 = null, as s1.prev =
null, so si−1.val = 0 and then si .val + si−1.val = v1. Then due this this
and the premise, s′i .val = si .val + si−1.val =

∑i
k=h vk , with h = max(1, i −1) =

max(1, i −2 j + 1), as j = 1.

We also know from Lemma 5.1.6 that s′i .prev = si .prev.prev. If i −2 > 0,
then i − 1 > 0, so with si .prev = ℓi−1 and si−1 = σ(ℓi−1), si−1.prev = ℓi−2,
so s′i .prev = ℓi−2 = ℓi−2 j . If i − 2 ≤ 0, then either i − 1 ≤ 0, in which case
si .prev.prev = null.prev = null, or i −1 > 0, in which case si−1.prev = null, so
si .prev.prev = null and s′i .prev = null.

j > 1. By the induction hypothesis, when we start at state p j−1 = 〈∆,σ,sχ〉 for
iteration j , for any si = σ(ℓi ), si .val =

∑i
k=h vk with h = max(1, i −2 j−1 + 1)

and si .prev = ℓi−2 j−1 or null if i −2 j−1 ≤ 0. Due to Lemma 5.1.6, it follows
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that we end up in a state p j = 〈∆′,σ′,sχ′〉 such that for s′i = σ(ℓi ), s′i .val =
si .val + si .prev.val and s′i .prev = si .prev.prev.

From the IH we know that si .val =
∑i

k=h vk with h = max(1, i −2 j−1 + 1).
Then if i − 2 j−1 ≤ 0 we know that i − 2 j ≤ 0 and that si .prev = null, so
s′i .prev = null.prev = null. Additionally, h = 1, so si .val =

∑i
1 vk , and s′i .val =

si .val + si .prev.val =
∑i

1 vk + 0 =
∑i

1 vk .

If i −2 j−1 > 0, then we know that si .prev = ℓi−2 j−1 with si−2 j−1 =σ(ℓi−2 j−1 ).
Then either i −2 j ≤ 0 or not.

If i −2 j ≤ 0, then (i −2 j−1)−2 j−1 ≤ 0, and then by the IH we know that
si−2 j−1 .prev = null, so s′i .prev = si .prev.prev = null. Otherwise, si−2 j−1 .prev =
ℓi−2 j , so s′i .prev = ℓi−2 j .

As i − 2 j−1 > 0, we know that si .val =
∑i

k=i−2 j−1+1
vk . We also know

that si−2 j−1 .val =
∑i−2 j−1

k=g vk with g = max(1, i −2 j + 1) by the IH and the
facts established in the last paragraph. Then s′i .val = si .val + si−2 j−1 .val =∑i

k=i−2 j−1+1
vk +

∑i−2 j−1

k=g vk =
∑i

k=g vk .

As this proves all parts of the IH for iteration j , the induction step holds.

Note that null.prev = null and null.val = 0. As per the induction, for any si and
any iteration j such that 2 j ≥ i , si .prev = null. Therefore the prev parameter for
si will be stable in iteration ⌈log2 (i )⌉+ 1.

Also note that in iteration log2 (i ) + 1, si .val will be stable, as per the induc-
tion. Therefore, Lemma 5.1.7 holds; the fixpoint will terminate after ⌈log2 n⌉+1
iterations, as the last of the n elements is the last to become stable.

From the induction it holds that after log2 (n) + 1 iterations s′i .val =
∑i

k=1 vk .
Therefore Lemma 5.1.8 holds.

Conclusion

With the execution results of the schedule proven, we can conclude the fol-
lowing:

Theorem 5.1.9 (Correctness of Listing 2.3). When executing the AuDaLa code
as given in Listing 2.3 from a premise state according to Definition 5.1.2 for
a list of integer values v1, . . . , vn , in the resulting state, every Position si corre-
sponding to value vi with 1 ≤ i ≤ n has its val parameter set to

∑i
k=1 vk .

Proof. Follows from Lemma 5.1.8 and the premise.
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5.2 Proving Linked List Copy Sort Correct

In this subsection, we prove that the code as given in Listing 3.7 sorts correctly.
We follow the same general outline as in Section 5.1, starting with restating
the problem and initialization requirements.

Problem statement and initialization

The problem is restated as given in Problem 5.2.10:

Problem 5.2.10 (Sorting). Given a list of values L1 = v1, . . . , vn such that
v1, . . . , vn are distinct, positive values, output a list of values L2 = v ′

1, . . . , v ′
n such

that v ′
1 < . . . < v ′

n and for all vi ∈ L1, it holds that vi ∈ L2.

Following the informal requirements stated in Section 3.4, we define the
premise state of Listing 3.7 as:

Definition 5.2.11 (Premise of Listing 3.7). We define a premise state of the
Linked List Copy Sort code as a state p1 = 〈∆,σ,sχ〉 s.t:

• For every value vi in v1, . . . , vn there exists a struct instance si (in s1, . . . sn)
with label ℓi (in ℓ1, . . . ,ℓn) such that si = 〈OldElem,ε,ε,ξi 〉 and σ(ℓi ) = si .

• There exists a non-null struct instance t1 with label ℓt1 such that t1 =
〈NewElem,ε,ε,ξb〉.

• For all si , si .val = vi with vi ∈ {v1, . . . , vn}, si .place = t1 and si .move = false.

• t1.min = min(v1, . . . , vn), t1.max = max(v1, . . . , vn) (which can be done
with a method akin to prefix-sum), t1.spl = ⌊(t1.max− t1.min)/2⌋+ t1.min,
t1.next = ℓ0

NewElem, t1.p1 = ℓ0
OldElem, t1.p2 = ℓ0

OldElem, t1.hasSplit = false and
t1.done = true.

Step execution results

We then prove the results of executing the steps. We start by determining race
conditions. Considering the steps, note that to both checkStable and migrate,
write-write race conditions are integral to its function. Therefore, the deter-
minism of steps in Listing 3.7 can be encapsulated by the following lemma:

Lemma 5.2.12. All of the following hold:

1. Only the parameter place.done can be involved in a race condition in the
step checkStable, and if it is, it is involved in a write-write race condition.

2. Only the parameters place.p1 and place.p2 can be involved in a race con-
dition in the step migrate, and if they are, they are involved in a write-
write race condition.
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3. The step split is deterministic.

Proof. We prove all of the points separately:

1. From Listing 3.7, the only struct executing checkStable is the struct Old-
Elem, and through the implementation of checkStable in OldElem, we
know that place.done is the only parameter that is written to, so only
place.done has potential race conditions. As place.done is not read in the
code of checkStable, any race condition place.done is involved in must be
a write-write race condition.

2. This point holds following the same reasoning as the first point, except
with the parameters place.p1 and place.p2 and the step migrate.

3. In split, no parameters used are accessed indirectly, which is required
for a potential race condition to exist, according to Definition 4.1.9.
Therefore, split has no potential race conditions. It follows that split has
no race conditions (Lemma 4.1.10) and therefore, split is deterministic
(Lemma 4.1.6).

With this lemma, we can establish contracts for the steps in Listing 3.7.

Lemma 5.2.13 (migrate Contract). Let p = 〈∆,σ,sχ〉 be an AuDaLa state and
let LOldElem ⊆L be the labels of OldElem structs in p. Executing migrate starting
at state p results in a state p ′ = 〈∆,σ′,sχ〉. In p ′, for every ℓs such that s =σ(ℓs ) =
〈OldElem,γ,χ,ξs〉, s′ =σ′(ℓs ), all of the following hold:

1. s.move∧ s.place.hasSplit ⇔ s′.place = s.place.next,

2. (s.val > s.place.spl) ⇔ s′.move = true

3. (s.val ≤ s.place.spl) ⇒
∃ℓ ∈LOldElem.(σ′(ℓ) = r ∧ r.place = s′.place∧ s′.place.p1 = ℓ),

4. (s.val > p.place.spl) ⇒
∃ℓ ∈LOldElem.(σ′(ℓ) = r ′∧ r ′.place = s′.place∧ s′.place.p2 = ℓ).

Proof. Let p, p ′, s and s′ be as defined in the lemma. As the only parameters
accessed by s involved in a race condition are s′.place.p1 and s′.place.p2, which
do not have any bearing on point 1 of the lemma, we can walk deterministi-
cally through the lines relevant for point 1, lines 7 to 13. Through application
Corollary 4.3.28, point 1 follows, as place can only be updated when the if-
statement resolves to true.

For point 2 and 3, note that the parameter move is not involved in any
race conditions (as per Lemma 5.2.12), we then know through application
Corollary 4.3.28 that move is set to false for the struct instance of ℓs after line
13 and that s.val > s.place.spl ⇔ s′.move = true.
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Then to prove that (s.val ≤ s.place.spl) ⇒ ∃ℓ ∈ LOldElem.(σ′(ℓ) = r ∧ r.place =
s′.place ∧ s′.place.p1 = ℓ), consider that the update of the variable s.place.p1
may or may not be in a race condition with another struct instance q with
a label ℓq updating the variable r.place.p1, as long as r.place = s.place at the
time of the update. Therefore, by Corollary 4.3.28 and Corollary 4.3.29, we
know that after executing line 15, there exists a struct instance r such that
r.place = s.place and s.place.p1 = ℓr .

As after line 10, the place parameter is not further updated in the step code,
it follows by Corollary 4.3.28 and Corollary 4.3.29 that after executing line 15,
∃ℓ ∈LOldElem.(σ′(ℓ) = r ′∧ r ′.place = s′.place∧ s′.place.p1 = ℓ).

When s.val > s.place.split, we know that ℓs ∉ L0, as then s.val = 0 and
s.place.split = 0. Therefore, we know through Corollary 4.3.28 with line 19
that if (s.val > s.place.split), s′.move = true. Proving that (s.val > s.place.spl) ⇒
∃ℓ ∈ LOldElem.(σ′(ℓ) = r ′ ∧ r ′.place = s′.place ∧ s′.place.p2 = ℓ) uses the same
reasoning as the last case, so point 4 holds.

Lemma 5.2.14 (checkStable Contract). Let p = 〈∆,σ,sχ〉 be an AuDaLa state
and let LOldElem ⊆L be the labels of OldElem structs in p. Executing checkStable
starting at state p results in a state p ′ = 〈∆,σ′,sχ〉. In p ′, for every ℓs such that
s =σ(ℓs ) = 〈OldElem,γ,χ,ξs〉 and s′ =σ′(ℓs ), it holds that

(s.place.p2 ̸= ℓ0
OldElem)∨ (s.val ≤ s.place.split ∧ s.place.p1 ̸= ℓs ) ⇒

s′.place.done = false

Proof. Holds by application of Corollaries 4.3.28 and 4.3.29 Note that ap-
plying Corollary 4.3.29 is this simple because only false can be written to
place.done.

Corollary 5.2.15 (checkStable Reverse Contract). Let p = 〈∆,σ,sχ〉 be an Au-
DaLa state and let LNewElem ⊆ L be the labels of NewElem structs in p and let
LOldElem ⊆L be the labels of OldElem structs in p. Executing checkStable start-
ing at state p results in a state p ′ = 〈∆,σ′,sχ〉. In p ′, for every ℓs such that
s =σ(ℓs ) = 〈NewElem,γ,χ,ξs〉 and s′ =σ′(ℓs ), it holds that

s′.done = false ⇔
(s.p2 ̸= ℓ0

OldElem)∨∃ℓ ∈LOldElem(σ(ℓ).val ≤ s.split ∧ s.p1 ̸= ℓ)

Proof. Follows from applying Lemma 5.2.14 on all old elements from the per-
spective of the result, which allows us to make the implication a bi-implication.

Lemma 5.2.16 (split Contract). Let p = 〈∆,σ,sχ〉 be an AuDaLa state and let
LNewElem ⊆L\ be the labels of NewElem structs in p. Let Lp be all labels used
in p. Executing split starting at state p results in a state p ′ = 〈∆,σ′,sχ〉. In
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p ′, for every ℓs such that s = σ(ℓs ) = 〈OldElem,γ,χ,ξs〉 and s′ = σ′(ℓs ), all of the
following hold:

1. If ℓs ∈L0, then s = s′ and no struct instance is created during the execu-
tion of split by the struct instance of ℓs .

2. Iff ℓs ∉L0, all of the following hold:

(a) s′.done = true.
(b) Iff s.done = false:

i. s.p1 ̸= ℓ0
OldElem ∧ s.p2 ̸= ℓ0

OldElem ⇔
∃ℓ ∉Lp .(σ′(ℓ) = 〈NewElem,ε,ε,ξℓ〉∧
ξℓ = ξ0

NewElem[{min 7→ s.spl + 1,spl 7→ s.spl + (s.max− s.spl)/2,

max 7→ s.max,next 7→ s.next,done 7→ true}]∧
s′.next = ℓ)∧ s′.max = s.spl∧ s′.hasSplit = true,

ii. s.p1 ̸= ℓ0
OldElem ∧ s.p2 = ℓ0

OldElem ⇔ s′.max = s.spl∧
s′.hasSplit = false,

iii. s.p1 = ℓ0
OldElem ∧ s.p2 ̸= ℓ0

OldElem ⇔ s′.min = s.spl + 1∧
s′.hasSplit = false,

iv. s′.spl = s′.min + (s′.max− s′.min)/2∧ s′.p1 = ℓ0
OldElem∧

s′.p2 = ℓ0
OldElem.

Proof. As, by Lemma 5.2.12, split does not have any race conditions, point
2 follows from multiple applications of Corollary 4.3.28. For the first point,
note that if ℓs ∈ L0, s.p1 = ℓ0

OldElem and s.p2 = ℓ0
OldElem. Therefore, the struct

instance of ℓs will not create a new struct instance as per line 27. That s = s′
again follows from multiple applications of Corollary 4.3.28. Therefore, point
1 holds.

Schedule execution results

We then consider the schedule. We first fix the state after the first execution of
migrate:

Lemma 5.2.17 (Fixpoint premise). Let p1 be the premise state and let p2 be
the state after the first execution of migrate. Then in p2, all of the following
hold:

1. For every value vi in v1, . . . , vn there exists a struct instance si with label
ℓi such that si = 〈OldElem,ε,ε,ξi 〉 and σ(ℓi ) = si .

2. There exists a non-null struct instance t1 with label ℓt1 such that
t1 = 〈newElem,ε,ε,ξb〉.
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3. For all si , si .val = vi with vi ∈ v1, . . . vn and si .place = t1.

4. t1.min = min(v1, . . . , vn), t1.max = max(v1, . . . , vn),
t1.spl = (t1.max − t1.min)/2 + t1.min, t1.next = ℓ0

NewElem, t1.hasSplit = false
and t1.done = true.

5. Let G1 be the set of si such that si .val ≤ t1.spl, with labels LG1 and let G2

be the other si , with labels LG2 . Then for all si ∈ G1, si .move = false, for
all si ∈G2, si .move = true, if |G1| > 0, ∃ℓi ∈LG1 .(t1.p1 = ℓi ), and if |G2| > 0,
∃ℓi ∈LG2 .(t1.p2 = ℓi ).

Proof. The first three points are directly derived from Definition 5.2.11. The
last point follows from Lemma 5.2.13, as when |G1| > 0, there is at least one
old element for which point 2 of Lemma 5.2.13 applies, and if |G2| > 0, there is
at least one old element for which point 3 of Lemma 5.2.13 applies. Note that
point 1 applies to none of the elements from the premise.

We then prove the following lemma specifying the effect of a single fixpoint
execution:

Lemma 5.2.18 (Fixpoint execution contract). Let p = 〈∆,σ,sχ〉 be an AuDaLa
state, let LOldElem ⊆L be the labels of OldElem structs in p and let LNewElem ⊆L
be the labels of NewElem structs in p. Let Lp be all labels used in p. Executing
an iteration of the fixpoint starting at state p results in a state p ′ = 〈∆,σ′,sχ〉. In
p ′, for every ℓs such that s =σ(ℓs ) = 〈OldElem,γ,χ,ξs〉 and s′ =σ′(ℓs ) and ℓt such
that t =σ(ℓt ) = 〈NewElem,γ,χ,ξt 〉, t ′ =σ′(ℓt ) and s.place = t , all of the following
hold:

1. If ℓs ∈L0, s = s′, and if ℓt ∈L0, t = t ′ and no structure instance is created
during the execution of split by the struct instance of ℓt .

2. Iff ℓs ∉L0 and ℓt ∉L0, all of the following hold:

(a) t ′.done = true

(b) Iff (t .p2 ̸= ℓ0
OldElem)∨∃ℓr ∈LOldElem(σ(ℓr ).val ≤ t .split∧ t .p1 ̸= ℓt ) all of

the following hold:

i. t .p1 ̸= ℓ0
OldElem ∧ t .p2 ̸= ℓ0

OldElem ⇔
∃ℓ ∉Lp .(σ′(ℓ) = 〈NewElem,ε,ε,ξℓ〉∧
ξℓ = ξ0

NewElem[{min 7→ t.spl + 1,max 7→ t.max,

spl 7→ t.spl + 1 + (t.max− (t.spl + 1))/2,

next 7→ t.next,done 7→ true}]∧
t ′.next = ℓ)∧ t ′.max = t.spl∧ t ′.hasSplit = true,

ii. t .p1 ̸= ℓ0
OldElem∧t .p2 = ℓ0

OldElem ⇔ t ′.max = t.spl∧t ′.hasSplit = false,
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iii.
t .p1 = ℓ0

OldElem ∧ t .p2 ̸= ℓ0
OldElem ⇔ t ′.min = t.spl + 1∧

t ′.hasSplit = false,

iv. t ′.spl = t′.min + (t′.max− t′.min)/2∧ t ′.p1 = ℓ0
OldElem∧

t ′.p2 = ℓ0
OldElem,

v. t ′.done∗.

(c) s.move∧ t ′.hasSplit ⇔ t ′.place = t ′.next,
(d) (s.val > s′.place.spl) ⇔ s′.move = true,
(e) (s.val ≤ s′.place.spl) ⇒ ∃ℓ ∈ LOldElem.(σ′(ℓ) = r ∧ r.place = s′.place ∧

s′.place.p1 = ℓ),
(f) (s.val > s′.place.spl) ⇒ ∃ℓ ∈ LOldElem.(σ′(ℓ) = r ∧ r.place = s′.place ∧

s′.place.p2 = ℓ),
(g) s.place ̸= ℓ0

NewElem ⇒ s′.place ̸= ℓ0
NewElem.

Proof. This is a straightforward combination of the three contracts that make
up the contracts for the fixpoint. If ℓs ∈ L0, then all of its parameters are
null, so none of the updates of ℓs will lead to changed parameters. If ℓt ∈L0,
then point 2 holds by Lemma 5.2.16. Point 2a holds by Lemma 5.2.16. The
condition of 2b is from Corollary 5.2.15; as checkStable determines whether
done is false and the execution of split directly depends on that, the clauses
i -i v are lifted from split and therefore hold due to Lemma 5.2.16. Clause v is
a result of the interaction between checkStable and split; if the condition in 2b
is true, then checkStable will change t .done to false, which is later overwritten
in split with true. If the condition is false, then t .done will not be changed, but
will stay constantly true. Clauses 2c, 2d , 2e, and 2 f hold due to Lemma 5.2.13.
Clause 2g holds due to a combination of Lemma 5.2.16 and Lemma 5.2.13:
if s.place ̸= ℓ0

NewElem, then according to Lemma 5.2.16, if t .hasSplit = true, then
also t .next ̸= ℓ0

NewElem. As the only update of s.place happens in migrate, and
only if t .hasSplit = true, it follows that s′.place ̸= ℓ0

NewElem.

We then use this lemma to prove the following lemma for executions of the
fixpoint from the fixpoint premise:

Lemma 5.2.19 (Fixpoint execution properties). Let qi−1 = 〈∆,σ,sχ〉 be the
state before the i th execution of the fixpoint from the state p2, as defined in
Lemma 5.2.17, with q0 = p2. Let LOldElem ⊆L be the labels of OldElem structs
in qi−1 and let LNewElem ⊆ L be the labels of NewElem structs in qi−1. Let Lp

be all labels used in p. Let ℓs be a label of an OldElem struct instance, where
σ(ℓs ) = s. Then the following all hold:

1. s.val > s.place.spl ⇔ s.move = true.

2. (s.val ≤ s.place.spl) ⇒∃ℓ ∈LOldElem.(σ(ℓ) = r ∧ r.place = s.place∧
s.place.p1 = ℓ),
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3. (s.val > s.place.spl) ⇒∃ℓ ∈LOldElem.(σ(ℓ) = r ∧ r.place = s.place∧
s.place.p2 = ℓ).

4. s.place.spl = s.place.min + ⌊(s.place.max− s.place.min)/2⌋.
5. If s.place.next = ℓ0

NewElem, then Øℓt ∈ LNewElem.(σ(ℓt ) = t ∧ s.place ̸= ℓt ∧
t .next = ℓ0

NewElem).

6. If s.place.next ̸= ℓ0
NewElem, then s.place.max < s.place.next.min.

7. s.place.min ≤ s.val ≤ s.place.max.

Additionally, let let qi = 〈∆′,σ′,sχ′〉 be the state after the i th execution of the
fixpoint from p2, with σ′(ℓs ) = s′. Then all of the the following properties,
describing the relation between qi−1 and qi , also hold:

C1 s′.val = s.val and s′.val is stable.

C2 s.place ̸= ℓ0
NewElem ∧ s′.place ̸= ℓ0

NewElem.

R1 If ∃ℓr ∈LOldElem \{ℓr }.(σ(ℓr ) = r ∧r.place = s.place)∨ s.val > s.place.spl, then
s′.place.max− s′.place.min ≤ ⌈s.place.max− s.place.min/2⌉.

R2 If Øℓr ∈LOldElem \{ℓs }.(σ(ℓr ) = r ∧r.place = s.place)∧ s.val ≤ s.place.spl, with
s.place = ℓt , then the struct instances of ℓs and ℓt do not make new struct
instances in execution i and all parameters of ℓs and ℓt are stable after
execution i , s′.place = ℓt and t ′.p1 = ℓs .

Proof. We first assert C1 and C2. The point C1 directly follows from the fact
that s′.val is not assigned a value in the contract in Lemma 5.2.18. The point
C2 directly follows from property 2 of p2 and a straightforward induction ap-
plying point 2g of Lemma 5.2.18 to every subsequent iteration of the fixpoint.
We use this to prove points 1-7 hold for all possible qi by induction on i :

i = 0. Then qi = p2. Point 1, 2 and 3 hold by point 5 of the properties of p2.
Point 4 holds by point 4 of the properties of p2 as given in Lemma 5.2.17.
As there is only one NewElem t1 such that for all possible s, s.place = t1

in p2 (point 5), and t1.next = ℓ0
NewElem in p2 (point 6), points 5 and 6 of

the lemma hold. As t1.min is the minimum value of all old elements and
t1.max is the maximum value of all old elements, point 7 of the lemma
also holds.

i > 0. Then as induction hypothesis, we assume points 1-7 hold for qi−1. Then
we prove the points separately:

1. Assume that s′.val > s′.place.spl. Then as the val parameter never
gets written to in Listing 3.7, s′.val > s′.place.spl ⇔ s.val > s′.place.spl.
Then by point 2d of Lemma 5.2.18, it holds that
s′.val > s′.place.spl ⇔ s′.move = true.
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2. We assume that (s′.val ≤ s′.place.spl), and prove that
∃ℓ ∈ LOldElem.(σ′(ℓ) = r ∧ r.place = s′.place ∧ s′.place.p1 = ℓ). From
Lemma 5.2.18, due to the fact that s′.val = s.val, we can use point
2e directly to establish this point.

3. Proven along the same lines as the above point, only using point 2 f
from Lemma 5.2.18 instead.

4. To prove that s′.place.spl = s′.min + ⌊(s′.max − s′.min)/2⌋, note that
s′.place is either equal to s.place or not. We do a case distinction
on these cases. If s′.place = s.place, according to point 2b-iv in
Lemma 5.2.18 and the fact that AuDaLa only does integer calcula-
tions (and therefore the result is automatically rounded down), this
point holds. If s′.place ̸= s.place, let s.place = ℓt and let t =σ(ℓt ) and
t ′ =σ′(ℓt ). Then as s′.place ̸= s.place and as the only possible value is
then s′.place = t ′.next by point 2c of Lemma 5.2.18, we know from
2c that s.move = true and t ′.hasSplit = true. It then follows by point
2b-i of Lemma 5.2.18 that t ′.next.spl = t .spl+1+(t .max−(t .spl+1))/2,
which is equal to t ′.next.min + (t ′.next.max − t ′.next.min)/2. Then,
as again AuDaLa only does integer calculations, the point holds in
this case.

5. By the induction hypothesis, if s.place.next = ℓ0
NewElem, then

Øℓt ∈ LNewElem.(σ(ℓt ) = t ∧ s.place ̸= ℓt ∧ t .next = ℓ0
NewElem). Then as

no next parameter is set to null in Listing 3.7, if there are two
NewElems in qi with an empty next parameter, then both must
be related to s.place. Let s.place = ℓts , with σ′(ℓts ) = t ′s . Then as
the struct instance of ℓts can create only one new struct instance
in execution i , the NewElem struct instances with an empty next
parameter must be ℓts and a struct instance with a label ℓ made
by ℓts . But then by Lemma 5.2.18, this can only be t ′s .next, which
means that ℓts does have a non-null value for next. Therefore, this
point holds.

6. By the induction hypothesis, if s.place.next ̸= ℓ0
NewElem, then

s.place.max < s.place.next.min. Let ℓt = s.place.next, with σ(ℓt ) = t
and σ′(ℓt ) = t ′. Then t .min ≤ t ′.min and s′.max ≤ s.max, as seen in
cases 2b-(i -iv) of Lemma 5.2.18. It follows that s′.max < s′.min so
this point holds.

7. By the induction hypothesis, s.place.min ≤ s.val ≤ s.place.max. Let
s.place = ℓt . Let t = σ(ℓt ) and t ′ = σ′(ℓt ). Then either s′.place = ℓt or
not. We use a case distinction: If s′.place = ℓt , then if the condition
of 2b of Lemma 5.2.18 does not hold for t , t ′ = t , and as s′.val = s.val,
this point holds. We therefore assume that the condition of 2b does
hold for t .
Then either s.move = true or not. In the case where s.move = true,
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we know that s′.val = s.val ≥ t .spl + 1 ≥ t ′.min. To prove that
s′.val ≤ t ′.max, note that by the induction hypothesis, it follows
from s.val ≥ t .spl + 1 that t .p2 ̸= ℓ0

OldElem (point 3 of this lemma).
As we know that s.move = true but that s′.place = ℓt , it follows that
t ′.hasSplit = false. From this it follows that 2b-iii holds and 2b-i and
2b-ii do not hold, from which we conclude that t ′.max = t .max. It
follows that s′.place.min ≤ s′.val ≤ s′.place.max. If s.move = false, it
follows that s′.val = s.val ≤ t .spl ≤ t ′.max. We then also know that
t .p1 ̸= ℓ0

OldElem (point 2 in this lemma), from which it follows that
either 2b-i or 2b-iii of Lemma 5.2.18 can hold for ℓs and ℓt , but
not 2b-ii. In both cases, t ′.min = t .min, from which it follows that
s′.place.min ≤ s′.val ≤ s′.place.max.
It rests to prove the point if s′.place ̸= ℓt . In this case, we know
that s′.place = t ′.next (the only value other than ℓt it can have ac-
cording to Lemma 5.2.18), from which it follows that s.move = true
and t ′.hasSplit = true. From s.move = true, we get that s.val ≥ t .spl + 1
(point 1 of this lemma). Then we know that t .p2 ̸= ℓ0

OldElem (point 3
of this lemma), from which it follows that the condition for 2b holds
for ℓt . As t ′.hasSplit = true, it follows that 2b-i holds for t , from
which it follows that s′.place.min = t .spl +1 and s′.place.max = t .max.
As s′.val = s.val, it follows that s′.place.min ≤ s′.val ≤ s′.place.max. As
then in all cases s′.place.min ≤ s′.val ≤ s′.place.max, this point holds.

As all points hold, the step case holds.

As the induction holds, points 1-7 hold. We use these points to prove points
R1 and R2, for qi−1 and qi :

R1. If ∃ℓr ∈ LOldElem.(σ(ℓr ) = r ∧ r.place = s.place) ∨ s.val > s.place.spl, let
s.place = ℓt , with σ(ℓt ) = t and σ′(ℓt ) = t ′. Then if s.val > s.place.spl, we
know from point 3 of this lemma that t .p2 ̸= ℓ0

OldElem and from point 1 of
this lemma that s.move = true. Then either 2b-i or 2b-iii of Lemma 5.2.18
holds for s, s′, t and t ′. Regardless of the exact case, it follows that
s′.place.min = t .spl + 1 and s′.place.max = t .max. From point 4 of this
lemma, we know that t .spl = t .min + ⌊(t .max + t .min)/2⌋, so

s′.place.max− s′.place.min

= t .max− (t .min + ⌊(t .max− t .min)/2⌋+ 1)

≤ (t .max− t .min)− (⌊(t .max− t .min)/2⌋)

= ⌈(t .max− t .min)/2⌉
= ⌈(s.place.max− s.place.min)/2⌉.

Then if s.val ≤ s.place.spl, it holds that ∃ℓr ∈LOldElem.(σ(ℓr ) = r∧
r.place = s.place), so we know that there are multiple OldElems which
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qualify for t .p1. Then the condition of 2b holds, and either 2b-i
holds or 2b-ii holds. In both cases it follows that s′.place.max = t .spl
and s′.place.min = t .min. From point 4 of this lemma, we know that
t .spl = t .min + ⌊(t .max + t .min)/2⌋, so

s′.place.max− s′.place.min

= t .spl− t .min

= t .min− t .min + ⌊(t .max + t .min)/2⌋
≤ ⌈(t .max + t .min)/2⌉
= ⌈s.place.max− s.place.min/2⌉.

It follows that R1 holds.

R2. Assume Øℓr ∈LOldElem\{ℓs }.(σ(ℓr ) = r∧r.place = s.place)∧s.val ≤ s.place.spl,
and let s.place = ℓt . The condition holds straightforwardly when
ℓs ∈L0 or ℓt ∈L0, by point 1 of Lemma 5.2.18 and the fact that no struct
instances are ever created by s during the execution of the fixpoint as
per the same lemma. Then if both ℓs and ℓt are not null-labels, as s does
not create struct instances and the condition for 2b does not hold for t
due to the assumption, no struct instances are created.

To prove that the parameters are stable, we also consider Lemma 5.2.18.
As the condition for 2b does not hold, we know that only t .p1 and t .p2
can have changed, through 2e and 2 f . The value for t ′.done cannot have
changed, as only when the condition of 2b holds t ′.done can be unstable.

Due to our assumption, we know that 2 f cannot apply and that t ′.p1 can
only be ℓt . Additionally, from point 2 of this lemma and our assumption,
we also know that t .p1 = ℓs . Therefore, all parameters of t are stable and
t ′.p1 = t .p1 = ℓs .

For the parameters of ℓs , note that s.place = ℓt . Due to point 1 of this
lemma, we know due to the assumption that s.move = false, from which
it follows by 2c of Lemma 5.2.18 that s′.place = s.place = ℓt . Additionally,
from the assumption and 2d of Lemma 5.2.18 it follows that
s′.move = false as well. From point C of this lemma, s.val has not changed
in the iteration and is stable. Therefore, all of the parameters of ℓs are
stable in s′ and s′.place = ℓt .

Then if Øℓr ∈LOldElem \{ℓs }.(σ(ℓr ) = r ∧r.place = s.place)∧s.val ≤ s.place.spl,
all parameters of ℓs and ℓt are stable after the execution of the fixpoint
iteration, s′.place = ℓt and t .p1 = ℓs .

With all points proven, the lemma holds.

We use this lemma to prove the following lemma:
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Lemma 5.2.20 (Fixpoint termination and result). The execution of the fix-
point starting at P2 as specified in Lemma 5.2.17 terminates. Let p ′ = 〈∆,σ′,sχ〉
be the state after the execution of the fixpoint. Then the following all hold:

1. Every OldElem element s ∈ σ′ with label ℓs is uniquely paired with
an NewElem element s ∈ σ′ with label ℓt , such that s.place = ℓt and
s.place.min ≤ s.val ≤ s.place.max and t .p1 = ℓs .

2. For every NewElem element t ∈σ′ such that t .next ̸= ℓ0
NewElem, it holds that

t .max < t .next.min.

3. There is exactly one NewElem element t ∈σ′ such that t .next = ℓ0
NewElem.

Proof. First of all, in any state p with struct environment σ during or after the
execution of the fixpoint, there is always at least one OldElem s ∈ σ such that
s.place = ℓt for every NewElem t ∈σ with label ℓt . This is due to new elements
only being made if there are OldElems in both t .p1 and t .p2 as representatives
of both halves of the range of t and the range of t being dynamically updated
otherwise (Lemma 5.2.18).

Due to R1 of Lemma 5.2.19 We know that if there are multiple elements
with ℓt as value of their place parameter before an iteration of the fixpoint,
the range of ℓt will halve during the iteration of the fixpoint. As we deal with
distinct numbers, after enough halvings of the range, there will always even-
tually be exactly one OldElem that has ℓt as its place, and due to the dynamic
range halving, this element is eventually referenced by the p1 parameter of ℓt .
Due to R2 of Lemma 5.2.19 it follows that that element and ℓt are then stable.
As this holds for any ℓt , all OldElems and NewElems will eventually be stable
and the fixpoint will terminate.

From this and from point 7 of Lemma 5.2.19, it also follows that point 1 of
this lemma holds. Point 2 follows from point 6 of Lemma 5.2.19, and point 3
holds from point 5 of Lemma 5.2.19. Therefore, the entire lemma holds.

Conclusion

From the step and schedule execution results, we can conclude the following:

Theorem 5.2.21 (Correctness of Listing 3.7). When executing the AuDaLa
code as given in Listing 3.7 from a premise state according to Definition 5.2.11
for a set of elements s1, . . . , sn created around a list of distinct positive values
L1 = v1, . . . , vn , it results in a state with a second sequence of elements t1, . . . , tn

associated with the list of values L2 = v ′
1, . . . , v ′

n such that v ′
1 < . . . < v ′

n and for all
vi ∈ L1 it holds that vi ∈ L2.
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Proof. From Lemma 5.2.20, we know that after execution there exists a se-
quence t1; . . . ; tn such that for every si there is a paired t j , for which
t1.p1.val < . . . tn .p1.val, which means that this sequence is sorted on values. This
satisfies Problem 5.2.10.

5.3 Proving the AuDaLa Turing Machine Imple-
mentation Correct

In this section, we show that AuDaLa is Turing complete, by proving our im-
plementation of an arbitrary Turing machine in Section 3.5.2 correct. For this,
we first introduce stutter trace equivalence and adapt it to our context and
we define the notion of implementation configurations. We then prove our
implementation correct by inductively proving it equivalent according to our
adaptation of stutter trace equivalence. For this, we first give an outline of
the proof. After this, we prove that the initialization is correct and that the
transition execution is correct for our induction. With this proof, we conclude
that AuDaLa is Turing complete.

Stutter trace equivalence and the implementation configuration

To prove our implementation correct, we will use a form of stutter trace equiv-
alence, adapted from Baier and Katoen [12, Definition 7.89]. This equivalence
uses the notion of a path, which is an execution sequence consisting of the
states traversed during execution, and a trace, which a sequence of atomic
propositions encountered during a path. Atomic propositions are an encoding
of the information contained in the states, often expressed as a true statement
over the contents of the state. This can range from just the entire state to an
abstraction of the information in the state, for example to a letter or a number.

We extend the notion of paths to AuDaLa and Turing machines via the
following definition, which adapts the definition of paths from Baier and Ka-
toen [12] to operational semantics.

Definition 5.3.22 (Paths and Prefixes). Let G = (Q,→, I ) be an operational
semantics with state space Q, transition relation → and an initial state I . A
path is a sequence ϱ = q1, q2, . . . such that q1 → q2 → . . . is valid in G. If q1 = I , ϱ
is a prefix.

The equivalence can then be explained using the following definition,
adapted from Baier and Katoen [12, Definition 7.86]:

Definition 5.3.23 (Stutter equivalence for paths). Let L be a set of state labels,
let f : Q → L be a labelling function from a set of states Q to L, and let, with a
label l ∈ L, the sequence l d for some d > 0 be a sequence of d instances of l .
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Two paths ϱ1 = A1, . . . and ϱ2 = B1, . . . over a set of states Q such that
A1, . . . ,B1, . . . ∈Q are stutter-equivalent with regards to f , or f -stutter-equivalent
if applying f on the states of ϱ1 results in a sequence La1

1 La2
2 . . . with a1, a2, . . . > 0

and applying f on the states of ϱ2 results in a sequence Lb1
1 Lb2

2 . . . with
b1,b2, . . . > 0, for some L1,L2, . . . ∈ L.

As an example, if we have two paths ϱ1 and ϱ2 and a labelling function
f such that the results from applying f on ϱ1 and ϱ2 are xxxx y y zzzz y and
xxxxxx y y zzzz y y , then ϱ1 and ϱ2 are f -stutter-equivalent, as these traces can
be expressed as xa1 y a2 za3 y a4 and xb1 yb2 zb3 yb4 respectively, with a1, a2, . . . > 0
and b1,b2, . . . > 0. Note that here, xxxx y y zzzz y and xxxxxx y y zzzz y y are our
traces, using a set of atomic propositions {x, y, z}.

Classic stutter trace equivalence then considers two systems ST 1 and ST 2

equivalent iff every path in ST 1 has a stutter-equivalent path in ST 2 and vice
versa. In our case, we want to compare our Turing machine implementation
execution to the execution of the original Turing machine. To do so, we define
a function to label the states of the implementation to correspond to the states
of the Turing machine, which we use to establish equivalence between the two
types of states.

Henceforth, let P(M ,I) be the implementation of a Turing machine M with
an input string I = ς0 . . .ςn as specified in Section 3.5. As P(M ,I) is well-typed
and satisfies the requirements given in Section 2.3, P(M ,I) is well-formed.

We first define the notion of idle states:

Definition 5.3.24 (Idle States). We define any AuDaLa state p = 〈∆p ,σp ,sχp〉
to be idle iff Done(σp ) = true. We define busy states as states that are not idle.

As P(M ,I) is well-formed, it does not get stuck, according to Corol-
lary 4.3.25. It follows that the execution of P(M ,I) consists of the execution
of a step init from the initial state, and then executions of the step transi-
tion. For the idle states in between these steps, we define implementation
configurations:

Definition 5.3.25 (Implementation Configuration). Let p be an idle state of
P(M ,I) containing a single non-null instance c of Control. Then we define the
implementation configuration of p as a tuple (qp , tp ) such that qp is the value
of the state parameter of c and tp :Z→Z defined as:

tp (i ) =


c.head.symbol if i = 0

c.head.left-i .symbol if i < 0

c.head.righti .symbol if i > 0

,

If p does not contain a single non-null instance of Control, then the implemen-
tation configuration is undefined.
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Furthermore, let p1 be a busy state encountered, and let p ′ be the last idle
state encountered before p1 which has a defined implementation configura-
tion. Then the implementation configuration of p1 is defined to be equal to
the implementation configuration of p ′.

Note that this implementation configuration has the same format as a Tur-
ing machine configuration. We therefore unify Turing machine configurations
with implementation configurations into a single notion of configurations.

We would like to compare the configurations of a Turing machine execu-
tion to the configurations of a Turing machine implementation execution. We
therefore define the function conf :

Definition 5.3.26 (The function conf ). Let Q1 be the set of all possible con-
figurations. Let I be the set of all possible Turing machine implementations
following the template of Section 3.5.2, and let Q2 be the set of all states of
any implementation in I with a defined implementation configuration. Then
we define the function conf : Q1 ∪Q2 →Q1 such that:

conf (a) =

{
a if a ∈Q1

b if a ∈Q2 and b is the implementation configuration of a

This then leads to the following definition of stutter trace equivalence,
adapted from Baier and Katoen [12, Definition 7.89] for our purpose of
proving the Turing machine implementation correct:

Definition 5.3.27 (Configuration Stutter Prefix Equivalence). Let M be a Tur-
ing machine with input string I and let P(M ,I) be the AuDaLa implementation
of M . Let p1 be the state after the execution of the initialization in P(M ,I), s.t.
the Done-predicate holds and the schedule is equal to Fix(transition). Then M
with I and P(M ,I) are configuration stutter prefix equivalent iff the following all
holds:

1. For all possible prefixes ϱ1 that can be encountered while executing M ,
there is a path ϱ2 starting from p1 that can be encountered while ex-
ecuting P(M ,I) after initialization such that ϱ1 and ϱ2 are conf -stutter
equivalent.

2. For all possible paths ϱ2 starting from p1 that can be encountered while
executing P(M ,I), there is a prefix ϱ1 that can be encountered while exe-
cuting M after initialization such that ϱ1 and ϱ2 are conf -stutter equiva-
lent.

Note that we only consider the implementation states after initialization as the
Turing machine does not need to be initialized.



120 Proving in AuDaLa

Proof outline

If an Turing machine M with I and its implementation P(M ,I) are configuration
stutter prefix equivalent, it follows that any transition of M with input string
I can be mirrored by P(M ,I) and vice versa, and the resulting states have the
same configuration. This we consider enough to prove that P(M ,I) correctly
implements M with I.

The proof is a proof by induction on the transitions taken. We prove that
after i transitions, any path in P(M ,I) that starts in the state p1 after initial-
ization and executes i transitions has a conf -stutter-equivalent prefix which
executes i transitions in M with I and vice versa.

As the implementation configuration is defined on the struct environment
of idle states only, we abstract to collections of idle states between transition
step executions. This does not matter for our proof as all idle states in the same
collection will all have the same configuration: there is no semantic transition
that changes the struct environment enabled when the Done-predicate holds.
Furthermore, we can abstract away from proving busy states equivalent to
Turing machine states, as that follows from idle states being equivalent to
Turing machine states.

Our induction is over the amount of transitions executed by M with I and
P(M ,I). For our induction proof, we first need to prove as a base case that after
the initialization we find ourselves in idle state p1 with the initial configuration
of M with I as its implementation configuration.

We then have to prove as a step case that every transition taken by either M
with I or P(M ,I) can be exactly mirrored by P(M ,I) or M with I. As induction
hypothesis we assume that the Turing configuration before the transition is
equal to the implementation configuration of the group of idle states of P(M ,I)

before the transition. As a conclusion, it then follows that for any path from
p1 in P(M ,I), there is a conf -stutter-equivalent prefix of M and vice versa.

During all steps of the proof, we have to also maintain that there is at most
a single non-null Control instance in the idle states reached in P(M ,I). This
guarantees that there are no race conditions in P(M ,I).

Proving the initialization correct

We prove that after the initialization we find ourselves in idle state p1 with the
initial configuration of M with I as its implementation configuration. For this,
we first prove that the step init is deterministic. We then use this to prove the
exact result of executing init, by using Corollary 4.3.28.

Lemma 5.3.28. The execution of init in P(M ,I) is deterministic.

Proof. The step init is only executed once, at the start of the program, by the
null-instance of Control (as no other instances exist). As only one instance ex-
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ists, there cannot be a race condition between two struct instances. Therefore
init contains no race conditions. It then follows by Lemma 4.1.6 that init is
deterministic.

Lemma 5.3.29 (Executing init in the initial state). Let p0
P(M ,I)

be the initial
state at the start of executing P(M ,I) and let the input string I = ς0 . . .ςn . Exe-
cuting the step init on p0

P(M ,I)
results in a state p1 with a single non-null Control

instance such that (q0, tS ) is the implementation configuration of p1.

Proof. First, note that the initial state for P(M ,I), as defined in the AuDaLa
semantics, contains the schedule of P(M ,I), the null-instances of all structs,
and a stability stack. The stability stack has no bearing on this proof, and will
be disregarded. From Lemma 5.3.28, we know that as only the null-instance
of Control executes init, the execution of init is deterministic.

Then let p1 be an idle state reached by executing init from p0
P(M ,I)

. As writ-
ten in line 43 of P(M ,I), the null-instance of Control will create one additional
Control instance. As no other struct instances execute init, it follows that there
will be a single non-null Control instance in p1. Let this instance be c. From
line 43 of Listing 3.12, we also know that c will have its state set to 0, which
is the representation of q0.

We then prove that the function made according to Definition 5.3.25 in
p1 from the TapeCells is tS . Due to Lemma 5.3.28, we can walk through List-
ing 3.11 sequentially. Then, through multiple applications of Corollary 4.3.28,
we know that the first part makes one TapeCell instance for every ςi ∈ I, and
the second part then connects these to the correct left and right neighbours.
It follows that in p1, there exists a TapeCell for all symbols ςi ∈ I, and no oth-
ers, such that every TapeCell ςi is be connected to ςi−1 and ςi +1 (if they exist)
through parameters left and right respectively. The last line of init then sets the
head parameter of c to the TapeCell for ς0. It follows that the function made
according to Definition 5.3.25 is indeed tS .

Then the lemma holds: the implementation configuration of p1 is (q0, tS ).

As the configuration of p1 is (q0, tS ), the initialization configuration of the
Turing machine, the initialization of P(M ,I) is correct. We then move on to
proving the transitions correct.

Proving transition executions correct

We then prove the transition execution of our implementation correct. We
do this by first establishing that the step transition taken from a state with a
single non-null Control instance is deterministic, after which we prove that all
executions of transition taken in P(M ,I) are deterministic (as there will always
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be only a single Control instance). We then prove that executing some transi-
tion from a configuration (q, t ) in P(M ,I) has the same resulting configuration
as executing the same transition from (q, t ) in M with I. As a part of this, we
also prove that no new Control instances are made, as that would mean that
the idle states reached would not have an implementation configuration.

Lemma 5.3.30. Let p be an idle state reachable in P(M ,I) with a single non-
null Control instance. Any execution of transition executed from p is deter-
ministic.

Proof. As per Lemma 4.1.6, it suffices to prove that the execution contains
no race conditions. Due to the definition of transition (Listing 3.9), only one
clause of the step will be executed. Let c be this clause. As there is only one
non-null Control instance, let c0 be the null-instance of Control and let c1 be
the instance of Control that is not a null-instance.

During the execution of transition by the null-instance of Control c0, all
of the updates executed by c0 will be updates to parameters of null-instances
(recall that c0.head = null). As there is only one non-null Control instance c1,
any race condition must involve both c0 and c1, and must then be a race for
a null-parameter. However, race conditions require at least one write to be
performed to the variable and writes to null-parameters are not performed (as
per the semantic rule ComWrNSkip). It follows that the execution contains
no race conditions.

Lemma 5.3.31. Every transition step executed in P(M ,I) is deterministic.

Proof. We prove by induction that every execution of transition in P(M ,I) starts
from a state with a single non-null Control instance. As a base case, the first
execution of transition starts from p1 as defined in Lemma 5.3.29, which has
a single non-null Control instance.

Then, let pi be a state with a single non-null Control instance from which
transition is executed for the i th time. Due to Lemma 5.3.30, we know that
the execution of transition is deterministic, so we can consider the sequential
execution of transition. The step transition is made up of multiple mutually
exclusive clauses by definition. Let Cl be the clause executed, w.l.o.g., for this
execution of transition. By the definition of Cl, in none of the statements in Cl
a Control instance is created, as seen in Listing 3.9. It follows that the state
p ′

i resulting from the execution of transition will also have only a single non-
null Control instance. By Corollary 4.3.25 and Property 3 (Lemma 4.2.16),
we know that eventually, from p ′

i , a state pi +1 is reached such that either the
schedule is empty or transition is executed again. If the schedule is empty
in pi +1, every execution of the step transition in P(M ,I) will have been exe-
cuted from a state with a single non-null Control instance. Else, note that the
Schedule Transitions as defined in the semantics of P(M ,I) (Section 2.4) do
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not change the struct environment, so pi +1 will again have a single non-null
Control instance.

It follows that every step transition executed in P(M ,I) will be executed
from a state with a single non-null Control instance. By Lemma 5.3.30, the
lemma follows.

Lemma 5.3.32 (Result of a transition execution). Let p be an idle state of
P(M ,I) from which transition can be executed and let (q, t ) be the implemen-
tation configuration of p. Let (q, t ) also be the current Turing machine con-
figuration of M with input string I. Then the result of a transition in M is
a configuration (q ′, t ′) iff the result of executing the transition step from p in
P(M ,I) is an idle state p ′ such that (q ′, t ′) is its implementation configuration.

Proof. Let P and (q, t ) be as defined in the lemma. Then by definition of P(M ,I),
there exists a single transition that can be executed from p for P(M ,I) iff δ(q, t )
is defined. Additionally, δ is a partial function, so if δ(q, t ) is defined for (q, t )
it is always uniquely defined for (q, t ).

Let δ(q, t ) = (q ′, s′,D). Let D = R (the proof of D = L is analogous). Then
as a transition in M with I is deterministic, by Definition 3.5.5, the resulting
Turing machine configuration of taking a transition from (q, t ) is (q ′, t ′), with

t ′(i ) =

{
s′ if i = −1

t (i + 1) otherwise
.

Taking the transition from p for P(M ,I) is also deterministic (Lemma 5.3.31),
and therefore we can walk through the statements of the clause to determine
its result. By definition of P(M ,I), this clause is based on the template shown
in Listing 3.9. Let c be the single Control instance that exists in p, and let h be
the TapeCell instance which is referenced in the head parameter of c. As per
multiple applications of Corollary 4.3.28, the result of the transition is that
the state of c is updated to q ′, the symbol of h is updated to s′, the accepting
parameter of c is updated to whether q ′ ∈ A and that the head parameter of c
shifts one TapeCell to the right (making a new TapeCell if required).

Creating a function of the TapeCells as in Definition 5.3.25 then results in
function t ′′, such that t ′′(−1) = s′ and t ′′(i ) = t (i + 1) for all i ̸= −1. It follows that
t ′′ = t ′. Then, by Definition 5.3.25, the implementation configuration of the
resulting state is (q ′, t ′).

Conclusion

With the lemmas for the initialization and the transitions proven, we combine
them in the following theorem:
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Theorem 5.3.33 (Configuration stutter prefix equivalence of Turing machine
and implementation). A Turing machine M with I and its AuDaLa implemen-
tation P(M ,I) are configuration stutter prefix equivalent.

Proof. We prove this by induction: after i transitions, any path in P(M ,I) that
starts in the state p1 after initialization and executes i transitions has a conf -
stutter-equivalent prefix which executes i transitions in M and vice versa. As
the base case, after initialization, both the P(M ,I) and the turing machine M
with input string I have configuration (q0, tS ). For M with I, this follows by
definition, and for P(M ,I), this follows from Lemma 5.3.29. Then, as the step
case, we prove that when M with I and P(M ,I) both start from configuration
(q, t ) and take a transition, both end up in configuration (q ′, t ′). This follows
from Lemma 5.3.32. We conclude that M with I and P(M ,I) are configuration
stutter prefix equivalent.

As discussed before, we consider this sufficient to prove that the AuDaLa
implementation of Turing machines as given in Section 3.5 is correct.

From Theorem 5.3.33, we also conclude the following:

Theorem 5.3.34 (Turing completeness). AuDaLa is Turing complete.

Proof. As for every possible Turing machine M with input string I, our imple-
mentation in AuDaLa is configuration stutter prefix equivalent, we can simu-
late all Turing machines in AuDaLa, from which we conclude that AuDaLa is
Turing complete.

It follows that AuDaLa can compute all effectively computable functions
following the Church-Turing thesis [45].

5.4 Conclusion

In this section, we have proven the correctness of the AuDaLa programs for
Prefix Sum (Theorem 5.1.9), Linked List Copy Sort (Theorem 5.2.21), and
our AuDaLa implementations of Turing machines (Theorem 5.3.33), using the
properties as proven in Chapter 4. This has also led to the proof that AuDaLa
is Turing complete (Theorem 5.3.34).

In Chapter 6, we will give some adaptations for the AuDaLa semantics, with
a specific focus on an alternative semantics which can be used for a decently
performant implementation of AuDaLa on the hardware. We prove this se-
mantics equivalent to the original semantics under some conditions, for which
we again adapt stutter trace equivalence, like we did in Section 5.3.



Chapter 6
Adapting AuDaLa Semantics

In the previous chapters, we have given the foundations of AuDaLa and
demonstrated their use. However, like most programming languages, its de-
sign has some limitations. In this chapter, we explore adapting the semantics
of AuDaLa to adapt it to overcome some limitations inherent to the design.

We consider two directions for our adaptations. Firstly, we would like Au-
DaLa to be programmable. As discussed in Chapter 1, we interpret this as that
we want AuDaLa to be simple, structured and expressive. From related work,
we have defined two layers of expressivity, where programming language A
can be considered more expressive than programming language B if one of
the following holds:

1. Language A allows for the creation of programs that cannot in any way
be expressed in language B .

2. Languages A and B are operationally equivalent and language A makes
it easier to express programs than language B , for example by having
more flexible or powerful language features.

We consider AuDaLa simple and structured through its design, which is
demonstrated by the examples of Chapter 3. Furthermore, we have given
an initial expressivity class for AuDaLa by proving it Turing complete in Sec-
tion 3.5 and Section 5.3. However, we have not yet explored how we can
extend the semantics of AuDaLa to allow for some more flexible and powerful
language features.

In Section 6.1, we give three adaptations of AuDaLa to increase its flexibil-
ity. Two of the adaptations are for making the fixpoint more flexible, and one
is for making AuDaLa support some kind of array, as those are commonly used
in other programming languages. As flexibility is also subjective, these can be
considered example adaptations, as we encourage the user to adapt AuDaLa
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further depending on their requirements. At the end of the section, we give a
small discussion on the adaptations, their merits and their drawbacks.

Secondly, as also discussed in Chapter 1, we would like AuDaLa to be us-
able on conventional hardware. However, in related work [109] it became
clear that the standard semantics of AuDaLa is too strict in the order of reads
and writes for decently fast execution of programs on conventional hardware.

AuDaLa can be compiled using a shared-memory memory layout, which as-
sumes that all memory is accessible by all processors through a shared memory
space. In the quest for performance, memory consistency models [73, 135] were
introduced for shared-memory languages, which specify how memory accesses
can appear to be executed to the programmer when executing the program.
These are then enforced for the execution of programs on the hardware.

Strong memory consistency models do not allow for many hardware opti-
misations to improve the execution performance, but are simpler to program
in and to formalize due to stronger guarantees on program behaviour. Relaxed
(or weak) memory models, in comparison, allow for reordering of memory ac-
cesses, which allows for optimisations in the execution of programs. This leads
to better performance, but added difficulty in the programs and formalizations
to handle the additional possible behaviours.

Furthermore, the weak memory models can be incoherent; the parallel pro-
cessors do not need to agree on what values are stored in the memory at all
times. As an example, the processor may have local caches in which it stores
recently read values, and these values do not necessarily have to be up to
date with the value in the global memory. This allows for less synchronisation
between the parallel processors and further improves performance.

The standard semantics of AuDaLa assumes sequential consistency, a strong
and intuitive memory consistency model which requires that the execution of a
parallel program appears as an interleaving of the sequential executions of the
parallel parts. To improve performance, we can adapt the standard semantics
to work with a relaxed memory consistency model that supports incoherency.

Therefore, in Section 6.2, we adapt the standard semantics to a weak-
memory semantics, which uses a relaxed and incoherent memory consistency
model. In this new semantics, we allow for accesses to be reordered, provided
that this does not conflict with access dependencies as defined by the syntax.
In related work [109], it is demonstrated that compiling this weak-memory
semantics to CUDA leads to better performance than when sequential consis-
tency is assumed, which is progress to making AuDaLa decently performant.

However, though the weak-memory semantics supports more execution
optimizations, it is harder to verify due to its increased complexity. As one of
our other focus points for AuDaLa is verifiability, this poses a problem. As a
solution, we prove in Section 6.3 that as long as there are no read-write race
conditions, any program execution using the standard semantics is mirrored
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by an execution of the same program in the weak-memory semantics and vice
versa, making them functionally equivalent. This allows us to consider only
the standard semantics for programming in AuDaLa and verifying AuDaLa,
provided there are no read-write race conditions.

We conclude the chapter in Section 6.4.

6.1 Potential Programming Adaptations

In this section, we discuss several potential reasonably simple adaptations for
the AuDaLa semantics to make AuDaLa more flexible by supporting more fea-
tures. First, we discuss the adaptation of the schedule to allow for more diverse
looping structures in Section 6.1.1, and then we will discuss the addition of
array-like structures to AuDaLa in Section 6.1.2. This will include additions
to the syntax and semantics of AuDaLa. Here, we consider the adaptations in
this section separately from each other, and that for all adaptations we extend
the original semantics of AuDaLa, as given in Section 2.4. As examples, we
adapt our code for the AuDaLa reachability program as given in Section 3.1.

6.1.1 Schedule adaptations

In AuDaLa, the schedule controls the flow of the program, using steps, barri-
ers and fixpoints. The fixpoint has two main components as a looping struc-
ture. First, it requires synchronisation between all struct instances in each
iteration of the loop. Second, it requires that the whole system is stable for
the loop to terminate. For the schedule adaptations, we will first relax the
second requirement, introducing a possible addition of parameter-specific fix-
points, which only require certain parameters to be stable. Then, we will relax
the first requirement and give a possible addition of iterators, which removes
the synchronisation requirement for fixpoints.

Parameter-specific fixpoints

In AuDaLa, fixpoints require that after the execution of the fixpoint every pa-
rameters in the entire system is stable. This is convenient theoretically, as this
is a strong guarantee for the contents of a state after fixpoint termination. In
practice, however, it could be useful to limit the relevant parameters for the
fixpoint.

To illustrate this, we have created a program based on the reachability ex-
ample given in Section 3.1. It is displayed in Listing 6.1. The goal of this
program is not only to compute which nodes are reachable, but also to count
the iterations necessary to do so. The program does this by counting the iter-
ations of the fixpoint in a parameter count.
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1 struct Node (reach: Bool) {}
2

3 struct Edge (in: Node, out: Node, diam: Int) {
4 reachability {
5 count := count + 1;
6 if (in.reach = true) then {
7 out.reach := true;
8 }
9 }

10 init {
11 Node node1 := Node(true);
12 Node node2 := Node(false);
13 Node node3 := Node(false);
14 Node node4 := Node(false);
15 Node node5 := Node(false);
16

17 Edge edge12 := Edge(node1, node2, −1);
18 Edge edge13 := Edge(node1, node3, −1);
19 Edge edge23 := Edge(node2, node3, −1);
20 Edge edge34 := Edge(node3, node4, −1);
21 Edge edge51 := Edge(node5, node1, −1);
22 }
23 }
24

25 init < Fix(reachability)

Listing 6.1: Counting Reachability.

This program, however, will never become stable, as count is a parameter.
Furthermore, as the value of count stays relevant between iterations of the fix-
point, count must be a parameter. The only way to mitigate that this program
never becomes stable, is to make the program more complicated by computing
stability of the graph during the step reachability and somehow making that
stability information available to all edges, which would be undesirable. To
that end, it may be useful to limit the relevant parameters for the fixpoint to
exclude the parameter count, which is not stable by design.

To limit the relevant parameters for a fixpoint, we add parameter-specific
fixpoints: special fixpoints which allow us to specify the parameters the fix-
point requires to be stable. Note that we still consider fixpoints unstable
when new struct instances are made during the execution of an iteration of
the fixpoint. For this, we expand the syntax of schedules to allow fixpoints
of the form: “Fix(sc : x1, x2, . . .)”, where sc is the subschedule to be executed
and x1, x2, . . . are the variables which need to be stable for the fixpoint to
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terminate. Note that this could be straightforwardly extended in the case
the variables need to be uniquely identified with their struct types. In our
example in Listing 6.1, we replace the fixpoint with “Fix(reachability : reach)”,
which makes the program work as intended.

To allow the parameter-specific fixpoints in the syntax of AuDaLa, we have
to add an additional entry ‘Fix’‘(’〈Sched〉‘:’〈Vars〉‘)’ to the syntax for the sched-
ule, which represents a parameter specific fixpoint. Here, 〈Vars〉 gives the pa-
rameters relevant for this fixpoint, with 〈Vars〉 ::= 〈Var〉〈AVars〉 and 〈AVars〉 ::=
‘,’〈Var〉〈AVars〉 | ε.

Let P be a program for which the semantics is defined. We then change
the definition of the semantics as follows to be able to use parameter-specific
fixpoints. First, we adapt the state to include a stability function, which is a
total function which keeps track of which fixpoints depend on which variables.
This function has type N→ ID → B and is initialized as false for all input pairs
(i , x) ∈N×ID. This function is called during a write to check whether this write
is relevant for the stability of the fixpoints. Generally, it is only used for param-
eters, as it is initialized and updated outside of steps. To avoid unnecessary
complication, we assume that every parameter name is unique; to remove this
assumption, we can extend the stability function type to N→ (Type× ID) → B

instead. The function sf can be seen as a stack of functions, where sf (k) de-
notes which parameters are relevant for the kth fixpoint currently initialized.
The new state is then defined as a four-tuple 〈∆,σ,sχ,sf 〉, with ∆ the schedule,
σ the struct type environment, sχ the stability stack and sf : N→ ID → B the
stability function.

For our initial state, we define the function sf 0, which returns false for all
input pairs (i , x) ∈ N× ID, which is added as the fourth element of the initial
state.

For the transition rules, we define the function sf 0
t : ID → B, which returns

true for all inputs x ∈ ID. We change the rule ComWr to the following rule
ComWrN, which ensures that the stability stack is only reset when the relevant
variables are changed. The changed parts of the rule are highlighted.

(ComWrN)

σ(ℓ) = 〈θ,wr(x);γ,χ; v ;ℓ′,ξ〉
σ(ℓ′) = 〈θ′,γ′,χ′,ξ′〉
ℓ′ ∉L0 ∨x ∉ ParsPθ

′
su = (x ∉ ParsP (θ′)∨ξ′(x) = v)

〈∆,σ,sχ, sf 〉⇒ 〈∆,σ[ℓ 7→ 〈θ,γ,χ,ξ〉][ℓ′,4 7→ ξ′[x 7→ v]],

sχ1 ∧ (su∨¬sf (1)(x)) ; . . . ;sχ|sχ|∧ (su∨¬sf (|sχ|)(x)) , sf 〉

In ComWrN, as in ComWr, su is true when x is not a parameter changed by
the application of this rule. However, due to the addition of parameter-specific
fixpoints, even if x is a changed parameter, whether the entries of the stability
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stack need to be reset to false also depends on whether x is relevant for the
entries. Let sχk be one of the entries of the stability stack. Then whether x
is relevant for the kth currently initialized fixpoint is saved in sf (k)(x): if x is
relevant, sf (k)(x) = true. Then sχk should only be reset to false (if it isn’t false
already) if x is a relevant, changed parameter, which is reflected in updating
sχk to sχk ∧ (su∨ sf (k)(x)).

We also adapt the rule FixInit into the rules FixInitG (for the general case)
and FixInitS (for parameter-specific fixpoints), which properly initiates the
function sf for every fixpoint. Let X ⊆ ID be some list of parameters. The
differences between the new rules and FixInit are highlighted.

(FixInitG)

Done(σ)
k = |sχ|+ 1

〈Fix(F );F1,σ,sχ, sf 〉⇒ 〈F ;aFix(F );F1,σ,sχ; true, sf [k 7→ sf 0
t ]〉

(FixInitS)

Done(σ) k = |sχ|+ 1

X = x1, . . . , xn x1, . . . , xn ∈ ParP

sf ′ = sf [x 7→ sf 0
f [{x1 7→ true, . . . , xn 7→ true}]]

〈Fix(F : X );F1,σ,sχ, sf 〉⇒ 〈F ;aFix(F );F1,σ,sχ; true, sf ′ 〉
In these rules, we correctly initialize normal fixpoints to fixpoints dependent
on every parameter (as shown by setting sf (k) to sf 0

t ) and parameter specific
fixpoints to fixpoints only dependent on the given parameters and no others
(as shown by the definition of sf ′ and overwriting sf (k) with sf ′. We adapt the
rules FixIter and FixTerm into the rules FixIterN and FixTermN as follows.
Differences are again highlighted.

(FixIterN)
Done(σ)

〈aFix(sc) < sc1,σ,sχ; false, sf 〉⇒P 〈sc < aFix(sc) < sc1,σ,sχ; true, sf 〉

(FixTermN)
Done(σ)

〈aFix(sc) < sc1,σ,sχ; true, sf 〉⇒P 〈sc1,σ,sχ, sf 〉
These rules are not significantly different from FixIter and FixTerm, as both
resetting and initializing levels of sf happens simultaneously in FixInitG and
FixInitS. For the command rules, we then also add sf to both the state before
and after the transition, much like in FixIterN and FixTermN.

Iterators

In AuDaLa, fixpoints require that between iterations, there is a synchronisation
for all struct instances, through the use of the Done-predicate in the transition
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rules. This is due to the fact that the rules FixIter and FixTerm require the
Done-predicate to be true for the state it is taken from in the semantics of
AuDaLa, as defined in Section 2.4. This makes the program more understand-
able, as it provides a strong guarantee for the status of variables between the
executions of the fixpoint.

However, this also inhibits performance, as synchronisation leads to over-
head and there are programs for which a strong guarantee on the status of
variables between executions is not necessary for understandability. For ex-
ample, consider again Listing 3.1 for computing reachability. While we could
synchronise between the different iterations of the reachability step, this does
not lead to a better understanding, less write-write race conditions or other
benefits. Though a straightforward extension may be an alternative barrier
which does not require synchronisation, we believe that this will remove much
of the structure and simplicity of AuDaLa. Therefore, we instead introduce an
unsynchronised loop: the iterator, where the lack of synchronisation is con-
tained within the iterator only.

In this version of the extension, we do not allow iterators or fixpoints
nested into iterators (though an iterator nested into a fixpoint is allowed). We
do this because both iterators and fixpoints as we define them require synchro-
nisation at their beginnings and ends. This contradicts our intended use of
the iterator, which should execute all steps within it without synchronisation.

The iterator takes the form Iter(F1;F2;F3; . . .), with every occurrence Fi a
step name. During execution, the iterator will loop over these steps. With Si

the statements of the step Fi , every iteration, all struct instances execute the
commands generated by �S1;S2;S3; . . .�, if they have any. If any struct instances
which had commands are finished executing their commands, the iterator can
check whether the system is stable. If it is not, then the iterator will make sure
that for all struct instances that have to execute commands, there is at least
one more iteration of the commands at the end of the command list. It does
this by adding the commands at the end of the command list of every struct
instance which does not have the full command sequence of an iteration in
their command list anymore.

The iterator terminates when there are no more commands to execute
and the system is stable. This results in a loop where struct instances asyn-
chronously execute the sequence of steps included in the iterator until the
system is stable.

For example, if we were to execute the step reachability as given in Sec-
tion 3.1 with an iterator, we would put “Iter(reachability)” in the schedule. This
would cause the struct instances to asynchronously execute multiple iterations
of the step reachability, until the system is stable. Here, as the struct instances
of Node do not execute any commands for the step reachability, they are not
taken into account for the iterator. If we had another step step, we could then
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also call “Iter(reachability;step)”. This would cause all struct instances that
have commands for any of the steps reachability and step to asynchronously
execute multiple iterations of the commands of reachability followed by the
commands of step, until the system is stable.

To implement our iterator, we extend AuDaLa’s syntax by adding the option
‘Iter’‘(’〈StepList〉‘)’ for the schedule, where 〈StepList〉 ::= 〈Id〉 | 〈Id〉;〈StepList〉,
where the 〈Id〉 occurrences are type checked to be step names. This step list
holds the steps to be executed during the iterator, which are executed without
synchronisation in between.

In the remainder of this section, let P be some AuDaLa program. We need
to add transition rules to be able to implement the iterator, which are based on
the transition rules for fixpoints. First, we add a rule to initialize iterators. This
rule, IterInit, initialises the iterator and also introduces the meta-schedule
element aIter, which denotes an iterator which has been started but has not
finished yet. We use F + to denote a list of one or more steps. We define
the function I (ℓ,F +) with ℓ ∈ L and F + = F1; . . . ;Fn , which returns the list of
commands �SF1

θℓ
�; . . . ;�SFn

θℓ
�. Recall from Section 2.4 that C is the set of all

commands. Changes from the rule FixInit are highlighted.

(IterInit)
Done(σ)

〈 Iter(F +) < sc1,σ,sχ〉⇒P 〈 aIter(F +) < sc1,

σ[{ℓ 7→ 〈θℓ, I (ℓ,F +) ,ε,ξℓ, true〉 |σ(ℓ) = 〈θℓ,γℓ,χℓ,ξℓ}],sχ; true〉

In the second rule, we define when an iterator needs to do another iteration.
This rule works as follows: When a struct instance is done executing all steps
of the iterator, and the stability stack is false, then either some other struct in-
stance caused this instability or the current struct instance did. As we cannot
discount either option, it follows that all struct instances should execute the
steps from the iterator at least one more time before the iterator can be con-
sidered stable. Therefore, the rule tops up the commands of all struct instance
s.t. their command lists end in exactly one full list of commands as generated
by the steps in the iterator. The rule also sets the stability stack to true. This
is safe: every struct instance will execute the steps at least one more time,
so the execution of the iterator cannot stop before at least one full iteration
has happened in which no parameter was changed and no struct instances
were created. This means that the iterator successfully computes a fixed point
when it terminates with this iteration transition rule. Note that in this rule, ℓ′
is universally quantified.
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(IterIter)
∃ℓ ∈L.(σ(ℓ) = 〈θ,ε,χ,ξ〉∧ I (ℓ,F +) ̸= ε)

〈aIter(F +) < sc1,σ,sχ; false〉⇒P 〈aIter(F +) < sc1,

σ[{ℓ′ 7→ 〈θℓ′ ,γℓ′ ; I (ℓ′,F +),χℓ′ ,ξℓ′〉 |
σ(ℓ′) = 〈θℓ′ ,γℓ′ ,χℓ′ ,ξℓ′〉∧Øγ′ ∈C∗.(γℓ′ = γ′; I (ℓ′,F +))}],sχ; true〉

In the third rule, which can be taken when the iterator is stable and every
struct instance is done, the iterator terminates.

(IterTerm)
Done(σ)

〈 aIter(F +) < sc1,σ,sχ; true〉⇒P 〈sc1,σ,sχ〉

With the first rule, we satisfy that the iterator requires a synchronisation
before starting its execution. In the second rule, we allow struct instances to
start new iterations of the iterator step without synchronisation, and with the
third rule, we require a synchronisation before the loop terminates. This sat-
isfies the first requirement. The commands put on the command lists of struct
instances in the first and second rules are generated from the entire subsched-
ule inside the iterator. As commands are run asynchronously, it follows that
the second requirement also holds. The third requirement holds because Au-
DaLa syntax does not permit fixpoints or iterators nested in iterators when ex-
panded with the syntax additions given above. It follows that these extensions
correctly implement the iterator as intended into the semantics of AuDaLa.

We can use the iterator to create better code for AuDaLa reachability, by
changing Listing 3.1’s schedule to the schedule given below:

1 init < Iter(reachability)

Listing 6.2: New Schedule for Listing 3.1

6.1.2 Arrays

Arrays offer a quick way of grouping elements which allows for quick access
due to insights in how things are stored in the memory. AuDaLa does not
naturally support dynamically-sized arrays. This is due to the fact that while
AuDaLa does not assume a memory implementation, it does require that all
struct instances only have a constant-sized amount of memory to their dis-
posal, as AuDaLa focuses on small data elements.

As arrays are widely used in other programming languages and algorithms,
supporting arrays may make it easier for people used to those other languages
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and algorithms to adopt AuDaLa. Furthermore, it may make it easier to trans-
late existing implementations to AuDaLa. It would allow open up the possi-
bility to leverage the constant time access arrays are known for in AuDaLa.
Therefore, we propose one way to extend AuDaLa with support for arrays.
This would allow people to use arrays with AuDaLa, and would allow people
to leverage the constant time access inherent to them as well.

To adopt arrays in AuDaLa, we introduce a new, special array instance.
The idea is that this array instance owns an array and saves the array starting
address and size. As with conventional arrays, while the size may be chosen
dynamically upon initialization, it may not be changed after the array has been
initialized. The array is then filled with labels of struct instances, functioning
as links to those struct instances. Each element can be accessed through indi-
rect access.

Note that this keeps the assumption of constant-sized memory intact for
non-array instances, which we prefer over abolishing the assumption and al-
lowing arrays through allowing dynamically-sized parameters for every struct.
In this extension, we also consider every entry of an array to be a parameter,
to keep the extension simple.

First, we add the new expression ‘array’(〈Exp〉) to the syntax of AuDaLa.
This expression reflects the creation of a new array. The expression contained
in it represents the size of the array. When type checking, the inner expression
should resolve to a natural number larger than 0, and the whole program
should again be well-typed.

When accessing variables, we allow for variable accesses of the type a[E ],
where a[E ] is an array access with E an expression. Accesses can be chained
with other variable accesses when necessary. This is reflected by changing the
syntax for variables to

〈Var〉 ::= 〈Var〉.〈Id〉 | 〈Var〉‘[’〈Exp〉‘]’ | 〈Id〉

We add the type checking requirement that the expression in the square
brackets has to resolve to a natural number. We also add the requirement
that if there is an array access a[E1] · · · [En] in the syntax, a must be of type
Array1(· · · (Arrayn(T ))) for some T . We furthermore require updates of arrays
to be well-typed. Lastly, we consider “array” to be a protected word in the
syntax.

We also allow for a new expression 〈Var〉‘.s’, which returns the size of the
array given for 〈Var〉. During type checking, we require 〈Var〉 to refer to an
array.

Note that in this extension, we have not included array initializations like
“Int[2] a := {0,1}", as we would like to keep our commands as simple as possible.
We are therefore not inclined to introduce some kind of multiwrite command.
This means that the commands generated from a statement like the one given
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above would not be significantly different from the statements “Array(Int) a :=
array(2); a[0] :=0; a[1] :=1;”.

Let P be an arbitrary program. We create a new set Typesa
P = ΘP ∪

{N,Z,B,String}∪Types1
P ∪Types2

P ∪ . . ., where

Types1
P = {Array(θ) | θ ∈ΘP }∪ {Array(N),Array(Z),Array(B),Array(String)}

and Typesi
P = {Array(T ) | T ∈ Typesi−1

P } in the semantics. We also define that in
the semantics, arrays are labelled using the set La ⊂L.

Arrays are dependent on the memory. To that end, and to keep the struct
environment separate from hardware dependent memory, we add a memory
function M : A* V to the semantic state, with A a set of memory addresses
and V the set of all values (with A ⊂ N). This function models the hardware
memory, where the addresses for which it is defined are allocated addresses.
We also define that our set N must include the number 0. We consider the
empty address to be an abstract, non-existent address α0.

We define an array instance a as a tuple 〈α, s〉, which contains the address
α at which a starts and the size s of a. We save array instances in the struct
environment (and extend the struct environment to facilitate this). Lastly, we
extend the null-instances with a null-instance 〈α0,0〉, with label ℓa

0 . We extend
defaultVal such that defaultVal(Array(T )) = ℓa

0 for any T ∈Θa
P .

To work with arrays, we create the commands rdA and wrA with x ∈ ID a
variable, to read from and write to a location of an array. We also add the new
commands arr(T ), with T ∈Θa

P to make a new array, and asize which takes a
variable x ∈ ID and retrieves the size of the array saved under x.

For the interpretation function, we remove the interpretation function
clauses �x1. · · · .xn�, �T x := E� and �x1, · · · , xn .x := E� and we add the following
clauses for variables, with expressions E and E ′, sequences of variables X , X1

and X2 and single variable x. Here, X is a variable expression as constructed
by the syntax above. We use the notation X [E ] to denote that the last 〈Var〉
element of X is an array access element “[E ]” and we use the notation X .x to
denote that the last 〈Var〉 element of X is a variable access element “.x”.

�x� = push(this);rd(x)

�X [E ]� = �X �;�E�;rdA

�X .x� = �X �;rd(x)

�x := E ′� = �E ′�;push(this);wr(x)

�X [E ] := E ′� = �E ′�;�X �;�E�;wrA

�X .x := E ′� = �E ′�;�X �;wr(x)

�T X := E� = �X := E�

We also add the following clauses to deal with array creation and requesting
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the size of an array:

�‘array’(E)� = �E�;arr(T )

�X .s� = �X �;asize

We then add new operational semantics rules to reflect reading from an
array (ComRdA), writing to an array (ComWrA), getting the size of the array
(ComArrs) and creating an array (ComArr). We also adapt the other opera-
tional semantics to include M into the state. The rule ComRdA given below
is based on the rule ComRd, with changes to access the memory instead of
variable environments and to use the command RdA. Note that the location
is realized as a displacement from the memory address of the array. Changes
from ComRd are highlighted.

(ComRdA)

σ(ℓ) = 〈θ, rdA;γ,χ;ℓ′; v ,ξ〉
σ(ℓ′) = 〈α, s〉 v < s M(α+ v) is defined

〈∆,σ, M, sχ〉⇒P 〈∆,σ[ℓ 7→ 〈θ,γ,χ; M(α+ v), ξ〉], M, sχ〉

The rule ComWrA given below is based on ComWr. Like ComWr, it keeps
track of whether it has to update the stability stack if the array is changed and
the array is a parameter, though this means that in the end, three entries of
the struct environment are integral to the functioning of this command.

(ComWrA)

σ(ℓ) = 〈θ, wrA;γ,χ; v1;ℓ′; v2 ,ξ〉 σ(ℓ′) = 〈α, s〉
ℓ′ ∉L0 v2 < s su = ( M(α+ v2) = v1 )

〈∆,σ, M, sχ〉⇒ 〈∆,σ[ℓ 7→ 〈θ,γ,χ,ξ〉],
M[(α+ v2) 7→ v1], sχ1 ∧ su; . . . ;sχ|sχ|∧ su〉

The rule ComAsize given below is also based on ComRd, and returns the size
of an array. The differences with ComRd are highlighted.

(ComAsize)

σ(ℓ) = 〈θ, asize;γ,χ;ℓ′ ,ξ〉
σ(ℓ′) = 〈α, s〉

〈∆,σ, M, sχ〉⇒ 〈∆,σ[ℓ 7→ 〈θ,γ,χ; s ,ξ〉], M, sχ〉

The last new rule is ComArr, which creates a new array. This rule is based
on ComCons, and differences with that rule are highlighted. Note that ℓ′ is a
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fresh label in this rule, signified by σ(ℓ′) = ⊥.

(ComArr)

σ(ℓ) = 〈θ, arr(T );γ,χ; s ,ξ〉
s ∈N s ≥ 1 M is not defined for α, . . . , (α+ s) σ(ℓ′) = ⊥

〈∆,σ, M, sχ〉⇒〈∆,σ[{ℓ 7→ 〈θ,γ,χ;ℓ′,ξ〉, ℓ′ 7→ 〈α, s〉 }],

M[{αi 7→ DefaultVal(T ) |αi ∈α, . . . , (α+ s)}],sχ〉

With the rule ComArr, we can now make array instances, allocating them
a sequence of unallocated addresses. We can also get the size of the array
through the addition .s behind an array variable x, which is then handled
by the transition ComAsize, induced by the asize command. We can lastly
read and write from those arrays using conventional block-parenthesis nota-
tion, and the locations we read and write to can be determined dynamically.
This satisfies our expectations for an array. Note that this extension does not
include the destruction and deallocation of arrays.

With this extension, we are able to reimplement reachability to use arrays,
as shown in Listing 6.3 (based on Listing 3.1). As you can see in the Listing,
arrays make the system smaller, but as loops are contained in the schedule,
one cannot employ a for-loop to walk through all array instances in a single
step, and the code must be adapted for this.

6.2 The Weak-Memory Semantics

In this section, we adapt the standard semantics as given in Chapter 2 into the
weak-memory semantics, which assumes a weaker memory consistency model
than sequential consistency. This semantics allows for the reordering of com-
mand executions, where commands may be executed if all commands they
depend on have already been executed. Notably, it allows for the execution
of read and write commands if all preceding commands that reference the
same variable have been executed. Furthermore, the weak-memory semantics
allows for incoherence between the variable values established by different
struct instances.

We base this new semantics on the standard semantics and syntax as pre-
sented in Chapter 2. This leads to a slightly different semantics than the se-
mantics given in the paper this section is based on [110]. We discuss the dif-
ferences in depth at the end of the section, but all of them can be mitigated by
transforming the syntax of the programs only slightly between the semantics
presented in the thesis and the semantics presented by Leemrijse [110].

To adapt the standard semantics to the weak semantics, we first discuss
the differences between the design of the original semantics and the weak-
memory semantics as presented in the thesis. We then give all the definitions,
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1 struct Node (reach: Bool, succ: Array(Node), done: Nat) {
2 reachability {
3 if (reach = true) then {
4 if (done < succ.s){
5 succ[done].reach := true;
6 done := done + 1;
7 }
8 }
9 }

10

11 init {
12 Node node1 := Node(true, array(2), 0);
13 Node node2 := Node(false, array(1), 0);
14 Node node3 := Node(false, array(1), 0);
15 Node node4 := Node(false, null, 0);
16

17 node1.succ[0] := node2;
18 node1.succ[1] := node3;
19 node2.succ[0] := node3;
20 node3.succ[0] := node4;
21 }
22 }
23 init < Fix(reachability)

Listing 6.3: AuDaLa code for a reachability program on a small graph using arrays

functions and rules changed from Section 2.4. All definitions and functions
not given are assumed to be the same in the two semantics.

The first big change, to be able to reorder accesses without destroying the
structure of the command list, we unify the command list with the value stack,
resulting in a new stack where commands are replaced by their results. For
this, we adapt the commands: we remove the push-command and we change
how certain other commands are processed by the operational semantics. Fur-
thermore, we add an extra write command, wrP. When writing to a parameter,
wr is then split to a read and a write using the wrP command, to make ex-
plicit that the parameter needs to be read before it is written to, to check if
the stability stack needs to be reset. This is beneficial for interleaving and
performance, as this only requires rd and wrP to be atomic, and not wr as a
whole.

The second big change, to allow for incoherence, we extend the state with
an initial value function ι and a global memory µ, which contains new values
written to parameters, combined with the label of the struct instance that
wrote the value. The variable environments in the struct instances are then



6.2 The Weak-Memory Semantics 139

considered to be caches. During the execution of steps, there are then two
possibilities for reading from a variable. The first is reading from the cache,
or, if the cache does not have a value for the current variable, retrieving a
value from the initial value function. The second is to retrieve a value for the
variable from the global memory (if the global memory contains values for the
variable). Which one of the possibilities is taken is non-deterministic in the
semantics, to reflect that in practice, with incoherent memory and reshuffled
accesses, reads can happen in a lot of ways, depending on the occasion.

New parameters for constructors are added to the initial value function,
and writes to a parameter are added to both the cache and the global memory.
To process the global memory back into an initial value function for the next
step, we add a new rule Finish to the operational semantics.

For the actual adaptation of the standard semantics, we keep everything
up till the definition of the commands the same as in Section 2.4. We have
to change the commands, however, to accomodate the fact that we now work
with only a single value/command stack (so push-commands are superflu-
ous), that we need to add the wrP command for writing to parameters and
that we need to change the if-command to take a value/command stack as
argument. Therefore, we adapt Definition 2.4.4 to the following:

Definition 6.2.1 (Commands (Weak-Memory)). A command c is constructed
according to the following grammar:

c ::= this | rd(x) | wr(x) | wrP(x) | cons(x) | if(VC) | not | op(o)

where this is a special value, x ∈ ID is an identifier, VC is a list of values and
commands, and o ∈O is an operator. The set of all commands is C.

We then have to change the interpretation function to deal with the re-
moval of the push-command and to reflect that we now only have one stack.
The wrP-command is not generated from the syntax, but introduced during
execution.

Definition 6.2.2 (Interpretation function (Weak-Memory)). Let x, x1, . . . , xn ∈
ID be variables, E ,E1, . . . ,Em ∈ EX expressions, g ∈ LT a literal, θ ∈ ID a struct
type, S ∈ ST a statement, S ∈ ST∗ a list of statements, T ∈ T a type and ◦ ∈ O
an operator from the syntax. Let the list x1; ...; xn be the list of n variables
from x1 to xn . We define the interpretation function �·� : ST∗∪EX → (C∪V)∗
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transforming a list of statements or expressions into a list of commands:

�g � = val(g ) �if E then{S}� = �E�; if(�S�)

�this� = this �T x := E� = �x1. · · · .x0.x := E�
�nullT � = defaultVal(T) �x1. · · · .xn .x := E� = �E�;�x1. · · · .xn�;wr(x)

�x1. · · · .xn� = this;rd(x1); . . . ;rd(xn) �θ(E1, . . . ,Em)� = �E1�; . . . ;�Em�;cons(θ)

�!E� = �E�;not �ε� = ε

�E1 ◦E2� = �E1�;�E2�;op(◦) �S;S� = �S�;�S�

We fix that if n = 0, �x1. · · · .xn� = this as a special case. We require this to give us
the label of the current executing struct instance at the start of dereferencing
any pointer.

We change the semantics of struct instances to reflect our new value/-
command stack and the adjusted role of ξ as a cache. As the symbol for the
value/command stack, we overload χ, and we ξ to represent the cache instead
of the variable environment of a struct instance.

Definition 6.2.3 (Struct instance (Weak-Memory)). A struct instance is a tuple
〈θ,χ,ξ〉 where:

• θ ∈ ID is the type of the struct,
• χ ∈ (C∪V)∗ is a stack that stores values during the evaluation of an ex-

pression,
• ξ : L× ID → V ∪ {⊥} is a value cache that stores the values of local vari-

ables as well as parameters. The special value ⊥ is used to denote that
variables do not have a value in the cache.

We define S as the set of all possible struct instances and ξ⊥ as the empty
cache.

We also change the definition of a AuDaLa state:

Definition 6.2.4 (State (Weak-Memory)). A state is a tuple 〈∆,σ,µ, ι,sχ〉,
where:

• ∆ ∈ SC is a schedule expressed as a list,
• σ :L→S∪ {⊥} is a struct environment,
• µ : L× ID → 2V×L is a global memory of parameter values written during

the current step paired with their writer’s label.
• ι : L× ID → V is an initial value function of parameter values, which

records the value of each parameter before the start of the current step
• sχ ∈B∗ is a stability stack.

The set of all states is defined as G. The empty global memory µ0 is defined as
the global memory µ where all label-variable pairs map to the empty set.
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We adapt the definition of null-instances straightforwardly to reflect the
expanded state.

We redefine σ0
P as σ⊥[{ℓ0

θ
7→ 〈θ,ε,ξ⊥ | θ ∈ ΘP }], with σ⊥ the empty struct

environment. We furthermore define ι0P = ι?[{(ℓ0
θ

, x) 7→ defaultVal(T ) | θ ∈ΘP , x :
T ∈ ParsP (θ)}], where ι? is an arbitrary initial value function. Using these, we
give a new definition for the initial state:

Definition 6.2.5 (Initial state (Weak-Memory)). The initial state of P is p0
P =

〈∆P ,σ0
P ,µ0, ι0P ,ε〉.

We furthermore adapt the Done-predicate. We define the predicate End(σ)
to be equivalent to Done(σ) as given in Section 2.4, and we redefine the Done-
predicate as Done(σ,µ) = End(σ)∧µ =µ0.

Lastly, we add a new predicate:

Definition 6.2.6 (The Refs predicate). The predicate Refs : (V∪C)∗×L×ID →B

is defined as:

Refs(χ,ℓ, x) =

∃χ1,χ2 ∈ (V ∪C)∗,src ∈ {ℓ}∪C,cmd ∈ {rd(x),wr(x),wrP(x)}.

χ = (χ1;src;cmd;χ2)

∨∃χ1,χ2,χ3 ∈ (V ∪C)∗.

χ = (χ1; if(χ2);χ3)∧Refs(χ2,ℓ, x)

Intuitively, Refs(χ,ℓ, x) checks if a read or write command is present in χ

that references x owned by ℓ (if src = ℓ) or can potentially reference x owned
by ℓ (if src is a command which still has to be processed). When commands
of the form if(χ2) are present in χ, the contents of the if-command will get
checked recursively by Refs.

With this, we can define the transition function of the weak-memory se-
mantics in full. The first rule is to replace the this command with the label of
the current struct instance:

(WMComThis)
σ(ℓ) = 〈θ,χ1;this;χ2,ξ〉

〈∆,σ,µ, ι,sχ〉⇒P 〈∆,σ[ℓ 7→ 〈θ,χ1;ℓ;χ2,ξ〉],µ, ι,sχ〉

We continue with the rules for the not, op and if-commands, which are not
changed notably from the version of the standard semantics. Let b be a
boolean value, let ◦ ∈ O and let o ∈ O be the semantic equivalent of ◦. Let
a,b ∈V, let V C ∈ (V ∪C)∗.

(WMComNot)
σ(ℓ) = 〈θ,χ1;b;not;χ2,ξ〉

〈∆,σ,µ, ι,sχ〉⇒P 〈∆,σ[ℓ 7→ 〈θ,χ1;¬b;χ2,ξ〉],µ, ι,sχ〉
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(WMComOp)
σ(ℓ) = 〈θ,χ1; a;b;op(◦);χ2,ξ〉

〈∆,σ,µ, ι,sχ〉⇒P 〈∆,σ[ℓ 7→ 〈θ,χ1; (a o b);χ2,ξ〉],µ, ι,sχ〉

(WMComIfT)
σ(ℓ) = 〈θ,χ1; true; if(VC);χ2,ξ〉

〈∆,σ,µ, ι,sχ〉⇒P 〈∆,σ[ℓ 7→ 〈θ,χ1;VC;χ2,ξ〉],µ, ι,sχ〉

(WMComIfF)
σ(ℓ) = 〈θ,χ1; false; if(VC);χ2,ξ〉

〈∆,σ,µ, ι,sχ〉⇒P 〈∆,σ[ℓ 7→ 〈θ,χ1;χ2,ξ〉],µ, ι,sχ〉
Then, we give the rules for reading in the weak-memory semantics: WM-

ComRdInit (initial), WMComRdInt (internal) and WMComRdExt (external).
In these rules, the Refs-predicate ensures that read commands can only be pro-
cessed if all of their dependencies in the earlier commands are resolved. The
rule WMComRdInit reads the initial value of a variable, for if the variable
is not yet in the cache. The rule WMComRdInt reads the value of a variable
from the cache. Lastly, the rule WMComRdExt reads from global memory. The
global memory holds all values written to the variable paired with the label of
the struct instance that wrote them, and the read takes one at random (as we
do not assume any relation between the step executions of struct instances).
This read can only happen when reading from another struct instance.

(WMComRdInit)
σ(ℓ) = 〈θ,χ1;ℓ′;rd(x);χ2,ξ〉 ξ(ℓ′, x) = ⊥ ¬Refs(χ1,ℓ′, x)

〈∆,σ,µ, ι,sχ〉⇒P 〈∆,σ[ℓ 7→ 〈θ,χ; ι(ℓ′, x);χ2,ξ〉],µ, ι,sχ〉

(WMComRdInt)
σ(ℓ) = 〈θ,χ1;ℓ′;rd(x);χ2,ξ〉 ξ(ℓ′, x) ̸= ⊥ ¬Refs(χ1,ℓ′, x)

〈∆,σ,µ, ι,sχ〉⇒P 〈∆,σ[ℓ 7→ 〈θ,χ;ξ(ℓ′, x);χ2,ξ〉],µ, ι,sχ〉

(WMComRdExt)

σ(ℓ) = 〈θ,χ1;ℓ′;rd(x);χ2,ξ〉
(v,ℓ′′) ∈µ(ℓ′, x) ℓ′′ ̸= ℓ ¬Refs(χ1,ℓ′, x)

〈∆,σ,µ, ι,sχ〉⇒P 〈∆,σ[ℓ 7→ 〈θ,χ; v ;χ2,ξ〉],µ, ι,sχ〉
Recall that the choice of which rule is applied is non-deterministic.

The next rules to discuss are the rules for writing to variables. The rule for
local variables (WMComWrLoc) and the rule for writing to null-parameters
(WRComWrNSkip) are relatively unchanged. We add, however, a rule for
writing to parameters, which happens in two parts. The first part, given by
the rule WMComWrP-I decomposes the write into a read and a write denoted
with the wrP-command. The second part, given by the rule WMComWrP-
II, resolves the wrP-command and sets the stability stack if necessary. Here,
both the cache and the global memory are updated with the new value of the
parameter.

(WMComWrLoc)
σ(ℓ) = 〈θ,χ1; v ;ℓ;wr(x);χ2,ξ〉 x ∉ ParsP (θ) ¬Refs(χ1,ℓ, x)

〈∆,σ,µ, ι,sχ〉⇒P 〈∆,σ[ℓ 7→ 〈θ,χ1;χ2,ξ[(ℓ, x) 7→ v]〉],µ, ι,sχ〉
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(WMComWrNSkip)

σ(ℓ) = 〈θ,χ1; v ;ℓ′;wr(x);χ2,ξ〉
σ(ℓ′) = 〈θ′,χ′,ξ′〉 x ∈ ParsP (θ′) ℓ′ ∈L0

〈∆,σ,µ, ι,sχ〉⇒P 〈∆,σ[ℓ 7→ 〈θ,χ1;χ2,ξ〉],µ, ι,sχ〉

(WMComWr-I)

σ(ℓ) = 〈θ,χ1; v ;ℓ′;wr(x);χ2,ξ〉
σ(ℓ′) = 〈θ′,χ′,ξ′〉 x ∈ ParsP (θ′) ℓ′ ∉L0

〈∆,σ,µ, ι,sχ〉⇒P

〈∆,σ[ℓ 7→ 〈θ,χ1;ℓ′;rd(x); v ;ℓ′;wrP(x);χ2,ξ〉],µ, ι,sχ〉

(WMComWr-II)

σ(ℓ) = 〈θ,χ1; vo ; vn ;ℓ′;wrP(x);χ2,ξ〉
su = (vo = vn) ¬Refs(χ1,ℓ′, x)

〈∆,σ,µ, ι,sχ〉⇒P 〈∆,σ[ℓ 7→ 〈θ,χ1;χ2,ξ[(ℓ′, x) 7→ vn]〉],
µ[(ℓ′, x) 7→µ(ℓ′, x)∪ {(vn ,ℓ)}], ι,sχ1 ∧ su; . . . ;sχ|sχ|∧ su〉

The next rule is an adaptation of the ComCons rule of the standard seman-
tics. Instead of changing the variable environments, this rule adds the param-
eter values of the newly created struct instances to the initial value function.

(WMComCons)

σ(ℓ) = 〈θ,χ1; v1; . . . ; vn ;cons(θ′);χ2,ξ〉
ParsP (θ′) = x1 : T1; ...; xn : Tn σ(ℓ′) = ⊥

〈∆,σ,µ, ι,sχ〉⇒P 〈∆,σ[{ℓ 7→ 〈θ,χ1;ℓ′;χ2,ξ〉,ℓ′ 7→ 〈θ′,ε,ξ⊥〉}],

µ, ι[{(ℓ′, xi ) 7→ vi | 1 ≤ i ≤ n}], false|sχ|〉
We then add a new rule, Finish, which must be taken at the end of each

step. Recall that End(σ) is equivalent to Done(σ) as defined in Section 2.4. The
rule updates ι with the values collected in µ. In the rule, the function W (ℓ, x)
gives the defined cache values of the variable x as owned by ℓ accross all struct
instances. Furthermore, we use fin(ℓ, x) to denote a non-deterministically cho-
sen final value for the variable x as owned by ℓ, or, if x was not written to, the
initial value.

(WMFinish)

End(σ) µ ̸=µ0

W (ℓ, v) = {ξ(ℓ, x) |σ(ℓ′) = 〈θ,χ,ξ〉} \ {⊥}
fin(ℓ, x) ∈W (ℓ, x)∨ (W (ℓ, v) = ;∧fin(ℓ, x) = ι(ℓ, x))

〈∆,σ,µ, ι,sχ〉⇒P 〈∆,σ[{ℓ 7→ 〈θ,χℓ,ξ⊥〉 |σ(ℓ) = 〈θ,χℓ,ξℓ〉}],

µ0, ι[{(ℓ, x) 7→ fin(ℓ, x) | (ℓ, x) ∈L× ID}],sχ〉
With this, we have adapted all the command rules. The schedule rules are

only adapted to reflect our new state and struct instance definition. Let SF
θ

be
the statements list of F for θ, as defined in Section 2.4.

(WMInitG)
Done(σ,µ)

〈F <∆,σ,µ, ι,sχ〉⇒P 〈∆,σ[{ℓ 7→ 〈θ,�SF
θ �,ξ〉 |σ(ℓ) = 〈θ,ε,ξ〉}],µ, ι,sχ〉
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(WMInitL)
Done(σ,µ)

〈θ.F <∆,σ,µ, ι,sχ〉⇒P 〈∆,σ[{ℓ 7→ 〈θ,�SF
θ �,ξ〉 |σ(ℓ) = 〈θ,χ,ξ〉}],µ, ι,sχ〉

(WMFixInit)
Done(σ,µ)

〈Fix(∆) <∆1,σ,µ, ι,sχ〉⇒P 〈∆ < aFix(∆) <∆1,σ,µ, ι,sχ; true〉

(WMFixIter)
Done(σ,µ)

〈aFix(∆) <∆1,σ,µ, ι,sχ; false〉⇒P 〈∆ < aFix(∆) <∆1,σ,µ, ι,sχ; true〉

(WMFixTerm)
Done(σ,µ)

〈aFix(∆) <∆1,σ,µ, ι,sχ; true〉⇒P 〈∆1,σ,µ, ι,sχ〉
We conclude with the definition for the weak-memory operational seman-

tics for AuDaLa:

Definition 6.2.7 (Weak-Memory Operational Semantics). The weak-memory
semantics of P is the directed graph 〈G,⇒P , p0

P 〉, where G is the set of all states
as defined in Def. 6.2.4, ⇒P is the labelled transition relation for P as given
above and p0

P is the initial state of P as defined in Def. 6.2.5.

Differences from the weak-memory semantics as presented in [110]

The weak-memory semantics given in Definition 6.2.7 is different from the
weak-memory semantics as given in the paper by Leemrijse et al. [110] on
which this section is based. The weak-memory semantics by Leemrijse et al.
has some additional changes which we omitted in the weak-memory semantics
given above:

1. It does not support strings.

2. The syntactic element null is only defined for struct types and cannot be
used to refer to the default values of the other domains.

3. It uses an if-then-else construction, and the if-command, interpretation
function and the operational rules for the if-command are extended to
facilitate this.

4. It supports short-circuit evaluation of boolean operators, which leads to
a different interpretation function for the boolean operators.

While we think these changes are beneficial, we have decided to leave
these out of the weak-memory semantics presented here, to be able to compare
it better to the standard semantics. Observe, however, that we can mitigate
these differences through transforming AuDaLa programs syntactically.

1. We can encode strings as integers, which we can use to rewrite AuDaLa
programs with strings to AuDaLa programs without strings.
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2. We can rewrite syntactic instances of null not referring to the null-
elements of struct types with the concretely defined default values for
the other domains.

3. We can transform if-then-else constructs into AuDaLa code without if-
then-else constructs using the format given in Listing 6.4.

4. Due to the support for short-circuiting, the weak-memory semantics by
Leemrijse et al. may skip some expressions which are processed in the
weak-memory semantics given above. Though the result value from pro-
cessing the expression as a whole will not change, this does mean that
some side effects from processing subexpressions may be lost. The only
side effect that processing a subexpression can have that can be lost in
this way is the creation of a new struct instance through a construc-
tor expression. This occurs for example in the statement given in List-
ing 6.5. However, we can always transform expressions like this to create
the struct instance before resolving the expression, for example through
transforming the statement in Listing 6.5 to the code as given in List-
ing 6.6.

1 Bool a := /*condition*/;
2 if (a) then { /*if execution*/ }
3 if (!a) then { /*else execution*/ }

Listing 6.4: Expressing if-then-else constructs with if-then constructs. Assume the
variable a is fresh

1 x := /*expression*/ && (Element(par1, par2) == this);

Listing 6.5: A constructor in a second argument.

1 x := /*expression*/;
2 if (x){
3 Element e := Element(par1, par2);
4 x := (e == this);
5 }

Listing 6.6: Second argument constructor compatible with the weak-memory
semantics as presented in the thesis.

Other than the above changes, the weak-memory semantics by Leem-
rijse et al. has a localized interpretation function which takes the label of the
current struct instance as argument and can therefore immediately translate
this to the right label, where the semantics above has kept the interpretation
function global and has the this-command and WMComThis rule. Though
semantically significant, observe that the two semantics are equivalent, due to
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the only change in executions being the additional presence of WMComThis
transitions, which are implicit in the semantics of Leemrijse et al.

As this difference is not impactful enough to make a difference in be-
haviour, and we can mitigate all differences between the weak memory
semantics as given above and the weak memory semantics as given in
Leemrijse et al. syntactically, we consider the differences between the two
superficial. We therefore consider the two functionally equivalent.

In the next section, we will prove that the weak-memory semantics as pre-
sented above can be considered equivalent to the standard semantics assuming
there are no read-write race conditions in the program. This result extends to
the semantics as given by Leemrijse et al.

6.3 Connecting the Semantics

In this section, we will establish the functional equivalence between the stan-
dard semantics and the weak-memory semantics for any AuDaLa program P,
provided there are no read-write race conditions. More specifically, we prove
that for any AuDaLa program P without read-write race conditions, every ex-
ecution with the standard semantics can be mirrored by an execution in the
weak-memory semantics and vice versa. We consider two executions to mirror
each other if they end up in final states that are equivalent to each other in
their contents (as defined a bit further in the section).

We do not consider AuDaLa programs with read-write race conditions, as
the two semantics are not functionally equivalent when read-write race con-
ditions are allowed. As an example, consider the code snippets given in Fig-
ure 6.1. Consider an execution of these code snippets by two struct instances
s1 and s2 such that the parameter r of s1 points to s2 and the parameter l of s2

points to s1. There will be a read-write race for both x of s1 and y from s2. As
the standard semantics use the sequentially consistent memory model, in the
standard semantics. the first lines have to be executed before the second lines.
It can therefore not occur in the standard semantics that after the execution of
this snippet, r1 = r2 = 42. The weak-memory semantics, however, allows for the
reordering of the lines of both snippets, so after execution, there is a possibility
that r1 = r2 = 42. Assuming the worst case, that r1 and r2 are parameters and
that their values after the execution are their final values, the final states of
the AuDaLa program executed by both semantics will not be equivalent. It fol-
lows that with read-write race conditions, the semantics are not functionally
equivalent.

However, in the weak-memory semantics, wr-commands resolve to a rd-
command and a wrP-command. We therefore make an exception and do con-
sider read-write race conditions caused by resolving wr-commands, as those
are not caused by the code but caused by the semantics. These read-write
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r1 := r.y; r2 := l.x;
x = 42; y = 42;

Figure 6.1: Load buffering [3]

race conditions only impact the stability stack, by the definition of the weak-
semantic rule Wr-II; as we prove later in this section that during such a read-
write race condition, the resulting stability stack is deterministically updated
(Lemma 6.3.16), we can otherwise ignore these read-write race conditions.

To prove the functional equivalence of the two semantics, we will use a
form of stutter trace equivalence, adapted from Baier and Katoen [12, Defini-
tion 7.89], just like in Section 5.3. We again make a comparison between the
states traversed during an execution, using a function to extract the relevant
contents. In this proof, the the comparison is made between states traversed
during an execution of P using the original semantics and the states traversed
during an execution of the same P using the weak-memory semantics.

For this proof, we first adapt Theorem 4.2.21 for the weak-memory se-
mantics in Section 6.3.1. This allows us to streamline reasoning about values
resulting from expressions and statements in the rest of the proof. The actual
equivalence proof is given in Section 6.3.2.

6.3.1 Extending well-formed properties to the weak-memory
semantics

In this subsection, we extend Theorem 4.2.21 to the weak-memory seman-
tics, by adapting the properties and proofs given in Section 4.2 for the weak-
memory semantics. This allows us to simplify reasoning about execution re-
sults in the equivalence proof given in Section 6.3.2. As an added bonus, this
also proves that the type system is sound for the weak-memory semantics.

Recall that Theorem 4.2.21 proves six properties about the original seman-
tics. For the intuitive description of these properties, refer to Section 4.2.

To extend Theorem 4.2.21 to the weak-memory semantics, note that prop-
erties 1, 2 and 3 (as given in Section 4.2) can be straightforwardly adapted for
the weak-memory semantics, as the adaptations the weak-memory semantics
makes to the original semantics do not really change the functionality with re-
gards to handling the schedule. To adapt Property 4 and Property 5, we need
to change our approach, as in the weak-memory semantics, commands can be
resolved by a struct instance in a non-sequentially consistent order. To that
end, we change Property 4 to the following lemma:

Lemma 6.3.8 (Property 4 of well-formed programs for the weak-memory se-
mantics). Let F be a step of some well-formed program P = D ∆P such that
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Γ,Ω ⊢ D ∆P for some Γ,Ω. Let p = 〈∆,σ,µ, ι,sχ〉 be some state reached during
the execution of F in the execution of P. Let ℓ ∈L such that σ(ℓ) = 〈θ,χ,ξ〉 and
χ ̸= ε. Let S be a statement from F such that �S� ∈χ, and let c j be a command in
�S� = c1; . . . ;cm . Then there exists a ck with k ≤ j such that either ck ; . . . ;c j = �E�
for some expression E or ck ; . . . ;c j = �S�.
Proof. To prove the lemma, we do a case distinction on which command c j is
and choose an appropriate ck :

1. If c j = val(g ), it has been generated by the interpretation function in re-
sponse to either the expression g , with g ∈ LT , or, if g = defaultVal(T ) for
some T , to nullT . It follows that with k = j , the lemma holds. Analo-
gously, the lemma holds for if c j = this, which is generated for the ex-
pression this.

2. If c j = rd(xi ) for some variable xi , then we know that c j is generated
by the interpretation function in response to some variable expression
x1. · · · .xn , with xi ∈ x1. · · · .xn . Let ck be the first command of �x1. · · · .xn�.
Then ck ; . . . ;c j = �x1. · · · .xi � = this;rd(x1); . . . ;rd(xi ).

3. If c j is a wr, cons, if, not or op command, it is automatically the last
generated command for some expression or statement �W � = ca ; . . . ;c j as
per the definition of the interpretation function.

As in all cases, a ck exists fulfilling the requirements for the lemma, the lemma
holds.

We use this to define the following:

Definition 6.3.9 (Stack Marking). Let F be a step of some well-formed pro-
gram P = D ∆P such that Γ,Ω ⊢ D ∆P for some Γ,Ω. Let p = 〈∆,σ,µ, ι,sχ〉 be
some state reached during the execution of F in the execution of P. Let ℓ ∈L
such that σ(ℓ) = 〈θ,χ,ξ〉 and χ ̸= ε. Let S be a statement or expression from F
such that �S� is a contiguous subsequence of χ, and let c j be a command or
value in �S� = c1; . . . ;cm . Then if j = m, the stack marking of c j is S. Other-
wise, let ck be the command or value in �S� with the largest k ≤ j such that
ck ; . . . ;c j = �E� for some expression E contained in S. Then the stack marking
of c j is E .

Furthermore, we assume the stack marking is maintained inductively from
the start of the execution of F . If a transition is taken induced by command
c j with a stack marking W , with W an expression or a statement, then any
value put on the stack by that transition (if any) also have marking W , with
two exceptions:

• If the transition is a WMComWr-I transition, we give the rd-command
generated by the transition the special marker WRP. The wrP-command
will still get mark W .
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• If the transition is a WMComIfT transition where the if-command con-
tained a substack VC = �S1; . . . ;Sn� for some n, we mark the commands
and values in VC as described above.

We prove the following for the stack marking:

Lemma 6.3.10 (Unique marking). Let F be a step of some well-formed pro-
gram P = D ∆P such that Γ,Ω ⊢ D ∆P for some Γ,Ω. Let p = 〈∆,σ,µ, ι,sχ〉
be some state reached during the execution of F in the execution of P. Let
ℓ ∈ L such that σ(ℓ) = 〈θ,χ,ξ〉 and χ ̸= ε. Let c j be a command in χ. If c j is
marked with a statement or subexpression W , then c j is the only command in
χ marked with W .

Proof. In the interpretation function as defined in Definition 6.2.2, we define
commands to always be the last command of some statement or expression
W . The marking will consistently mark commands with the expression they
are the last command of, by Definition 6.3.9. (In the case of x1. . . . .xn , due to
the way marking works, rd(xi ) is marked with Ei = x1; . . . ; xi , and this is always
marked with this.) As we assume that W is uniquely defined by their syntax
position, it follows that the lemma holds.

We use this to adapt Property 5, as given in Lemma 4.2.18. The two dif-
ficulties for this are the additional read-write behaviour of the weak-memory
semantics, and the fact that the stack and command list have been merged
and that the order of execution of commands cannot be assumed in the
weak-memory semantics. The first we solve by adapting the case for the
wr-command in the original semantics for the wrP command and making
an extra, new case for the wr-command. The second we solve by assuming
that we mark the stack according to Definition 6.3.9. We can then assert
Property 5 for all commands of which their subexpressions consist of a single
value. This allows us to keep Property 5 dependent on commands present
instead of transitions taken, which preserves the corollary for weak type
system soundness.

Note that according to the type system of AuDaLa, every local variable must
be declared before it can be used. If we use a local variable x in statement or
expression W during a step F , we can pinpoint the origin statement Sq of
the x in F as the variable assignment statement that originally initializes x in
F . In the old Property 5 we were able to pinpoint this statement by looking
at the statements already executed for F , but in this adaptation, due to the
random order of execution, we cannot be so precise. As in both cases the
origin statement still exists, as guaranteed by the type system, we can however
still use the notion in the lemma and the proof.

We first give an auxiliary lemma which helps us to define Property 5 more
completely:
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Lemma 6.3.11 (Choice of c j ). Let p = 〈∆,σ,µ, ι,sχ〉 be an AuDaLa weak-
memory state reached by some well-formed program P = D ∆P such that
Γ,Ω ⊢ D ∆P for some Γ,Ω. If ¬End(σ), let ℓ ∈ L such that σ(ℓ) = 〈θ,χ,ξ〉 and
χ ̸= ε. Assume that χ is marked according to an inductively maintained stack
marking, as defined in Definition 6.3.9. Then if there is a command in χ, there
exists at least one command c in χ such that all of the following hold:

1. the command is marked with WRP or the command is the only command
of a subexpression or statement W .

2. either the command is not a rd, or wrP command or a wr-command for
local variables or, if χ = χ1;ℓ′;c;χ2 with ℓ′ ∈L, Refs(χ1,ℓ′, x) = false, with x
the variable name contained in c.

3. If the command is marked with W , there are no commands marked with
any of W ’s subexpressions. If W = x for some variable x, χ ̸=χ1;this;c;χ2.

Proof. We use the definitions from the lemma. Let c1 be the leftmost command
encountered in χ. Then either it is marked with an expression or statement
W (uniquely defined by its syntax position), or with WRP. If it is marked with
W , then by Lemma 6.3.10, we know it is the only command of W . Then as
there are no commands left of c1, it follows that if it is a rd, wr command for
local variables or wrP command and χ = χ1;ℓ′;c;χ2, irrespective of the exact
value of ℓ′ and x, it must hold that Refs(χ1,ℓ′, x) = false. For the third point
if c1 is marked with W , due to the order in which commands are generated,
any commands marked with subexpressions of W should show up to the left
of c1. As there are no commands left of c1, this satisfies the third point in this
case.

We then define Property 5:

Lemma 6.3.12 (Property 5 of well-formed programs for the weak-memory
semantics). Let p = 〈∆,σ,µ, ι,sχ〉 be an AuDaLa weak-memory state reached
by some well-formed program P = D ∆P such that Γ,Ω ⊢ D ∆P for some
Γ,Ω. If ¬End(σ), let ℓ ∈ L such that σ(ℓ) = 〈θ,χ,ξ〉 and χ ̸= ε. Assume that χ
is marked according to an inductively maintained stack marking, as defined
in Definition 6.3.9. Then for all commands c j in χ that fulfills the criteria of
Lemma 6.3.11, one of the following holds:

1. c j = rd(x) and all of the following hold:

(a) χ =χ1;ℓ′;rd(x);χ2 and σ(ℓ′) = 〈θℓ′ ,χℓ′ ,ξℓ′〉 for some θℓ′ ,χℓ′ ,ξℓ′ , and if
x ∉ ParsP (θℓ′ ) then ℓ′ = ℓ,

(b) Refs(χ1,ℓ′, x) = false,
(c) Either (x : T ) ∈ ParsP (θℓ′ ) for some T ∈ T , or the origin statement of

x in W has the form Sq = (T x := E) such that T ∈ T and E ∈ EX .
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2. c j = wr(x) and all of the following hold:

(a) χ = χ1; v ;ℓ′;wr(x);χ2 and σ(ℓ′) = 〈θℓ′ ,χℓ′ ,ξℓ′〉 for some θℓ′ ,χℓ′ ,ξℓ′ and
if x ∉ ParsP (θℓ′ then ℓ′ = ℓ,

(b) If ℓ′ ∉L0 or x ∉ ParsP (θℓ′ , then Refs(χ1,ℓ′, x) = false,
(c) Either (x : T ) ∈ ParsP (θℓ′ ) for some T ∈ T , or the origin statement of

x in W has the form Sq = (T x := E) such that T ∈ T and E ∈ EX ,
(d) Either T ∈ ΘP , v ∈ L and σ(v) = 〈T,χ′′,ξ′′〉 (for some χ′′ and ξ′′) or

T ∈ T \ ID and v ∈ sem(T ).

3. c j = wrP(x) and all of the following hold:

(a) χ = χ1; vo ; vn ;ℓ′;wr(x);χ2 and σ(ℓ′) = 〈θℓ′ ,χℓ′ ,ξℓ′〉 for some θℓ′ ,χℓ′ ,ξℓ′
and if x ∉ ParsP (θℓ′ then ℓ′ = ℓ,

(b) Refs(χ1,ℓ′, x) = false,
(c) (x : T ) ∈ ParsP (θℓ′ ) for some T ∈ T ,
(d) Either T ∈ΘP , vo , vn ∈L and σ(vn) = 〈T,χ′′,ξ′′〉 (for some χ′′ and ξ′′)

or T ∈ T \ ID and vo , vn ∈ sem(T ).

4. c j = cons(θ), with θ ∈ ΘP and ParsP (θ) = x1 : T1; · · · ; xc : Tc for some c,
and χ = χ1; v1; · · · ; vc ;cons(θ);χ2 and for all xh : Th , either Th ∈ T \ ID and
vh ∈ sem(Th) or Th ∈ΘP and vh ∈L∧σ(vh) = 〈Th ,χ′′,ξ′′〉 for some χ′′ and
ξ′′.

5. c j = if(γ) and χ =χ1;b; if(γ);χ2 such that b ∈B.

6. c j = not and χ =χ1;b;not;χ2 such that b ∈B.

7. c j = op(◦) and χ =χ1; a;b;op(◦);χ2 and all of the following hold:

(a) If ◦ ∈ {=,!=} then a,b ∈ {N,Z} or there exists a T ∈ {N,Z,B,String}∪ΘP
such that either T ∉ΘP and a,b ∈ T or T ∈ΘP and σ(a) = 〈T,χa ,ξa〉
and σ(b) = 〈T,χb ,ξb〉,

(b) If ◦ ∈ {<=,>=,<,>,∗,/,%,+,^,−} then a,b ∈ {N,Z},
(c) If ◦ ∈ {&&, ||} then a,b ∈B.

Furthermore, there exists a transition induced by c j from p to a state p ′ =
〈∆′,σ′,µ, ι,sχ′〉 such that σ′(ℓ) = 〈θ,χ′,ξ′〉 and all of the following hold:

1. If c j = this, then χ′ =χ1;ℓ;χ2.

2. If c j = rd(x), with χ =χ1;ℓ′;rd(x);χ2, one of the following holds:

(a) ξ(ℓ′, x) = ⊥ and χ′ =χ1; ι(ℓ′, x);χ2.
(b) ξ(ℓ′, x) ̸= ⊥ and χ′ =χ1;ξ(ℓ′, x);χ2.
(c) There is a pair (v,ℓ′′) ∈µ(ℓ′, x) such that ℓ′′ ̸= ℓ and χ′ =χ1; v ;χ2.
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Additionally, let v be the value put on the stack according to the above
cases. Then either T ∈ΘP , v ∈L and σ(v) = 〈T,χx ,ξx〉 (for some χx and
ξx) or T ∈ T \ ID and v ∈ sem(T ).

3. If c j = wr(x), then, with χ = χ1; v ;ℓ′;wr(x);χ2, σ′(ℓ′) = 〈θℓ′ ,γ′ℓ′ ,χ′ℓ′ ,ξ′ℓ′〉 such
that one of the following holds:

(a) ℓ ∈L0 and χ′ =χ1;χ2

(b) ℓ ∉L0, x ∉ ParsP (θℓ′ ), χ′ =χ1;χ2 and ξ′ = ξ[(ℓ, x) 7→ v]

(c) ℓ ∉L0, x ∈ ParsP (θℓ′ ) and χ′ =χ1;ℓ′;rd(x); v ;ℓ′;wrP(x);χ2.

4. If c j = wrP(x), then, with χ =χ1; vo ; vn ;ℓ′;wr(x);χ2 , σ′(ℓ′) = 〈θℓ′ ,γ′ℓ′ ,χ′ℓ′ ,ξ′ℓ′〉
such that χ′ = χ1;χ2, ξ′ = ξ[(ℓ′, x) 7→ v], µ′ = µ[(ℓ′, x) 7→ µ(ℓ′, x)∪ (vn ,ℓ)] and
sχ′ = sχ1 ∧ (vo = vn); . . . ;sχ|sχ|∧ (vo = vn).

5. If c j = cons(θ), then, with χ = χ1; v1; · · · ; vc ;cons(θ);χ2 and ParsP (θ) = x1 :
T1; ...; xc : Tc , it holds that χ = χ1;ℓ′;χ2 for some ℓ′ such that σ(ℓ′) = ⊥,
σ′(ℓ′) = 〈θ,ε,ξ⊥〉, ι′ = ι[{(ℓ′, xa) 7→ va | 1 ≤ a ≤ c}]〉 and sχ′ = false|sχ|.

6. If c j = if(γ), with χ = χ1;b; if(γ);χ2, if b = true then χ′ = χ1;γ;χ2 and if
b = false, χ′ =χ1;χ2.

7. If c j = not, with χ =χ1;b;not;χ2, χ′ =χ1;¬b;χ2.

8. If c j = op(◦), with χ = χ1; a;b;op(◦);χ2, then with o the semantic equiva-
lent of ◦, χ′ =χ1;c;χ2 for some c such that all of the following hold:

(a) If a ∈ T and b ∈ T with T ∈T and ◦ ∈ {=,!=}, then c = a o b and c ∈B,
(b) If a ∈ T1 and b ∈ T2, with T1,T2 ∈ {N,Z} and ◦ = {<=,>=,<,>,=,!=},

then c = a o b and c ∈B,
(c) If a ∈ T1 and b ∈ T2, with T1,T2 ∈ {N,Z} and ◦ = {∗,/,%,+,^,−}, then

c = a o b and c ∈Z,
(d) If a,b ∈N and ◦ = {∗,/,%,+,^}, then c = a o b and c ∈N.
(e) If a,b ∈B and ◦ ∈ {&&, ||}, then c = a o b and c ∈B.

To prove this, we prove an auxiliary lemma and we adapt the auxiliary
lemma Lemma 4.2.19 for our purposes:

Lemma 6.3.13 (Expression/Semantics Type Correspondence in the weak-mem-
ory semantics). Let p = 〈∆,σ,µ, ι,sχ〉 be an AuDaLa weak-memory state reached
by some well-formed program P = D ∆P such that Γ,Ω⊢ D ∆P for some Γ,Ω.
If ¬End(σ), let ℓ ∈ L such that σ(ℓ) = 〈θ,χ,ξ〉 and χ ̸= ε. Assume that χ is
marked according to an inductively maintained stack marking, as defined in
Definition 6.3.9. Let Property 5 (as defined in Lemma 6.3.12) hold for p, and
let c j be a witness command of that, marked with either expression E , or with
WRP. If marked with E , let E have type T in P according to the type system.
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If marked with WRP, let the variable x read from the struct instance with
label ℓ′ by c j have syntactic type T according to the type system. Then there
exists a single value v that is put on the stack by the transition induced by c j .
Furthermore, either T ∈ T \ ID and v have the semantic type sem(T ), or T ∈ΘP
and v will be a label ℓ such that the struct type of σ(ℓ) is T .

Proof. This follows from a case distinction on the command c j . As the marking
does not come into play in the case that c j is a read-command, the proof is
straightforwardly adapted to the proof of Lemma 4.2.19.

We then prove Lemma 6.3.12. If a subproof is straightforwardly adaptable
from the original proof of Lemma 4.2.18, we will refer to the original subproof
of Lemma 4.2.18, with notes on what changes. First, we change the structure
of the proof:

Full proof of Property 5 for the weak-memory semantics. Let p = 〈∆,σ,µ, ι,sχ〉 be
an AuDaLa weak-memory state reached by some well-formed program P =
D ∆P such that Γ,Ω ⊢ D ∆P for some Γ,Ω. If ¬End(σ), let ℓ ∈ L such that
σ(ℓ) = 〈θ,χ,ξ〉 and χ ̸= ε. Assume that χ is marked according to an inductively
maintained stack marking, as defined in Definition 6.3.9.

To prove the lemma, we perform a strong induction on all the states tra-
versed during the execution of P. Let c j be a command satisfying the con-
ditions of Lemma 6.3.11. In both the base case and the step case, we do a
case distinction on the possible commands. For the base case, refer to Sub-
proof 6.3.13.A. For the step case, refer to Subproof 6.3.13.B. As the strong
induction holds, Property 5 for the weak-memory semantics holds.

Subproof 6.3.13.A - Base case for strong induction. In the base case, we
assume that p is the first state in which ¬End(σ) holds. Then due to the defini-
tion of the interpretation function (Definition 6.2.2), we know that c j can be
any command except for rd, wr and wrP commands, as wrP commands can
only be introduced by wr commands and no commands have been processed
yet, and wr and rd commands must always be preceded by a this-command
according to the interpretation function, which goes against the condition for
c j that there may not be any commands of any subexpression of W .

For all other commands, we can do a case distinction:

• For this, see Subproof 6.3.13.C,

• For not, op, if and cons, see Subproof 6.3.13.D.

As all the cases hold, it follows that the base case holds. ■

Subproof 6.3.13.B - Step case for strong induction. In the step case of the sec-
ond strong induction, we assume as the induction hypothesis that Property 5
holds for all previous states p of the execution of P.
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We do a case distinction on the commands c j can be:

• For this, see Subproof 6.3.13.C,

• For not, op, if and cons, see Subproof 6.3.13.D.

• For rd, see Subproof 6.3.13.E,

• For wr, see Subproof 6.3.13.F,

• For wrP, see Subproof 6.3.13.G.

As all the cases hold, it follows that the step case for the strong induction over
d also holds. ■

Then, we prove the cases again. Most of these are straightforwardly
adapted, but the cases for rd, wr and wrP are a bit less straightforward.

Subproof 6.3.13.C - Case for this.. If c j is this, the preconditions are vacu-
ously satisfied. According to the weak-memory semantics, it follows that the
transition WMComThis is enabled, from which it follows that the postcondi-
tions are also satisfied. ■

Subproof 6.3.13.D - Case not, op, if and cons. Straightforwardly adapted
from their respective cases in the proof for Lemma 4.2.18, with Lemma 6.3.13
replacing Lemma 4.2.19.. In the base case we know that all subexpressions
must have been literals, as c j is the first command to be executed. It follows
straightforwardly that they have the right stack positions and the right seman-
tic types. In the step case we know that all subexpressions have already been
executed as the third condition of Lemma 6.3.11 holds for c j . This allows us
to use the induction hypothesis on all subexpressions. ■

Subproof 6.3.13.E - Step case rd for the weak-memory semantics. If c j = rd(x)
for some x, then we know that c j is marked with an expression E which is
either a variable x or with a variable expression x1; . . . ; xh .x. We consider x a
special case x1; . . . ; x0.x, where x1; . . . ; x0 is an empty sequence, following the
interpretation function. We also know that χ ̸= χ1;this;rd(x);χ2, as c j satisfies
the conditions of Lemma 6.3.11. it follows from the interpretation function
on �E� and Lemma 6.3.11 that all other commands of E , including the this-
command, have been processed.

It follows from the induction hypothesis and Lemma 6.3.13 on the com-
mands of x1; . . . ; xh that χ =χ1; v ;rd(x);χ2. From the fact that P is well-formed,
we know that v = ℓ′ for some ℓ′ ∈L.

We also know from the induction hypothesis that Property 5 holds for all
previous states, and therefore for all previously processed wr and wrP com-
mands to variables y during the execution of P, where y has syntactic type
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Ty ∈ T and vy is the new value written by the command. Due to that, if
Ty ∈ ΘP , then vy ∈ L and vy represents a struct instance with type Ty , and if
Ty ∈ T \ID, then vy ∈ sem(Ty ). We also know by the definition of the initial state
of P and the fact that null-parameters cannot be overwritten during the exe-
cution of P, that for any null-parameter z of syntactic type Tz ∈ T , if Tz ∈ΘP
then vz = ℓ0

Tz
, which represents the null-instance of type Tz , and if Tz ∈ T \ ID,

then vz = defaultVal(Tz ), so vz ∈ sem(Tz ).
As the weak-memory semantics does not delete struct instances, it follows

that σ(ℓ′) = 〈θℓ′ ,χℓ′ ,ξℓ′〉 (for some θℓ′ ,χℓ′ ,ξℓ′) and we also know, with θℓ′
the struct type of σ(ℓ′), that x ∉ ParsP (θℓ′ ) implies that ℓ′ = ℓ, as otherwise
x1. · · · .xh .x would not be admitted by the type rule VarR. With this, the first
precondition for the rd command is satisfied.

The second precondition is satisfied due to c j satisfying the conditions of
Lemma 6.3.11.

As P is well-formed, we know that there was either an origin statement
Sq = (T x := Ex ) and Ex ∈ EX or (x : T ) ∈ ParsP (θℓ′ ) for some T ∈ T , as otherwise
x1. · · · .xh .x would not be provable in the type system. This satisfies the third
precondition for the rd command.

These preconditions also satisfy the requirements for at least one of the
WMComRd-transitions, so there exists an enabled transition WMComRdInit,
WMComRdInt or WMComRdExt to a state p ′ = 〈∆′,σ′,µ′, ι′,sχ′〉 with
σ′(ℓ) = 〈θ,χ′,ξ′〉. For all the possible enabled transitions, χ′ =χ1; v ;χ2.

Then, we do a case distinction on which transition led to p ′. If it was
a transition WMComRdInit, then ξ(ℓ′, x) = ⊥, or the transition would not be
enabled. Then from the transition, we know that χ′ = χ1; ι(ℓ′, x);χ2, which
satisfies postcondition 2a.

If it was a transition WMComRdInt, then ξ(ℓ′, x) ̸= ⊥, or the transi-
tion would not be enabled. Then from the transition, we know that χ′ =
χ1;ξ(ℓ′, x);χ2, which satisfies postcondition 2b.

If it was a transition WMComRdExt, then we know there exists a pair
(v ′,ℓ′′) ∈µ(ℓ′, x) such that ℓ′′ ̸= ℓ, or the transition would not be enabled. Then
from the transition, we know that χ′ = χ1; v ′;χ2, which satisfies postcondition
2c.

From the earlier application of the induction hypothesis on all previous
write-commands wr and wrP and the definition of the initial state of P, we
also know that if T ∈ ΘP , it holds that v ∈ L and as AuDaLa does not delete
struct instances, it holds that σ(v) = 〈T,χx ,ξx〉 (for some χx ,ξx). Furthermore,
if T ∈ T \ ID, it holds that v ∈ sem(T ). With this, the last postcondition for the
rd command is satisfied. ■

Subproof 6.3.13.F - Step case wr for the weak-memory semantics. If c j = wrP(x)
for some x, then it must be marked with some update or assignment statement
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S, due to the definition of marking and the lemmas associated with it. It fol-
lows that S has subexpressions E and x1. . . . .xh for some h; from Lemma 6.3.11,
we know that all commands of those subexpressions have already been pro-
cessed.

Then from the induction hypothesis and Lemma 6.3.13 on those subex-
pressions that χ = χ1; v1; v2;wr(x);χ2. From the fact that S is well-formed, we
know that χ =χ1; v ;ℓ′;wr(x);χ2 for some value v and label ℓ′.

We also know from the induction hypothesis that Property 5 holds for all
previous states, and therefore for all previously processed wr and wrP com-
mands to variables y during the execution of P, where y has syntactic type
Ty ∈ T and vy is the new value written by the command. Due to that, if
Ty ∈ ΘP , then vy ∈ L and vy represents a struct instance with type Ty , and if
Ty ∈ T \ID, then vy ∈ sem(Ty ). We also know by the definition of the initial state
of P and the fact that null-parameters cannot be overwritten during the exe-
cution of P, that for any null-parameter z of syntactic type Tz ∈ T , if Tz ∈ΘP
then vz = ℓ0

Tz
, which represents the null-instance of type Tz , and if Tz ∈ T \ ID,

then vz = defaultVal(Tz ), so vz ∈ sem(Tz ).
As the weak-memory semantics does not delete struct instances, it follows

that σ(ℓ′) = 〈θℓ′ ,χℓ′ ,ξℓ′〉 (for some θℓ′ ,χℓ′ ,ξℓ′) and we also know, with θℓ′
the struct type of σ(ℓ′), that x ∉ ParsP (θℓ′ ) implies that ℓ′ = ℓ, as otherwise
x1. · · · .xh .x would not be admitted by the type rule VarR. With this, the first
precondition for the rd command is satisfied.

The second property is straightforwardly satisfied by the fact that c j satis-
fies the conditions of Lemma 6.3.11.

As P is well-formed, we know that there was either an origin statement
Sq = (T x := Ex ) and Ex ∈ EX or (x : T ) ∈ ParsP (θℓ′ ) for some T ∈ T , as otherwise
x1. · · · .xh .x would not be provable in the type system. This satisfies the third
precondition for the rd command.

Then, to establish the fourth precondition, note that by the induction hy-
pothesis for the second strong induction, we know that Property 5 holds for
the commands of E ′. It follows that v has the semantic type which reflects E ′
in pa , due to Lemma 4.2.19. Furthermore, as AuDaLa does not remove struct
instances and keeps struct types of struct instances immutable, we can extend
this to p. As P is well-formed, we also know that E ′ has the same syntactic
type as x. It follows that the third precondition is satisfied.

Then if ℓ′ = ℓ and x ∉ ParsPθℓ′ , WMComWrLoc is enabled, if ℓ′ ∈ L0 and
x ∈ ParsPθℓ′ , WMComWrNSkip is enabled and that if ℓ′ ∉L0 and x ∈ ParsPθℓ′ ,
WMComWr-I is enabled. These conditions cover all possible combinations of
what ℓ′ is and whether x is a parameter, so at least one transition is enabled.

We do a case distinction on which transition is enabled. Let the state p ′ =
〈∆′,σ′,µ′, ι′,sχ′〉 be the state resulting from that transition, with σ′(ℓ) = 〈θ,χ′,ξ′〉.

Then if the transition was WMComWrNSkip, we know from that transition
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that ℓ ∈L0 and that χ′ = χ1;χ2. If the transition was WMComWrLoc, we know
that ℓ ∉ L0, x ∉ ParsPθℓ′ , that χ′ = χ1;χ2 and that ξ′ = ξ[(ℓ, x) 7→ v]. Lastly, if
the transition was WMComWr-I, we know that ℓ ∉ L0, x ∈ ParsPθℓ′ and that
χ′ =χ1;ℓ′;rd(x); v ;ℓ′;wrP(x);χ2.

This satisfies this case. ■

Subproof 6.3.13.G - Step case wrP for the weak-memory semantics. If
c j = wrP(x) for some x, then it must be marked with some update or assign-
ment statement S, due to the definition of marking and the lemmas associated
with it. It must have been generated by a wr-command wr(x) marked with
that same statement, from which we know that the resulting commands
were ℓ′;rd(x); vn ;ℓ′;wrP(x). By the fact that c j satisfies the conditions of
Lemma 6.3.11, we know that rd(x) has been processed; by the induction
hypothesis we know this results in a value vo of the same type as vn . For the
preconditions, as all conditions on ℓ′ are satisfied by the fact that they were
satisfied for the wr(x) that generated c j , the first precondition holds. The
second precondition holds as c j satisfies all conditions of Lemma 6.3.11. The
third precondition holds, due to the third precondition of the write-command
holding for wr(x) by the induction hypothesis, and the fact that because wrP(x)
was generated, x ∈ ParsPθℓ′ must be true. The fourth precondition follows
from the induction hypothesis on rd(x) and wr(x).

Then we have all the preconditions to enable the transition WMComWr-II.
The result of that transition straightforwardly satisfies the postconditions. ■

With Property 5 proven for the weak-memory semantics, adapting Prop-
erty 6 is straightforward. The proof reasoning stays the same, except that
now every transition either the total number of commands goes down, or the
amount of wr-commands goes down. We know that we only run out of tran-
sitions to take if there are no commands left, as there is always a command
for which Property 5 holds, through Lemma 6.3.11. If there are no commands
left, WMFinish will be enabled, after which the Done-predicate will be true.

It follows that the following theorem holds:

Theorem 6.3.14 (Properties of well-formed AuDaLa states in the weak-mem-
ory semantics). Let p = 〈∆,σ,µ, ι,sχ〉 be an AuDaLa state reached by some well-
formed program P = D ∆P such that Γ,Ω ⊢ D ∆P for some Γ,Ω. Then, for p,
the following properties hold:

• Property 1, as straightforwardly adapted for the weak-memory seman-
tics from Lemma 4.2.14,

• Property 2, as straightforwardly adapted for the weak-memory seman-
tics from Lemma 4.2.15,
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• Property 3, as straightforwardly adapted for the weak-memory seman-
tics from Lemma 4.2.16,

• Property 4, as specified by Lemma 6.3.8,

• Property 5, as specified by Lemma 6.3.12,

• Property 6, as straightforwardly adapted for the weak-memory seman-
tics from Lemma 4.2.20.

Implications and conclusions

With Theorem 6.3.14, we can straightforwardly adapt the corollaries of Sec-
tion 4.3. Notably, we know that weak and strong type soundness also hold for
the weak-memory semantics, which in the case of the strong type soundness
follows from Lemma 6.3.13:

Theorem 6.3.15. The type system of AuDaLa is sound for the weak-memory
semantics.

We also know that every expression leads to a single result value, just as
in the original semantics. If there are no race conditions in the weak-memory
semantics of a program P, observe that WMComRdExt is never used, as only
one struct instance writes to µ, and it cannot read its own values from µ. This
allows us to assert that the result values of expressions in P are deterministic.

To extend this to programs with only write-write race conditions, as dis-
cussed at the start of Section 6.3, as wr-commands generate both a rd and
a wrP command, any write-write race condition induces a read-write race
condition. From the definition of rule WMComWr-II, however, that this read-
write race condition only has bearing on the stability stack. It follows that
expression result values are deterministic in programs without read-write race
conditions not induced by a write-write race condition through the resolution
of the wr-command.

Furthermore, the read-write race condition has no bearing on updating the
stability stack in these cases. We prove this by proving the lemma given below,
which expresses that the read-write race condition caused by the resolution
of the wr-command has no bearing on updating the stability stack if the race
condition is between two struct instances. The lemma scales straightforwardly
to more than two struct instances by considering all struct instances that write
pairwise with the struct instance that reads. We therefore omit the lemma
for potential read-write conditions caused by resolving a wr command which
involve more than two struct instances.

Lemma 6.3.16 (Stack Resets are deterministic in the weak-memory semantics
(2 struct instances)). Let P be an AuDaLa program without read-write race
conditions not induced by a write-write race condition through the resolution
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of the wr-command. Let s1 and s2 be two struct instances in a write-write race
condition for a parameter x owned by a struct instance with label ℓ′ ∉L0 with
old value vo . Let s1 write v1 to x and s2 write v2 to x. Then after both writes
have been completed, the stack is reset to false|sχ| if v1 ̸= vo or if v2 ̸= vo .

Proof. Assume that v1 ̸= vo or v2 ̸= vo . As x is a parameter of a non-null
instance, we know that the writes will happen through the transitions
WMComWr-I followed by WMComWr-II, by Theorem 6.3.14. For both s1 and
s2, the write will be resolved by resolving the substack ℓ′;rd(x); vn ;ℓ′;wr(x)

Let without loss of generality v1 ̸= vo . Then either s1 reads the old vo first
or s2 does. If s1 reads the value first, it will update the stack to false|sχ| in Wr-II,
as v1 ̸= vo and Wr-II is atomic, no matter what s′ does to the stack meanwhile.
As the stack reset cannot be undone by s2 by the definition of Wr-II, the lemma
holds.

If s2 reads the value first, then either v2 = vo or v2 ̸= vo . If v2 ̸= vo , so s2 will
reset the stack, which cannot be undone during the write by s1, so the lemma
holds. If v2 = vo , then it will not update the stability stack. However, as the
value of x after the write of s2 is still vo and s1 does read that value for its own
write (either before or after the write by s2), s1 will reset the stability stack
and the lemma holds.

It follows that for AuDaLa programs without read-write race conditions
not induced by a write-write race condition through the resolution of the wr-
command processed using the weak-memory semantics:

• We can find deterministic result values for the expressions executed in
P.

• The execution results of the statements are the same as in Corol-
lary 4.3.28

• Corollary 4.3.29 can be applied to find permanent update result over
steps.

In the next section, we use this to prove the weak-memory semantics
stuttering equivalent for AuDaLa programs without read-write race conditions
not induced by a write-write race condition through the resolution of the
wr-command.

6.3.2 Proving the semantics stutter trace equivalent

In this subsection, we prove that the weak-memory semantics are stuttering
equivalent to the original semantics if there are no read-write race conditions
other than those induced by a write-write race condition through the resolu-
tion of the wr-command. For brevity, we make the assumption on the data
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races explicit for all the following lemmas and proofs:

Race Condition Assumption. We assume that there are no read-write race
conditions not induced by a write-write race condition through the resolution
of the wr-command in the programs we consider.

In the proof, we consider the names of the derivation rules which induce
transitions in both semantics to be the labels of those transitions. We use the
terms SC-state and WM-state to refer to states from the standard (sequentially
consistent) semantics and the weak-memory semantics respectively. We use
the subscripts SC and WM to distinguish the elements of both semantics which
use the same notation where necessary.

We extend the notion of an idle state as used in Section 5.3 to also encom-
pass WM-states:

Definition 6.3.17 (Idle States). We define any SC-state p = 〈∆p ,σp ,sχp〉 to be
idle iff DoneSC(σp ) = true, with DoneSC the predicate Done as defined in the
standard semantics. We define any WM-state q = 〈∆q ,σq ,µq , ιq ,sχq 〉 to be idle
iff DoneWM(σq ,µq ) = true, with DoneWM the proposition Done as defined in the
weak-memory semantics. We define busy states as states that are not idle.

Then, we define the contents of both struct instances and states.

Definition 6.3.18 (Contents of struct instances and states). Let the state p1 =
〈∆1,σ1,sχ1〉 be a SC-state. Then for any struct instance with label ℓ1 ∈L such
that σ1(ℓ1) = 〈θ1,γ1,χ1,ξ1〉, let zℓ1 : ID →V ∪ {⊥} be the function defined as

zℓ1 (x) =

{
ξ1(x) if x ∈ ParsP (θ1)

⊥ otherwise.

We define the contents Conℓ of ℓ as the triple (ℓ1,θ1, zℓ1 )
Let p2 = 〈∆2,σ2,µ2, ι2,sχ2〉 be an WM-state. Then for any struct instance

with label ℓ2 such that σ2(ℓ2) = 〈θ2,χ2,ξ2〉, let zℓ2 : ID →V ∪ {⊥} be the function
defined as

zℓ2 (x) =

{
ι2(ℓ2,x) if x ∈ ParsP (θ2)

⊥ otherwise.

We define the contents Conℓ2 of ℓ2 as the triple (ℓ2,θ2, zℓ2 ).
For any SC-state or WM-state p with struct environment σp we define the

contents function Zp : L→ (L× ID× (ID → V ∪ {⊥}))∪ {⊥} for any struct instance
of p with label ℓ as Zp (ℓ) = Conℓ. We define Zp (ℓ) = ⊥ for all other labels.

Intuitively, this extracts information on which struct instances exist and
what their parameter values are from both the SC-states and the WM-states.
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For WM-states, however, the values given for the parameters are the values at
the start of the step.

We use this to define our version of atomic propositions for this proof, using
a state labelling function:

Definition 6.3.19 (State labelling function). We define contents labelling func-
tion C. This function takes a SC- or WM-state as input, and returns either a
double containing the schedule and the busy symbol β if the state is a busy
state, or it returns a triple containing the schedule, the contents of the state
and the stability stack. It is formally defined for any SC-state or WM-state p
with schedule ∆p and stability stack sχp as:

C(p) =

{
(∆p ,β) if p is busy
(∆p , Zp ,sχp ) otherwise

We adapt the definitions of stutter trace equivalence by Baier and Ka-
toen [12, Definition 7.89] to apply them to the standard and weak-memory
semantics. To do this, we give our definitions of paths and prefixes, stutter
equivalence for prefixes and stutter prefix equivalence relative to semantics.
Note that the definitions for paths and prefixes and for stutter equivalence for
paths are restated from Section 5.3.

Definition 5.3.22 (Paths and Prefixes). Let G = (Q,→, I ) be an operational
semantics with state space Q, transition relation → and an initial state I . A
path is a sequence ϱ = q1, q2, . . . such that q1 → q2 → . . . is valid in G. If q1 = I , ϱ
is a prefix.

This follows the common definition of paths, which we repeat due to the
importance of paths to the proof. Note that a prefix is essentially an initial
path, but prefix fits better with the constructive nature of the proofs. Further-
more, we assume we can label the transitions due to the transition relation
being labelled.

We then define stutter-equivalence for paths and stutter prefix equivalence
for semantics, adapted from Baier and Katoen [12], definitions 7.86 and 7.89.

Definition 5.3.23 (Stutter equivalence for paths). Let L be a set of state labels,
let f : Q → L be a labelling function from a set of states Q to L, and let, with a
label l ∈ L, the sequence l d for some d > 0 be a sequence of d instances of l .

Two paths ϱ1 = A1, . . . and ϱ2 = B1, . . . over a set of states Q such that
A1, . . . ,B1, . . . ∈Q are stutter-equivalent with regards to f , or f -stutter-equivalent
if applying f on the states of ϱ1 results in a sequence La1

1 La2
2 . . . with a1, a2, . . . > 0

and applying f on the states of ϱ2 results in a sequence Lb1
1 Lb2

2 . . . with
b1,b2, . . . > 0, for some L1,L2, . . . ∈ L.
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Definition 6.3.20 (Stutter prefix equivalence for semantics). Let L·M1 and L·M2

be two semantics of languages G1 and G2 respectively, let Z be a set of pro-
grams such that all P ∈Z are valid in both G1 and G2. Let QG1 be all possible
states of any program in Z in L·M1, let QG2 be all possible states of any program
in Z in L·M2 and let L be a set of labels. Let f : QG1 ∪QG2 → L be a labelling
function. Then L·M1 and L·M2 are stutter prefix equivalent on f for Z iff for all
programs P ∈Z, for all prefixes ϱ1 in LPM1, a prefix ϱ2 exists in LPM2 such that
ϱ1 and ϱ2 are f -stutter-equivalent, and vice versa.

Of course, for us, G1 = G2 = AuDaLa, just with different semantics. We
continue with the main theorem we want to prove in this section:

Theorem 6.3.21 (C-SPEq). Let L·MSC be the standard semantics and let L·MWM

be the weak-memory semantics. Then L·MSC and L·MWM are stutter prefix equiva-
lent on C (C-SPEq) for all AuDaLa programs without read-write race conditions
other than those induced by wr-commands in the weak-memory semantics.

To prove this, we fix an arbitrary program P without read-write race con-
ditions other than those induced by wr-commands in the weak-memory se-
mantics. Then, as outlined by Definition 6.3.20, we prove that for all prefixes
ϱ1 possible for P in the sequentially consistent semantics, there exists a prefix
C-stutter-equivalent ϱ2 for P in the weak-memory semantics and vice versa.
Note that the traces are implicit in this approach; they are the result of apply-
ing the labelling function C to all states in a path.

We split up this proof in lemmas, which we combine together in a final
proof of the theorem. We fix L·MSC and L·MWM to be the original semantics
and the weak-memory semantics respectively. Let LPMSC and LPMWM be the
semantic interpretations of P in the original semantics and the weak-memory
semantics respectively.

We begin by proving that the initial states are C-stutter-equivalent. For this,
it is important that the two semantics use the same labels for L0. If they do not,
the contents for the null-instances will never match, which is a requirement
for prefixes to be C-stutter equivalent.

Lemma 6.3.22 (Initial state prefixes are C-SPEq). Let (P 0
P )SC and (P 0

P )WM be
the initial states of LPMSC and LPMWM , and assume that LPMSC and LPMWM use
the same set L0 for the null-labels. Then C((P 0

P )SC) = C((P 0
P )WM).

Proof. Let (P 0
P )SC be the initial state of LPMSC and let (P 0

P )WM be the initial state
of LPMWM . We prove that C((P 0

P )SC) = C((P 0
P )WM). Let LSC

0 be the null-labels used
by LPMSC and let LWM

0 be the null-labels used by LPMWM .
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As per Definition 6.2.5, the initial state (P 0
P )WM is defined as:

(P 0
P )WM = 〈∆P ,σ0

P ,µ;, ι0P ,ε〉
with

σ0
P =σ⊥[{ℓ0

θ 7→ 〈θ,ε,ξ⊥ | θ ∈ΘP }]

ι0P = ι?[{(ℓ0
θ , x) 7→ defaultVal(T ) | θ ∈ΘP , x : T ∈ ParsP (θ)}]

for all ℓ0
σ ∈LWM

0 .
Then, following Definition 6.3.18, the function Z(P 0

P )WM
for the initial state

is defined as

Z(P 0
P )WM

(ℓ) =

{
(ℓ,θ, z⊥[{x 7→ defaultVal(T ) | x : T ∈ ParsP (ℓ)}]) if ℓ ∈LWM

0 ∧ℓ = ℓ0
θ

⊥ otherwise
,

with z⊥ an empty function which returns ⊥ for all values x ∈ ID. Then, the
full label of (P 0

P )WM is (∆P , Z(P 0
P )WM

,ε), as the initial state is idle, by virtue of χ
being empty for all null-instances in it and as µ =µ;.

Paraphrased from Definition 2.4.9, the initial state (P 0
P )SC is defined as:

(P 0
P )SC = 〈∆P ,σ0

P ,ε〉
with

σ0
P =σ⊥[{ℓ0

θ 7→ 〈θ,ε,ε,ξ0
θ | θ ∈Θ}]

with

ξ0
θ = ξ⊥[{x 7→ defaultVal(T ) | x : T ∈ ParsP (θ)}]

for all ℓ0
σ ∈LSC

0 .
Then, following Definition 6.3.18, the function Z(P 0

P )SC
for the initial state

is defined as

Z(P 0
P )SC

(ℓ) =

{
(ℓ,θ, z⊥[{x 7→ defaultVal(T ) | x : T ∈ ParsP (θ)}]) if ℓ ∈LSC

0 ∧ℓ = ℓ0
θ

⊥ otherwise
,

with with z⊥ an empty function which returns ⊥ for all values x ∈ ID. In this
case, the full label of (P 0

P )SC is (∆P , Z(P 0
P )SC

,ε), as the initial state is idle.

As LSC
0 = LWM

0 by the assumption in the lemma, it follows by construction
that Z(P 0

P )WM
= Z(P 0

P )SC
.

We prove that we can extend any two C-SPEq prefixes with traces consist-
ing only of busy states, and the extended prefixes will once again be C-SPEq.
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Lemma 6.3.23 (C-SPEq of prefixes to a busy state). Let ϱSC be a prefix to an
idle state pSC in LPMSC and let ϱWM be a prefix to an idle state pWM in LPMWM

such that ϱSC and ϱWM are C-stutter-equivalent. Then for any paths ϱSC and
ϱWM in LPMSC and LPMWM respectively such that both only contain busy states
and ϱSC;ϱSC and ϱWM;ϱWM are prefixes, ϱSC;ϱSC and ϱWM;ϱWM are C-stutter-
equivalent.

Proof. To prove that ϱSC;ϱSC and ϱWM;ϱWM are C-stutter-equivalent, note that
for all states p1 in ϱSC, C(p1) = (∆SC,β) and for all states p2 in ϱWM, C(p2) =
(∆WM,β), by definition of C and the fact that no transitions from busy to busy
states change the schedule. As ϱSC and ϱWM are already C-stutter-equivalent,
it suffices to prove that ∆SC = ∆WM. To prove this, we know that ϱSC and ϱWM
end in an idle state with the same schedule, and that the transition from PSC
and PWM to the first state of ϱSC and ϱWM is a transition to a busy state. Then
we know that this transition must be either InitG or InitL for PSC and either
WMInitG or WMInitL for PWM. In both cases, the schedule of both PSC and
PWM must be of the format F < ∆′, where F is a step. As ϱSC and ϱWM are C-
stutter-equivalent, we know that PSC and PWM have the same schedule, so fix
the schedule to be F < ∆′. Then the resulting schedule of any of the enabled
transitions is the schedule ∆′. Therefore, ∆SC =∆′ =∆WM.

Next, we prove that transitions from idle to idle states preserve C-SPEq:

Lemma 6.3.24 (C-SPEq preserved for idle-idle transitions). Let ϱSC be a prefix
to an idle state pSC in LPMSC and let ϱWM be a prefix to an idle state pWM in
LPMWM such that ϱSC and ϱWM are C-stutter-equivalent. Then for all prefixes
ϱSC; p ′

SC such that p ′
SC is an idle F-state there exists a C-stutter-equivalent prefix

ϱWM;P ′
WM such that P ′

WM is an idle WM-state and vice versa.

Proof. To prove the lemma, note that the transition from PSC to P ′
SC and the

transition from PWM to P ′
WM must both be transitions from idle states to idle

states. There are three transitions that can be taken in both semantics from
idle to idle state:

• FixInit in the standard semantics, which is mirrored by WMFixInit in
the weak-memory semantics.

• FixIter in the standard semantics, which is mirrored by Fix-Iter in the
weak-memory semantics.

• FixTerm in the standard semantics, which is mirrored by Fix-Resolve in
the weak-memory semantics.

All three transition pairs change the schedule and stability stack in the same
way and do not change the contents functions, from which it follows that any
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prefix ϱSC; p ′
SC such that p ′

SC is an idle state a prefix ϱWM; p ′
WM exists such that

p ′
WM is an idle state and C(p ′

SC) = C(p ′
WM). From this the lemma follows.

The following lemmas and definitions have the goal to prove that if an SC-
state pSC and a WM-state pWM with C-stutter-equivalent prefixes ϱSC and ϱWM
both execute a step F , for all resulting prefixes ϱSC;ϱ′SC where ϱ′SC is a path of
an execution of F from pSC, there exists a C-stutter-equivalent prefix ϱWM;ϱWM,
where ϱ′WM is a path of an execution of F from pWM. See also Lemma 6.3.30.

We first define the notion of corresponding states and struct instances. In-
tuitively, a pair of states or a pair of struct instances is corresponding iff the
contents of both elements of the pair is the same.

Definition 6.3.25 (Corresponding states). Let pSC be an idle SC-state with
struct environment σSC and contents function ZpSC and let pWM be an idle
WM-state with struct environment σWM and contents function ZpWM such that
C(pSC) = C(pWM). Then pSC and pWM are corresponding states.

Lemma 6.3.26 (Correspondence of struct instances). Let pSC be an idle SC-
state with struct environment σSC and contents function ZpSC and let pWM
be a corresponding idle WM-state with struct environment σWM and contents
function ZpWM . Then for any label ℓ ∈L, σSC(ℓ) ̸= ⊥ iff σWM(ℓ) ̸= ⊥ and ZpSC (ℓ) =
ZpWM (ℓ).

Proof. Follows directly from Definition 6.3.18.

It follows that for all corresponding states pSC and pWM, we can pair up the
struct instances into corresponding struct instances:

Definition 6.3.27 (Corresponding struct instances). Let SC-state pSC and WM-
state pWM be two corresponding states, with the struct environments of the
states being σSC and σWM respectively. Then for any ℓ ∈ L s.t. σSC(ℓ) ̸= ⊥,
the struct instances sSC = σSC(ℓ) and sWM = σWM(ℓ) are corresponding struct in-
stances.

We then define step execution paths:

Definition 6.3.28 (Step Execution Path). Let ϱ = p1, p ′
1, . . . , p2 be a path of a

program P from idle state p1 to idle state p2 such that p1 and p2 are the only
idle states in ϱ and p ′

1 is a busy state reached from p1 through a transition
t1. Then the path from p ′

1 to p2 is a step path of step F , where F is the step
removed from the schedule in t1.

Note that in this definition, p1 is idle and p ′
1 is busy, so t1 must be one of

the transitions InitL, InitG, WMInitL or WMInitG, all of which remove a step
F from the schedule. It follows that F is always defined.
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We continue by connecting the step resolutions along the two semantics,
using the adaptation of Theorem 4.2.21 for the original semantics into Theo-
rem 6.3.14 for the weak-memory semantics, as given in Section 6.3.1. This is
done by proving the following lemma:

Lemma 6.3.29 (Step Resolution). Let pSC be an idle F-state with struct envi-
ronment σSC and let pWM be an idle WM-state with struct environment σWM
such that C(pSC) = C(pWM) = (∆, Z ,sχ). Let ϱSC and ϱWM be step paths of step
F in LPMSC and LPMWM respectively, such that pSC;ϱSC and pWM;ϱWM are also
paths in LPMSC and LPMWM . Let ℓ be a label of struct instances sSC =σSC(ℓ) and
sWM =σWM(ℓ). Then for all statements S in F for sSC and sWM:

1. The stability stack is reset before S is fully resolved by sWM iff sSC resets
the stability stack during the resolution of S.

2. if S is an if-statement, the statements contained in S are executed by sSC
iff they are executed by sWM.

3. sWM writes a value val to a variable v of a struct instance with label ℓ′
during the resolution of S iff sSC writes val to v of ℓ′ during the resolution
of S.

4. For all constructor statements or expressions W included in S, let s′SC be
the struct instance created for W by sSC and let s′WM be the struct instance
created for W by sWM. Let ℓSC be the label of s′SC and let ℓWM be the label
of s′WM. If ℓSC = ℓWM, then Cons′SC

= Cons′WM
.

Proof. Due to Theorem 6.3.14, we know the preconditions and the postcon-
ditions of all transitions taken in the execution of P. Furthermore, we have
established in Section 6.3.1 that the result values of expressions executed in
a program without read-write race conditions not induced by processing a wr
command are deterministic and that the stability stack updates are also de-
terministic and that statement results are also deterministic. (Note that we
use deterministic as defined in the thesis here, which means that the newly
introduced labels are ignored.) Due to the Refs-predicate, statements are exe-
cuted sequentially consistently with the statements they depend on. It follows
that without loss of generality we can assume that sWM executed its commands
sequentially consistently in ϱWM.

This allows us to disregard the requirements on the Refs predicate of
Property 5 as defined for the weak-memory semantics. All other preconditions
and postconditions defined in Property 5 for the weak-memory semantics
(Lemma 6.3.12) have an equivalent property in Property 5 as defined for the
original semantics (Lemma 4.2.18). For most preconditions and postcondi-
tions this is straightforward, with three exceptions:

• The pre and postconditions of the wr-commands and wrP-commands
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combined are the weak-memory equivalent to the pre and postconditions
of the wr-commands in the original semantics.

• In the weak semantics, Property 5 only asserts the type of a value read by
a rd-command as a postcondition, due to the fact that the environment
read from depends on the transition. However, as the type of a value
read depends on the type the value has in the environment it is read
from directly, this is equivalent to the precondition on the type of the
value read in Property 5 as asserted for the original semantics.

From this it follows that if sSC and sWM are from states with equivalent
contents and execute the same statement S in the same step F , all of the
requirements of the lemma hold, as we can directly match the transitions taken
by sSC with those taken by sWM according to the principles outlined above. It
follows that the lemma holds.

In the proof, note that we cannot assert that sSC and sWM use the same labels
for newly created struct instances, as the semantics leaves the choice of which
labels used arbitrary. Assuming that they do use the same labels is therefore
necessary to conclude that Cons′SC

= Cons′WM
.

Then, we prove that if two idle states in both semantics are C-stutter-
equivalent, then after a step execution the resulting idle states are also
C-stutter equivalent.

Lemma 6.3.30 (Extending C-stutter-equivalence over step paths). Let ϱSC be
a prefix to an idle state pSC in LPMSC and let ϱWM be a prefix to an idle state
pWM in LPMWM such that ϱSC and ϱWM are C-stutter-equivalent. Then any prefix
ϱSC;ϱ′SC such that ϱ′SC is a step path for step F exists if there exists a C-stutter-
equivalent prefix ϱWM;ϱ′WM such that ϱ′WM is a step path for step F and vice
versa.

Proof. Let p ′
SC be the idle state at the end of ϱ′SC and let p ′

WM be the idle state at
the end of ϱ′WM. Let ϱ′′SC and ϱ′′WM be the paths ϱ′SC and ϱ′WM but with the states
p ′

SC and p ′
WM removed. As proven in Lemma 6.3.23, ϱSC;ϱ′′SC and ϱWM;ϱ′′WM are

already C-stutter-equivalent.
Therefore, proving the lemma comes down to proving that any prefix

ϱSC;ϱ′SC where ϱ′SC is a step path for step F ending at p ′
SC exists iff there exists

a prefix ϱWM;ϱ′WM where ϱ′WM is a step path for step F ending at p ′
WM such that

C(p ′
SC) = C(p ′

WM). We prove this by proving that for ϱ′SC, we can specify ϱ′WM;
the reverse is analogous. For this proof, note that C(pSC) = C(pWM).

By the definition of ϱ′SC and the hypothetical ϱ′WM, we know that both are
reached by calling F from the schedule. As no transitions from busy states
change the schedule any further, we know that p ′

SC and p ′
WM share the same

schedule no matter which ϱ′WM we choose such that ϱWM;ϱ′WM is a prefix.
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Let sSC be a struct instance present in pSC. From Lemma 6.3.26, it follows
that sSC corresponds to a struct instance sWM in pWM, and that both are present
all through ϱ′SC and any ϱ′WM chosen. As the labels sSC introduces during ϱ′SC
are arbitrary, there is always a step path ϱ′WM in LPMWM such that ϱWM;ϱ′WM
is a prefix and sWM introduces the same labels for the same constructors, so
we choose ϱ′WM such that sSC and sWM introduce the same labels for the same
constructors. Then it follows from point 2 of Lemma 6.3.29 that during the
resolution of F , sWM and sSC follow the same execution flow and execute the
same statements. It follows from the other points of Lemma 6.3.29 that sSC
creates struct instances if sWM creates the same struct instances, sSC writes a
value to a variable if sWM writes the same value to the same variable and sSC
updates the stability stack if sWM updates the stability stack, and vice versa.
We therefore choose ϱ′WM such that all corresponding struct instances sSC and
sWM introduce the same labels for the same constructors.

With this choice, for any corresponding struct instances sSC and sWM, when
resolving a statement, sSC writes v to x iff sWM writes v to x for any variable x.
Due to this, if there are no race conditions in F , x will reflect the write from
sSC in Zp ′

SC
iff x reflects the write from sWM in Zp ′

WM
. It follows that in this

case, for this ϱ′WM, Zp ′
SC

= Zp ′
WM

.

If there is a write-write race condition, this does not necessarily need to
hold. However, among the possible choices for an ϱ′WM such that all corre-
sponding struct instances sSC and sWM introduce the same labels at the same
places for any ϱ′SC, there always exists one such that ϱ′SC and ϱ′WM resolve the
race conditions the same way. This follows from the fact that race condition
resolution is independent from the step execution, so all possible resolutions
will have their respective paths. Due to Lemma 6.3.16, we know that the
stability stack will be reset in ϱ′SC iff it is reset in ϱ′WM. Then, when choosing
that ϱ′WM, even with write-write race conditions and read-write race conditions
induced by the write-write conditions, Zp ′

SC
= Zp ′

WM
.

Therefore, p ′
SC and p ′

WM have the same schedule, contents and stability
stack. It follows that C(p ′

SC) = C(p ′
WM). Therefore, the lemma holds.

From this, we conclude the following theorem:

Theorem 6.3.21 (C-SPEq). Let L·MSC be the standard semantics and let L·MWM

be the weak-memory semantics. Then L·MSC and L·MWM are stutter prefix equiva-
lent on C (C-SPEq) for all AuDaLa programs without read-write race conditions
other than those induced by wr-commands in the weak-memory semantics.

Proof. We prove the theorem by proving that a prefix ϱSC exists in LPMSC if a
C-stutter-equivalent prefix ϱWM exists in LPMWM and vice versa. We do this via
induction on the number of idle states i in ϱSC and ϱWM.
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i = 1: In this case, ϱSC and ϱWM consist of only an initial state (which is an idle
state). As the set L0 is not specified for the initial states, we can fix L0

to be the same set for both initial states. Then, from Lemma 6.3.22, we
know that the initial states have the same label in C. It follows that ϱSC
and ϱWM are C-stutter-equivalent.

i > 1: By induction hypothesis, let ϱSC and ϱWM be C-stutter-equivalent. Let pSC
and pWM be the last idle states of ϱSC and ϱWM respectively. Then we do
a case distinction on the next transition taken by pSC and pWM:

– If the next transition of pSC (analogously pWM) is a transition to an
idle state p ′

SC, then the resulting prefix ϱSC; p ′
SC can be mirrored by

some prefix ϱWM; p ′
WM, as proven in Lemma 6.3.24.

– If the next transition of pSC (analogously pWM) is a transition to
a busy state, then any prefixes ϱSC; pr ′

SC where ϱ′SC ends in a busy
state exists iff a C-stutter equivalent prefix ϱWM;ϱ′WM exists where
ϱ′WM ends in a busy state as proven in Lemma 6.3.23. As this is
a step case for an induction on idle states, we can split up paths
with multiple idle states in it. We then only need to prove that
any prefixes ϱSC;ϱ′SC where ϱ′SC is a step path exist iff a C-stutter
equivalent prefix ϱWM;ϱ′WM exists where ϱ′WM is a step path. This
follows from Lemma 6.3.30.

As the induction holds, a prefix ϱSC exists in LPMSC if a C-stutter-equivalent
prefix ϱWM exists in LPMWM and vice versa. This means that the theorem holds.

With this, we can conclude the following:

Corollary 6.3.31. The original semantics and the weak-memory semantics
are functionally equivalent as long as the program executed does not contain
read-write race conditions other than those induced by the resolution of wr-
commands in the weak-memory semantics.

6.4 Conclusion

In this section, we have given several adaptations of the AuDaLa semantics,
including one more extensive adaptation to make the semantics more com-
patible with conventional hardware. We have proven this last, weak-memory
semantics to be functionally equivalent to the original semantics as given in
Section 2.4.

Sections 6.2 and 6.3 are based on our contributions to the paper by Leem-
rijse et al. [110]. The paper goes beyond the definition of their weak-memory
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semantics and also gives an axiomatisation of the memory model of the weak-
memory semantics, which is proven to be a correct axiomatisation encoding
all possible sequences of transitions that may occur during the execution of an
AuDaLa program. This axiomatisation is then compared with the axiomatic
model PTX, which encodes the possible executions in CUDA. Tests indicate
that the two memory models are compatible, making AuDaLa using the weak-
memory model compatible with PTX, as long as no “out of thin air” behaviour
(nonsensical behaviour that does not translate to actual executions) occurs.

The weak-memory semantics and the proof of C-SPEq of the original and
the weak-memory semantics imply that to some functional extent, we can
decouple theoretical language design, focused on verification and simplicity,
from practical language design, focused on performance and hardware imple-
mentation, without sacrificing too much of either. Though it takes a bit more
work, one could use the method used above to create an entire web of func-
tionally equivalent semantics, all focused on specific hardwares or theoretic
properties. By using the web of semantics, we can separate the analysis of
AuDaLa and its programs for different properties more easily while keeping
the language the same.



Part II

AuDaLogic





Chapter 7
Defining AuDaLogic

In Part I, we have created AuDaLa, the Autonomous Data Language and ex-
plored it. Notably, we have defined some properties on well-formed AuDaLa
programs in Chapter 4, and proven some example programs correct in Chap-
ter 5. These proofs are lengthy and require precision in how the program
is approached, but they also demonstrate that there is a structure to proving
AuDaLa programs correct.

In this chapter, we develop verification of AuDaLa further by formalising
AuDaLa proofs with a proof system, AuDaLogic (Autonomous Data Logic), to
prove AuDaLa programs correct. This proof system gives us a more elegant
framework to consider AuDaLa programs in, which also does a lot of heavy
lifting for us, like considering how to decompose AuDaLa programs and how
the available resources should be represented. It is based on concurrent sep-
aration logic [29, 31, 143] (CSL) with permissions, with as starting point the
work by Vafeiadis [173] on proving proof systems using CSL sound.

We chose CSL with permissions as a starting point due to its capability to
split resources between processes until there is only one process to be consid-
ered locally, which we found important to be able to do in an AuDaLa system
with decentralized struct instances. Conventional CSL mostly considers these
resources to be memory resources, but the logic also supports other interpre-
tations of splitting the state, which we use to split the active struct instances as
well. This leads to an elegant logic where one can continuously keep splitting
the state until only one struct instance and its resources are left. Here, the
struct instance can specifically be considered to execute steps separately from
all other struct instances, like in the proofs of Chapter 5. This is extremely
useful for finding the effects of steps.

There are differences between conventional CSL and AuDaLogic, however.
First of all, most applications of CSL consider memory resources to be passive
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and moved around between processes. In AuDaLa, however, every process
is instead owned by a memory resource, and manipulates the links between
memory resources. We have bridged this conceptual gap in AuDaLogic using
a fictional memory heap connected to the AuDaLa semantics, to be able to
consider memory resources similarly to conventional CSL.

Furthermore, AuDaLa execution and the more process-focused execution
assumed for more conventional CSL do not quite match. As in AuDaLa there
are no directly related threads or processes, but decentralized struct instances,
we have added another construct to our adaptation of CSL, the label triple.
This construct specifies which struct instances we are currently considering to
be active. Like the memory heap, we have connected the label triple to the
AuDaLa semantics. Additionally, as the relations between struct instances in
AuDaLa are far more important to the functioning of the program than for
conventional programming languages, we have also decided to utilize higher
order logic in AuDaLogic. This allows us to for example specify that there
exists a set of struct instances which form a list, which can be a vital property
to prove the correctness of a list initialization method in AuDaLa.

Though AuDaLogic bridges the differences between the assumptions of
conventional CSL and AuDaLogic reasonably well, there are still some differ-
ences which would benefit from more study. For example, AuDaLogic does not
use resource invariants, as AuDaLa does not use critical sections and locks, for
which these resource invariants were introduced [30, 146]. This also means
that AuDaLogic does not need a notion of precision for the conjunction rule
of AuDaLogic [79, 173]. However, AuDaLa and AuDaLogic could benefit from
critical sections and locks and what that would look like without sacrificing
the design principles of AuDaLa. This we leave to future work.

Despite the complications of adapting CSL for AuDaLa, we consider the
current version of AuDaLogic to be surprisingly elegant. Most notably, it has a
natural split between a proof on the schedule level and a proof on the state-
ment level, mirroring Chapter 5.

In Section 7.1 we first discuss the relevant preliminaries. We continue in
Section 7.2 with the definition of the syntax and semantics of our proof system,
AuDaLogic. We define some methods for translating AuDaLa to AuDaLogic in
Section 7.3 and we give the proof rules for AuDaLogic in Section 7.4. Lastly,
we give an example proof tree proving linear time sorting (as discussed in
Section 3.4.1) in Section 7.5 and we conclude in Section 7.6.
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7.1 Preliminaries - Proving Programs with Triples

7.1.1 Hoare logic

One of the most famous and well-known formal systems for proving programs
correct is Hoare logic [7, 60, 91], which uses Hoare triples to reason about the
effects of executing code. Hoare triples have the form {P }X {Q}, where P is a
precondition, X is a program or a part of a program to be executed, and Q is
a postcondition. The Hoare triple {P }X {Q} holds if and only if executing the
code X from a state which satisfies the precondition P always leads to a state
in which the postcondition Q holds upon termination of X .

As an example, if our code X consists of the statement x := y + 1, and our
precondition P is defined as y = 1∧ x = 5, and we can assume that X will be
executed without intervention from other processes, we can express that with
the Hoare triple {y = 1∧ x = 5}x := y + 1{y = 1∧ x = 2} for the execution of X from
any state satisfying P .

The strength of Hoare logic is that it defines axioms and proof rules to estab-
lish the correctness of Hoare triples. Axioms are basic assumptions assumed to
always hold. Proof rules specify a number of premises and a conclusion such
that if the premises hold, the conclusion must also hold. We denote proof rules
using inference rule notation, where if the premises of the inference above the
line hold, the conclusion below the line also holds. Axioms are given as infer-
ence rules without premises, which intuitively state that no premises have to
hold for the conclusion to be true. For example, consider the following axiom,
established by Hoare (taken from [7]):

(ASSIGNMENT)
{P [x 7→ t ]}x := t {P }

This axiom states that if we have a postcondition P from the execution of
the code x := t , then we must have started in a state where the precondition
formed by replacing all instances of x by t in P holds. This allows us to directly
establish the truth of some Hoare triples, for example the following Hoare
triple:

{5 ≤ 10}x := 5{x ≤ 10}

A second example of a proof rule is the following rule, also established by
Hoare ([7]):

(CONSEQUENCE)
P ⇒ P1 {P1}X {Q1} Q1 ⇒Q

{P }X {Q}

This proof rule states that if we execute X from a state satisfying P , then if P
implies P1, if the Hoare triple {P1}X {Q1} holds and if Q1 implies Q, then the
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Hoare triple {P }X {Q} also holds. Using this proof rule, we can establish that
even more Hoare triples hold. As an example, consider the Hoare triple given
below:

{x ≤ 8}x := x + 5{x ≤ 15}

The correctness of this triple follows from the fact that x ≤ 8 ⇒ (x + 5) ≤
13, and (x + 5) ≤ 13 ⇒ (x + 5) ≤ 15. It follows that with the CONSEQUENCE and
ASSIGNMENT rules, we can prove this Hoare triple to be correct.

Deduction proofs using Hoare proof rules can be shown as proof trees. For
example, to prove {x ≤ 10}x := x + 5{x ≤ 15}, we can create the following proof
tree, where A stands for an application of ASSIGNMENT, and C stands for an
application of CONSEQUENCE.

x ≤ 8 ⇒ (x + 5) ≤ 15
A

{(x + 5) ≤ 15}x := x + 5{x ≤ 15} x ≤ 15 ⇒ x ≤ 15
C

{x ≤ 8}x := x + 5{x ≤ 15}

So far, we have assumed that we can just apply our proof rules on the code
given, but in reality, these proof rules have to be sound for the programming
language that is being considered before they can be applied. A proof system,
or a set of proof rules, is sound for a language if the conclusions based on
the premises hold with regards to the semantics of the language. Intuitively,
this means that anything we prove using Hoare logic is actually true for the
language we are using.

For example, if in our language x := 5 actually updates x to 11, the axiom
ASSIGNMENT does not hold for our language and we cannot derive the conclu-
sion that {5 ≤ 10}x := 5{x ≤ 10} using that axiom.

Hoare logic is widely applied, but for programs with pointers the method
fell short and became hard to use [28]. To solve that, Hoare logic was ex-
tended to separation logic [141, 159].

7.1.2 Separation logic

Data is stored in the memory of a computer during program execution, and
indexed using memory addresses. Many programming languages work with
pointers, which allow the program to access the memory address defined by
some expression to retrieve the value therein directly.

Let for the context of this section the notation of a pointer in some simple
programming language be [·]. As an example, if we write [x] := 5, we do not
overwrite the value of the variable x with 5, but the memory at the address x.

This can lead to problems with Hoare logic, as we cannot straightforwardly
apply the assignment axiom above on pointer programs. This is because if we
have the program [x] := 5; [y] := x + 1, we do not know the values of x and y ,
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so we do not know if the value of [x] after these statements will be 5 or 6.
To conclusively prove something about [x] and [y] after the execution of our
program, we need to take into account that x and y may point to the same
address, which is called aliasing.

This problem grows in complexity with the complexity of the program.
While it is possible to reason about programs like this in Hoare logic [28],
separation logic presents an elegant way to deal with this problem.

The memory heap and the separator

Separation logic adds a model of the memory to Hoare logic, the memory heap.
Generally, this is a function of memory addresses to values. Furthermore, sep-
aration logic adds variable environment to the logic, which is a function from
variables to their values. To reason a bit more concretely about the mem-
ory, Separation logic uses memory assertions of the form x 7→ a to assert that
the memory heap consists of a single memory cell with the address saved in
variable x, which contains the value a.

Hoare logic generally uses assertions with the standard logical operators,
like ∧,∨,¬ and ⇒. In separation logic, there are two additional logical oper-
ators, the separating conjunction ∗ and the separating implication −∗. These
are used to reason about the memory heap. We generally shorten “separating
conjunction” to just “separator”.

For the predicates P and Q, the predicate P ∗Q can be intuitively explained
as P and separately Q, in the sense that no memory locations used in P and
Q overlap. If P and Q are pure, which is the case when no memory locations
are used in both P and Q, P ∗Q is equivalent to P ∧Q. In a sense, by using
P ∗Q, the memory heap is split in two, with one part being available for the
predicate P and one for the predicate Q.

As an example, x 7→ a ∗ y 7→ b states that x and y are distinct memory cells,
where address x has value a and address y has value b. If this predicate holds,
there will be no aliasing between x and y , due to the separator.

The predicate P −∗Q states that, with a current memory heap b, if we add
the memory heap a satisfying P to b, then the full memory heap consisting of
both a and b satisfies Q. If both P and Q are pure, then P −∗Q is equivalent to
P ⇒Q.

As an example of a use for the separating implication, (x 7→ a)∗((x 7→ 3) −∗Q)
(adapted from [141]) states that we have a memory heap containing a cell x
which has value a, and furthermore that if a = 3, Q holds.

In separation logic, there is also an additional constant emp, which is true
iff the memory heap is empty. The relation between emp is comparable to the
relation between true and logical conjunction. For example, P ∧ true ⇔ P , and
P ∗emp ⇔ P .
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Note that P ∗ true ̸⇔ P . For example, x 7→ a states that the memory heap
should consist of a single memory cell with address x and value a, where
x 7→ a∗true only states that the aforementioned memory cell should be present
in the heap. This is because we can split the heap into that memory cell and a
heap which satisfies true, for all heaps satisfy true.

Furthermore, just like P ∧ false ⇔ false, P ∗ false ⇔ false, as we will never
be able to split the heap in such a way that it satisfies false. For the relation
between emp and −∗, this is not as simple, as emp −∗ P ⇔ P and P −∗ emp is
false if P is not pure, as by adding a non-empty heap to the current heap, the
resulting heap will not satisfy emp.

By definition of x 7→ a, x 7→ a ∧ y 7→ b is false unless x = y and a = b, as
the assertion requires that only a single memory cell is in the memory heap.
To be able to just reason about the contents of the heap without putting re-
quirements on the concrete structure, separation logic often uses a weakened
memory assertion which we call memory inclusion, denoted as x ,→ a, to assert
that the memory cell x is in the heap and has value a. The memory inclusion
assertion is formally defined as x 7→ a∗ true, so we can split the heap such that
one part of the heap is the single cell x which has value a.

Memory inclusions are more flexible and work better with logical conjunc-
tion. For example, x ,→ a ∧ y ,→ b is true if there exist both a memory cell with
address x and value a and a memory cell with address y and value b in your
memory heap, regardless of whether these are the same cell or not.

As memory assertions x 7→ a essentially contain both the statement that the
memory contains a single memory cell with address x and that the value of
this cell is a, Separation logic also often uses the shorthand x 7→ −, which is
short for ∃a.x 7→ a. It follows that as memory cells have values by definition,
x 7→ − only asserts that the memory heap is a single memory cell with address
x.

The frame rule and concurrent separation logic

Due to the definition of the separator and the memory heap, proof systems
using separation logic have a frame rule, which generally has the following
shape:

(FRAME RULE)
{P }X {Q} X does not modify anything in R

{P ∗R}X {Q ∗R}

This rule allows the proof system to discard parts of the memory context
which are not relevant for the current piece of code X , which can greatly
simplify the pre- and postcondition and therefore the proof of X .

As an example, the frame rule can be used as follows [141]:
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{y 7→ 0}[y] := x{y 7→ x}
FRAME RULE

{y 7→ 0∗x 7→ a}[y] := x{y 7→ x ∗x 7→ a}

This is particularly useful in one of the major applications of separation
logic, the verification of concurrent programs. When used in this way, the
proof system is usually referred to as concurrent separation logic [29, 31, 143]
(CSL). In CSL, the frame rule can be adapted to split concurrently executed
processes to consider them on their own. Consider the program X1∥X2. We
can then establish the following concurrency rule:

(CONCURRENCY RULE)

{P1}X1{Q1} X1 does not modify anything in P2

{P2}X2{Q2} X2 does not modify anything in P1

{P1 ∗P2}X1∥X2{Q1 ∗Q2}

This then allows us to consider X1 and X2 separately. For example:

{y 7→ 0}[y] := x{y 7→ x} {x 7→ a}[x] := y{x 7→ y}
CONCURRENCY RULE

{y 7→ 0∗x 7→ a}[y] := x∥[x] := y{y 7→ x ∗x 7→ y}

One drawback of using CSL to verify concurrent programs is that it requires
a clean and total split of the memory. While this prevents race conditions, it
also prevents different processes to read from the same resources, even if they
do not otherwise change the resources. To at least allow processes to share
some read-only resources, a common extension to CSL is to add permissions
to CSL [173].

With permissions, a memory assertion has the form x
ζ7−→ a, where ζ is the

permission within a range (0,1] (so excluding 0). CSL then allows for writes to

x iff ζ = 1. The separator is adapted such that x
ζ7−→ a ⇔ x

ζ17−→ a ∗x
ζ27−→ a is true iff

ζ1 +ζ2 = ζ and ζ≤ 1. This way, when the memory heap is split, some resources
can be present in the heap at both sides of the split, but only to read from.

This admits for example the following use of the concurrency rule, adapted
for permissions.

{y
17−→ 0∗ z

1
27−→ b}[y] := z{y

17−→ z ∗ z
1
27−→ b} {x

17−→ a ∗ z
1
27−→ b}[x] := z{x

17−→ z ∗ z
1
27−→ b}

{y
17−→ 0∗x

17−→ a ∗ z
17−→ b}[y] := z∥[x] := z{y

17−→ z ∗x
17−→ z ∗ z

17−→ b}

We found CSL with permissions to be a good starting point for creating
a proof system for AuDaLa, due to the possibility to consider processes, and
therefore struct instances, separately from the other struct instances, as the
processes are considered separately when applying the concurrency rule. In
the following sections, we adapt and extend CSL extended with permissions
to be a fully fledged proof system for AuDaLa. To do this, we add another



180 Defining AuDaLogic

model alongside the memory model, which tracks the currently considered
elements, and give our own proof rules which we prove sound with regards to
the semantics of AuDaLa.

7.2 Defining AuDaLogic Expressions and Predi-
cates

In this section, we define the syntax and semantics of AuDaLogic. AuDaLogic
expands upon CSL by separating not only the memory heap, but also the struct
instances of AuDaLa currently considered active through the use of a label
triple. For this, it expands the CSL memory heap to a full AuDaLogic state, and
it extends the functionality of the separator and separating implication to be
able to split both the memory heap and this label triple.

To define AuDaLogic, we first define some general sets and functions. We
then define the AuDaLogic states. With this, we define ways to merge the
AuDaLogic state, an ordering on the memory heap, as well as the syntax and
semantics of AuDaLogic expressions. After that, we give the syntax and seman-
tics of AuDaLogic predicates, which we then use to define some shorthands
and an activation relation between predicates.

General sets and functions

Like the semantics of AuDaLa, the semantics of AuDaLogic are defined relative
to an AuDaLa program P. We use the following sets and functions which
contain information extracted from P or from the definition of AuDaLa with
regards to P. We define simple expressions to be expressions in which no
constructor expression occurs.

• The set ΘP , which contains all struct identifiers of P.

• The set IDS , which contains all step names of P.

• The set IDV , which contains all variable names of P.

• The set L, which contains all labels in P.

• The set L0, such that L0 ⊆L, which contains all null-labels in P.

• The set ST , the set of all possible statements of AuDaLa.

• The set EX , the set of all possible expressions of AuDaLa.

• The set EXC such that EXC ⊆ EX , which contains all constructor expres-
sions of AuDaLa.

• The set EX S such that EX S ⊆ EX , which contains all simple expressions of
AuDaLa
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• The set T of syntactic types of P.

• The set T of semantic types of AuDaLa.

• The set V, which contains all semantic values of AuDaLa.

• The function StepStatsP : IDS ×ΘP → ST∗, defined such that for some
step F and some θ ∈ ΘP , StepStatsP (F,θ) returns the possibly empty list
of statements of the step F as defined in the struct with type θ in P.

• The function ParsP : L∪ΘP → ID∗
P , defined such that for some input

θ ∈ ΘP , ParsP (θ) returns the parameters of θ as defined in P, and for
some input ℓ ∈ L, such that the struct instance of ℓ has the struct type
θℓ, ParsP (ℓ) returns the parameters of θℓ.

We define the functions dom( f ) to give the domain of a function f and we
define that def ( f (a)) = true iff a ∈ dom( f ). We extend this to binary operators,
such that def (a◦b) = true iff the binary operator ◦ is defined for a and b. We also
define the set of all AuDaLogic variables as A, with a subset L⊂A containing
AuDaLogic label variables. Lastly, we define a set of permissions Z = (0,1]∪{ζ0},
with ζ0 a special null-permission, which we will use to encode null-parameters
from the AuDaLa semantics in AuDaLogic.

The AuDaLogic state

In AuDaLogic, we use predicates that are either true or false for the AuDaLogic
state, the state which reflects the current state of the AuDaLa execution. The
AuDaLogic state is defined as follows:

Definition 7.2.1 (AuDaLogic State). An AuDaLogic state is a triple (α,h,ς),
where

1. α⊆ (L×ΘP )× (L×ΘP )×L is the label triple, with the first set containing
the active labels and their struct types, the second set containing the
newly created labels and their struct types and the third set containing
unused labels. We denote the first set as α(1) ⊆L×ΘP , the second set as
α(2) ⊆L×ΘP and the third set as α(3) ⊆L. For any label triple α, it holds
that α is defined iff Øℓ.∃1≤i < j≤3.ℓ ∈α(i )∧ℓ ∈α( j ).

2. h : (L×IDV )* Z ×V is the data heap, which takes a label and an AuDaLa
variable name, and returns the permission and the value of the variable
as owned by the struct instance of the label.

3. ς : A→ ΘP ∪ Z ∪ IDV ∪V ∪⋃
n 2V

n
is the AuDaLogic variable environment

containing the context for our predicates. It takes an AuDaLogic variable
and returns a struct type, variable name, permission, value or values
relation (first or higher order).



182 Defining AuDaLogic

Generally, we use “AuDaLogic environment” as a shortening for the AuDaLogic
variable environment. Additionally, we assume that α(1), α(2) and h are finite,
as we are working with finite programs P, and finite programs imply finite
amounts of active struct instances and parameters to be in the heap. In con-
trast, we assume α(3) to be infinite.

Example 7.2.2. As an example state, consider the state (αe ,he ,ςe ), which we
shall use to illustrate some of the following definitions of this section. For this
state, let αe = ({(ℓ1,θ1), (ℓ2,θ2), (ℓ3,θ3)}, {(ℓ4,θ2)},αe (3)), such that there exist two
labels ℓa ∉ αe (3) and ℓb ∈ αe (3). Intuitively, this means we have three active
elements for executing steps, one new element (not yet executing steps) and
a set of unused labels which includes ℓb but not ℓa .

Furthermore, let he be the heap defined as

he (ℓ1,var1) = (0.5,6) he (ℓ1,var6) = (1,42)

he (ℓ2,var2) = (1,ℓ3) he (ℓ2,var4) = (0.125,ℓ1)

he (ℓ4,var4) = (1, true)

and undefined otherwise. Intuitively, that means we have permissions for
reading the var1 variable of ℓ1 and the var4 variable of ℓ2, as well as full
permissions for the other three variables in the heap.

Lastly, let ςe be a AuDaLogic environment in which ςe (a1) = ℓ1, ςe (L) =
{ℓ1,ℓ2}, and ςe (a2) = true. Intuitively, this denotes that we have some AuDa-
Logic variables which are relevant in our context; a1 refers to ℓ1, L represents
a set {ℓ1,ℓ2}, and a2 representing true.

Merging label triples, heaps and states

Merging (and splitting) memory is a distinguishing feature of separation logic
and CSL. In AuDaLogic, we extend this to the label triple and to the AuDaLogic
state as a whole, which we will use for the semantic definition of the separator
in AuDaLogic, later in this section. To do this, we will first define ways to
merge label triples and heaps, which we then extend to the states.

First of all, to work with the label triple α, we define that ℓ ∈ α(i ) with
i ∈ {1,2} iff ∃θ ∈ ΘP .(ℓ,θ) ∈ α(i ). We define that ℓ ∈ α iff ℓ ∈ α(i ) for some
i ∈ {1,2,3}. We then define a merge operator for label triples:

Definition 7.2.3 (Merging label triples). We define a merge operator ♦ for
our label triples such that def (α1♦α2) iff Øℓ ∈L.ℓ ∈α1 ∧ℓ ∈α2. If def (α1♦α2),
α1♦α2 = (α1(1)∪α2(1),α1(2)∪α2(2),α1(3)∪α2(3)).

Secondly, for our memory heap, we use permissions in much the same way
as they are used by Vafeiadis [173], except for the addition of ζ0.
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Definition 7.2.4 (Merging permissions and heaps). We define ⊕ as addition
within the range (0,1], extended for ζ0 such that ζ0⊕ζ0 = ζ0 and ∀ζ1∈(0,1).ζ0⊕ζ1 =
ζ1 ⊕ζ0 = ζ1.

We extend this for permission/value pairs as follows:

(ζ1, v1)⊕ (ζ2, v2) =

{
(ζ1 ⊕ζ2, v1) if v1 = v2 ∧def (ζ1 ⊕ζ2)

undefined otherwise.

We further extend the operator for heaps, and define that h1⊕h2 is defined
iff h1(a)⊕h2(a) is defined for all a ∈ dom(h1)∩dom(h2). Then h1⊕h2 is defined
with dom(h1 ⊕h2) = dom(h1)∪dom(h2) and for all a ∈ dom(h1 ⊕h2):

(h1 ⊕h2)(a) =


h1(a)⊕h2(a) if a ∈ (dom(h1)∩dom(h2))

h1(a) if a ∈ (dom(h1) \ dom(h2))

h2(a) if a ∈ (dom(h2) \ dom(h1)).

We use the definitions of label triple merges and heap merges to define the
full AuDaLogic state merge:

Definition 7.2.5 (AuDaLogic state merge). We define the binary operator 6
for AuDaLogic states such that def ((α1,h1,ς)6(α2,h2,ς)) iff def (α1♦α2) and
def (h1 ⊕h2), with the resulting state (α1,h1,ς)6(α2,h2,ς) = (α1♦α2,h1 ⊕h2,ς).

This merge is only defined if both states have the same AuDaLogic environ-
ment ς, as AuDaLogic environments are not always comparable, for example
if they have conflicting mappings for the same AuDaLogic variables.

Example 7.2.6. To illustrate adding and subtracting permissions, consider the
permissions ζ1 = 0.45, ζ2 = 0.65, ζ3 = 0.25 and ζ4 = 1. Then, ζ1 ⊕ ζ3 = 0.7, as the
resulting value is within the range (0,1]. In contrast, ζ1 ⊕ ζ2 is undefined, as
0.45 + 0.65 > 1. We also know that ζ1 ⊕ζ0 = ζ1, which also holds if we replace ζ1

with ζ2 or ζ3. However, ζ4 ⊕ζ0 is not defined, as ζ4 ∉ (0,1).
To illustrate merging and splitting label triples, first note that our existing

label triple αe is equal to α1
e ♦α2

e , where
α1

e = ({(ℓ1,θ1), (ℓ3,θ3)},;,α1
e (3)) and α2

e = ({(ℓ2,θ2)}, {(ℓ4,θ2)},α2
e (3)), where α1

e (3)∩
α2

e (3) = ; and αe (3) = α1
e (3)∪α2

e (3). As αe and α1
e overlap, def (αe ♦α1

e ) = false,
which means that the merge of αe and α1

e is undefined. Similarly, αe ♦α2
e is

undefined as well.
Furthermore, to illustrate merging and splitting heaps, we can split our

existing heap he into heaps h1
e and h2

e , with

h1
e (ℓ1,var1) = (0.5,6) h2

e (ℓ1,var6) = (1,42)

h1
e (ℓ2,var2) = (1,ℓ3) h2

e (ℓ2,var4) = (0.125,ℓ1)

h1
e (ℓ4,var4) = (1, true)
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and any other inputs for either heap undefined. It then holds that h1
e ⊕h2

e = he .
With these extra heaps, note that he ⊕h1

e is undefined, as for example the en-
tries he (ℓ2,var2) = (1,ℓ3) and h1

e (ℓ2,var2) = (1,ℓ3) cannot be merged due to the
permissions summing up to 2, which is not in the permission range. Further-
more, we would also not be able to merge he with a heap h′ containing the
entry h′(ℓ1,var1) = (0.25,ℓ1), as then the values of the variable var1 as owned
by ℓ1 would not match between the heaps.

From the above two illustrations, it also holds that
(αe ,heςe ) = (α1

e ,h1
e ,ςe )6(α2

e ,h2
e ,ςe ).

The Null-Heap and heap orderings

In AuDaLogic for P, we reason about the memory contents during the exe-
cution of P. As by the definition of P null-instances and their parameters
are immediately available, constant in their values and always accessible for
reading through null, we can restrict ourselves to heaps which always include
the null-parameters when reasoning about memory heaps. For this reason, we
define the null-heap:

Definition 7.2.7 (null-heap). We define the null-heap h0 of AuDaLogic for
some program P as the heap where exactly for all θ ∈ΘP and all parameters
x ∈ ParsP (θ) such that x : T , h0(ℓ0

θ
, x) = (ζ0,DefaultVal(T )).

The semantics of AuDaLogic for P are defined to treat the null-heap of P
as the empty heap is treated in general CSL. One can consider that AuDaLogic
treats the null-heap as a static extension of the empty heap. This is fitting,
as all null-parameters are static and can be read by any struct instance at any
time. The null-permission ζ0 ensures that the null-heap can be split at will into
two null-heaps with read-only permissions.

We require that if h(ℓ, x) = (ζ0, v), then (ℓ, x) ∈ dom(h0). This ensures that
the null-permission is only used for null-parameters.

We define a partial ordering ⊑ between AuDaLogic heaps as follows:

Definition 7.2.8 (Heap ordering). Let h1 and h2 be heaps. We define that
h1 ⊑ h2 iff dom(h1) ⊆ dom(h2) and for all (ℓ, x) ∈L× IDV such that h1(x) ̸= ⊥, it
holds that h1(x) = (ζ1, v) iff h2(x) = (ζ2, v) for some ζ1,ζ2 ∈ Z such that ζ1 = ζ2 iff
ζ1 ∉ (0,1] or ζ2 ∉ (0,1] and ζ1 ≤ ζ2 if ζ1,ζ2 ∈ (0,1].

Note that this means that for all heaps h such that h0 ⊑ h, null-parameters
may only have the null-permission in h, and there cannot be entries for null-
parameters in h that are not also in h0.

Example 7.2.9. For our example heap he , the null-heap would at least contain
entries for the parameters of the null-instances of θ1, θ2 and θ3, as those are
mentioned in the label triple αe . The full definition of the null-heap for our
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example depends on P, however, which we currently do not know. Note that
currently, with the null-heap h′

0 for our example, we do know that he ̸⊑ h0, as
there are no entries with the null-permission ζ0 in he .

For the following examples, let us assume that he ⊑ h0, and that the defined
entries for he are the only entries in he that are not also in h′

0.

AuDaLogic expressions

In AuDaLogic, we maintain a level of abstraction between AuDaLogic and Au-
DaLa. This is useful, for example when we want to reason abstractly about
labels or struct instances, which can only be concrete in the AuDaLa seman-
tics. We furthermore need to be able to reason about permissions, which are
not reflected in AuDaLa. Though we can maintain our context in the AuDa-
Logic environment, we still need to define the syntax and semantics of Au-
DaLogic expressions to be able to use these abstractions and the AuDaLogic
environment in the predicates.

Recall that T is the set of semantic types of AuDaLa. We define the set of
AuDaLogic types as T =T∪ {ΘP , Z , IDV ,V}. We define the syntax of AuDaLogic
expressions as follows:

Definition 7.2.10 (AuDaLogic Expressions Syntax). Let oq ∈ {=, ̸=,∈} oc ∈ {≤
,≥,<,>}, oa ∈ {∗,/,%,+,−,^} and ob ∈ {∧,∨} be binary operators. Let b ∈ B,
s ∈ String, n ∈ {Z,N}, ℓ0 ∈ L0, θ ∈ ΘP , ζ ∈ Z , x ∈ IDV , t ∈ T, f ∈ ⋃

n 2V
n

and
a ∈ A. We define AuDaLogic arithmetic expressions EM , boolean expressions
EB , label expressions EL, struct type expressions ET , permission expression EZ ,
variable expression EX , function expressions EF and execution expressions E
as follows. Note that EM includes the absolute value notation |EM | in the
syntax.

EF ::= f | a | EF (E) EB ::= b | a | EB ob EB | ¬EB | EM oc EM | E oq E

EL ::= ℓ0 | a EM ::= n | a | |EM | | EM oa EM

ET ::= θ | a EZ ::= EM | ζ | a

EX ::= x | a E ::= s | t | a | EF | EZ | EL | EB | EM

We denote the set of as EE , with EM , EB , EL, ET , EZ , EF and EX being the
arithmetic (math), boolean, label, struct type, permission, function and vari-
able AuDaLogic expressions respectively.

We extend def to AuDaLogic expressions as a type checker, where def (E)
for E ∈ E iff for all subexpressions E1 o E2, ¬E ′, |E ′| and EF (E ′) it holds that
def (E1 o E2), def (¬E), def (|E ′|) and def (EF (E ′)) respectively. For this, we treat
EF (E) as function application, which is not defined if EF is not a function or
if E has the wrong type for the function in EF . We use this to define how
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AuDaLogic expressions are resolved by the AuDaLogic environment, which is
done using the function res:

Definition 7.2.11 (Resolving AuDaLogic Expressions). Let oq ∈ {=, ̸=,∈} oc ∈ {=
, ̸=,≤,≥,<,>}, oa ∈ {∗,/,%,+,−,^} and ob ∈ {∧,∨}. Let b ∈ B, s ∈ String, n ∈ {Z,N},
ℓ0 ∈L0, θ ∈ΘP , ζ ∈ Z , x ∈ IDV , t ∈T and a ∈A. Let ς be a AuDaLogic variable
environment.

We define the function res :E×(A→ΘP∪V∪⋃
n 2V

n
) →ΘP∪V∪⋃

n 2V
n

such
that def (res(E)) iff def (E). If def (E), we define res(E) with the following case
distinction on E:

res(n,ς) = n res(M oa EM ,ς) = res(EM ,ς)oa res(EM ,ς)

res(b,ς) = b res(EB ob EB ,ς) = res(EB ,ς)ob res(EB ,ς)

res(s,ς) = s res(EM oc EM ,ς) = res(EM ,ς)oc res(EM ,ς)

res(ℓ0,ς) = ℓ0 res(E oq E ,ς) = res(E ,ς)oq res(E ,ς)

res(θ,ς) = θ res(¬EB ,ς) = ¬res(EB ,ς)

res(ζ,ς) = ζ res(|a|,ς) = |res(a,ς)|
res(x,ς) = x res(EF (E),ς) = res(EF ,ς)(res(E ,ς))

res(t ,ς) = t

res( f ,ς) = f

res(a,ς) = ς(a)

To give an intuition of the relation between AuDaLa expressions and Au-
DaLogic expressions, any AuDaLa expression without constructors and with-
out indirect variable references (of the form a.b.c) is also an AuDaLogic ex-
pression. For our example, 5 + 5, var1 = 5 and var4 = false can syntactically be
considered as AuDaLa and AuDaLogic expressions, while var4.var6 can be an
AuDaLa expression, but not an AuDaLogic expression. We do not allow indi-
rect variable references in AuDaLogic expressions to avoid aliasing problems.
In Section 7.3, we discuss how we bridge the remaining gap between AuDaLa
and AuDaLogic expressions, such that we can translate all relevant AuDaLa
expressions to AuDaLogic expressions.

AuDaLogic expressions can however also express things AuDaLa expres-
sions cannot express. For example, in our example, we can also have the
AuDaLogic expression a1 = ℓ1, which is true according to res(a1,ςe ), and we
can also have a4 = {1,2,3}. Whether the last one is true or not depends on
the entry of a4 in our AuDaLogic environment ςe , however, as though ςe is a
total function and will therefore have an entry for a4, we did not specify the
value of that entry in our example. Furthermore, if we have some defined
function, like the domain function dom (in the context of the AuDaLa values),
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we can have the expression dom( f ) = {1,2,3}. Whether this is true depends on
the definition of f , however.

AuDaLogic predicates syntax

With the definitions, functions and concepts above, we define predicates in
AuDaLogic:

Definition 7.2.12 (AuDaLogic Predicate Syntax). We define the syntax for
AuDaLogic predicates, with predicates P and Q, AuDaLogic variable a, AuDa-
Logic label expression EL ∈EL, AuDaLogic struct type expression ET ∈ET , Au-
DaLogic permission expression EZ ∈ EZ , AuDaLogic variable expression EX ∈
EX , boolean AuDaLogic expression B ∈ EB and AuDaLogic expression E ∈ EE

and indicator i ∈ {1,2}, as follows:

P ::=
B | P ∧P | ¬P | ∃a.P standard

| emp | (EL ,EX )
EZ7−−→ E | P ∗P | P −∗ P CSL

|∅i | ■i (EL ,ET ) | fresh(EL) AuDaLa

where the CSL clauses come from separation logic, and the AuDaLa clauses are
added specifically for AuDaLogic. We define the set of all AuDaLogic predicates
to be P.

Note that we consider the separator and separating implication to bind
stronger than the other boolean expression operators, and we consider quan-
tifiers to bind stronger than the separator and separating implication.

As discussed before, in AuDaLogic, we expand the use of the separator
and separating implication to split full AuDaLogic states as opposed to only
memory heaps. We therefore straightforwardly extend the meaning of a pure
AuDaLogic predicate to not contain any assertions on either the label triple or
the memory heap. The use of pure predicates and how they interact with the
separator is otherwise unchanged with regards to AuDaLogic, as splits using
the separator still have no bearing on the truth of these predicates.

We also introduce triple-free and heap-free predicates, which are pure with
regards to only the label triple or the memory heap respectively:

Definition 7.2.13 (Triple- and heap-free predicates). We define a triple-free
predicate as a predicate that does not contain any AuDaLogic syntax in the
“AuDaLa” row of the syntax (or shorthands derived from them).

We furthermore define heap-free predicates as predicates that do not con-
tain memory assertions or occurrences of emp in any way (including through
shorthands).
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We use this in some of the proof rules to give adequately loose constraints
on the precondition, as requirements on the memory heap do not need to
constrain the predicate with regards to the label triple and vice versa. Note
that we have not defined shorthands yet; this will be done later in the section.
We included them here to have a complete definition.

Example 7.2.14. Following our ongoing example, we can create some pred-
icates using the above syntax. We create the predicates (ℓ1,var1)

0.57−−→ 6∗ true

and ∃a.(ℓ2,var4)
0.17−−→ a using the CSL category of syntax. Furthermore, we cre-

ate the predicates ■1(ℓ1,θ1)∗ true, ∀(l , a).(■2(l , a)∗ true ⇒ (a = θ2)) and fresh(ℓa)
using the AuDaLa category of syntax.

Here, the predicates made using the CSL category of syntax are triple-
free, and the predicates made using the AuDaLa category of the syntax
are heap-free. As an example of a pure predicate, consider the predicate
∃a.a = {ℓ1,2, true}. As an example of a predicate which is neither triple-free nor
heap-free, consider the predicate (■1(ℓ2,θ2)∧ (ℓ4,var4)

17−→ true)∗ true. We will
discuss the meaning of the predicates after giving the semantics of AuDaLogic
predicates.

AuDaLogic predicates semantics

We then define the semantics per category of the AuDaLogic syntax. We denote
the semantics of AuDaLogic predicates as (α,h,ς) Í P , which states that the
AuDaLogic state (α,h,ς) satisfies the predicate P .

For the predicates in the “standard” row of the syntax, we define the fol-
lowing semantics, which are reasonably straightforward. We use the notation
a : T with T ∈ ΘP , T = Z , T = IDV , T = V or T = 2V

n
for some n to denote

whether AuDaLogic variable a refers to a struct type, a permission, a variable,
a value or a relation of arity n.

(α,h,ς) Í B iff res(B ,ς) = true

(α,h,ς) Í P ∧Q iff (α,h,ς) Í P ∧ (α,h,ς) ÍQ

(α,h,ς) Í¬P iff ¬(α,h,ς) Í P

(α,h,ς) Í∃a.P iff, for a : T , it holds that ∃v ∈ T.(α,h,ς[a 7→ v]) Í P
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For the “CSL” row of the syntax, we defined the following semantics:

(α,h,ς) Í emp iff h = h0

(α,h,ς) Í (EL ,EX )
EZ7−−→ E iff ∃ℓ, x,ζ, v.(

res(EL ,ς) = ℓ∧ res(EX ,ς) = x ∧ res(EZ ,ς) = ζ∧
(ζ = ζ0 ⇒ h = h0)∧ (ζ ̸= ζ0 ⇒ (h0 ⊑ h ∧dom(h) = {(ℓ, x)}∪dom(h0)))∧
res(E ,ς) = v ∧h(ℓ, x) = (ζ, v))

(α,h,ς) Í P ∗Q iff ∃α1,α2,h1,h2.(α,h,ς) = (α1,h1,ς)6(α2,h2,ς)∧
(α1,h1,ς) Í P ∧ (α2,h2,ς) ÍQ)

(α,h,ς) Í P −∗Q iff ∀(ς1,h1,ς).(def ((α,h,ς)6(α1,h1,ς))∧ (α1,h1,ς) Í P ) ⇒
((α♦α1,h ⊕h1,ς) ÍQ))

In the semantics, we consider the empty heap to be the null-heap, as defined
in the semantics for emp and memory assertions. Furthermore, the semantics
of our memory assertion has two cases: either the permission used is the null-
permission and the memory cell should be a null-parameter cell from the null-
heap, or the heap should be exactly the null-heap combined with the memory
cell as given in the assertion. The value may only be a single value (no sets
or second-order logic constructs, which could be allowed through E), and the
memory cell should correspond to the assertion. Note that this semantics for
the memory assertion ensures that only null-parameters can have the null-
permission in AuDaLogic predicates.

The semantics of the separator requires there to be a possible split of the
state such that one half satisfies P and the other satisfies Q. The semantics of
the separation implication states that for all states that satisfy P and that can
be merged with the current state, the new state satisfies Q.

For the AuDaLogic specific syntax, we have the following semantics.

(α,h,ς) Í∅i iff α(i ) = ;
(α,h,ς) Í ■i (EL ,ET ) iff α(i ) = {(res(EL ,ς),res(ET ,ς))}

(α,h,ς) Í fresh(EL) iff res(EL ,ς) ∈α(3)

Here, ∅i takes the same role as the empty heap, but for the label triple. It
states that the label triple is empty in the facet specified by i , which can be
either 1 or 2. The assertion ■i is equivalent to the memory assertion, but for
the label triple. It states that the facet of the label triple specified by i (which
can be 1 or 2), consists of a single entry specified by EL and ET . Lastly, fresh
checks whether the label specified by EL is in α(3), which means that it has not
been used and is available in the current state.

Note that due to our use of the null-permission and the null-heap in the
AuDaLogic semantics, and the fact that AuDaLogic label expressions can be
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null-labels, it holds that if (ℓ, x) ∈ dom(h0), then P ⇔ P ∗ (ℓ, x)
ζ07−→ DefaultVal(T ),

with T the type of x in P. This is because due to the definition of ζ0 and 6,
we can always split a state (α,h,ς) into the states (α,h,ς) and (α0,h0,ς), where
α0 is the label triple (;,;,;).

Also note that there is no AuDaLogic state satisfying (ℓ, x)
ζ7−→ v for some

(ℓ, x) ∈ dom(h0), ζ ∈ Z \ {ζ0} and v ∈ V. This is because our definition specifies
that for this to hold, with the heap of the AuDaLogic state being h, h0 ⊑ h.
From this it follows, however, that h(ℓ, x) = (ζ0, v) for some value v ∈V.

Example 7.2.15. We can now evaluate the predicates we made in the last ex-
ample with regards to (αe ,he ,ςe ). It follows from the above semantics that the
predicate (ℓ1,var1)

0.57−−→ 6∗true is true, as we can split he into a heap containing
only the entry he (ℓ1,var1) = (0.5,6) and a heap containing the rest of he . The
predicate ∃a.(ℓ2,var4)

0.17−−→ a is false, however, as he (ℓ2,var4) has permission
0.125, and not 0.1. If it had the right permission, the predicate would still not
be true, as (ℓ2,var4) is not the only entry in our heap that is not also in the
null-heap.

The predicate ■1(ℓ1,θ1)∗ true is true, as we can split αe (1) into two sets
{(ℓ1,θ1)} and αe (1) \ {(ℓ1,θ1)}. Similarly, the predicate
∀(l , a).(■2(l , a)∗ true ⇒ (a = θ2)) is also true. This predicate states that all struct
instances in αe (2) have struct type θ2, which is true.

The predicate ∃a.a = {ℓ1,2, true} is also true, due to the existence quantifier.
Lastly, we have the predicate (■1(ℓ2,θ2)∧ (ℓ4,var4)

17−→ true)∗ true. It states that
we can split the full state such that one side of the split has only the struct
instance of ℓ2 with type θ2 in αe (1), and only an entry for (ℓ4,var4), resolving
to (1, true) in the heap. This we can do with αe and he , so this predicate is true.
Note the use of the conjunction in this predicate; by using it, we connect our
requirements on the label triple to the requirements on the heap.

AuDaLogic shorthands

To make AuDaLogic a bit more intuitive, we standardly use some simple syn-
tactic shorthands. Among these shorthands are ∨, ⇒ and ∀ as commonly
defined from ∧,¬ and ∃, ⊆ and ⊂ as commonly defined using ∀, ∈ and =, ∪
and ∩ as defined using the aforementioned operators and

∧
,
∨

and ⊛ as short-
hands for repeated conjunctions, disjunctions and separators, taken over finite
sets. As an example, for a finite set L = {(l1, x1), . . . , (ln , xn)}, ⊛(li ,xi )∈L(li , xi ) ,→−
is equivalent to (l1, x1) ,→ −∗ . . .∗ (ln , xn) ,→ −. We furthermore accept typing
notation like f : A → B and the relation ‘×’ to type our relations as shorthands.
Other shorthands used are clarified when they are relevant. Note that short-
hands are taken into consideration for whether a predicate is triple- or heap-
free, as per Definition 7.2.13
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We also define the following more specific shorthands, to make it easier to
reason about the components of our state. For the memory heap, we have the
following shorthands, which can be straightforwardly combined:

(EL ,EX )
EZ7−−→− = ∃a.(EL ,EX )

EZ7−−→ a

(EL ,EX ) 7→ E = ∃a.(EL ,EX )
a7−→ E

(EL ,EX ) ̸ EZ7−−→ E = (EL ,EX )
EZ7−−→−∧¬((EL ,EX )

EZ7−−→ E)

(EL ,EX )
EZ
,−→ E = (EL ,EX )

EZ7−−→ E ∗ true

(EL ,EX )
EZ
,−→s E = (EL ,EX )

EZ7−−→ E ∗¬(EL ,EX ) ,→−

Note that (EL ,EX ) ̸ EZ7−−→ E is distinct from ¬((EL ,EX )
EZ7−−→ E), as the last one is

also true if (EL ,EX ) is not in the current heap. Additionally, (EL ,EX )
EZ
,−→s E

is the strict inclusion. This shorthand makes it a bit easier to reason about
permissions, as (EL ,EX )

EZ
,−→ E , with ς(EZ ) = ζ does not exclude that for any ζ′

such that def (ζ⊕ζ′) and ς(E ′
Z ) = ζ⊕ζ′, (EL ,EX )

E ′
Z

,−→ E . Note that (EL ,EX ) ,→s E ⇔
(EL ,EX ) ,→ E .

For the label triple, we define the following shorthands. Unbound expres-
sions and variables are assumed to be bound with a universal quantifier.

i (EL ,ET ) = ■i (EL ,ET )∗ true

■ i ET = ∀(l , a).( i (l , a) ⇒ (a = ET ))

�i ET = ∃l .( i (l ,ET ))

■(EL ,ET ) = (■1(EL ,ET )∧∅2)∨ (■2(EL ,ET )∧∅1)

■ ET = ■1 ET ∧■2 ET

� ET = �1 ET ∧�2 ET

∅ = ∅1 ∧∅2

Intuitively, i (EL ,ET ) means that α(i ), with i ∈ {1,2}, contains the label-struct
instance pair as defined by EL and ET . This serves the same purpose as ,→
does for 7→ in memory assertions. The predicate ■ i ET denotes that all struct
instances in α(i ) have the struct type as specified by ET and �i θ denotes that
in α(i ), there exists a struct instance which has the struct type as specified by
ET . Additionally, note that ∅ is distinct from the empty set symbol ;.

Example 7.2.16. Some of the predicates we defined in earlier examples can
be simplified using the shorthands here. The predicate (ℓ1,var1)

0.57−−→ 6∗ true

can be simplified to (ℓ1,var1)
0.5
,−→ 6. The predicate ∃a.(ℓ2,var4)

0.17−−→ a can be
simplified to (ℓ2,var4)

0.17−−→−.
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Of the triple predicates, the predicate ■1(ℓ1,θ1)∗ true can be simplified to
1(ℓ1,θ1). Furthermore, the predicate ∀(l , a) ∈L×A.(■2(l , a)∗true ⇒ (a = θ2)) can

be simplified to ■2θ2.

The predicate (■1(ℓ2,θ2)∧ (ℓ4,var4)
17−→ true)∗ true cannot be simplified.

The activation relation

Lastly, in AuDaLa, created struct instances will be able to execute steps after
the step they have been created in has finished. To mirror that in AuDaLogic,
we define the activation relation. For this, we first define, for any label triple
α, the maximally active label triples:

Definition 7.2.17 (Maximally active label triples). For any label triple α, let
the maximally active label triple m(α) = α′ be defined as the label triple such
that α(1)∪α(2) =α′(1), α′(2) = ;.

This is used to reflect that in AuDaLa, newly created struct instances are
set to active when a new step is executed.

We use this to define the activation relation S (“Set (active)”):

Definition 7.2.18 (Activation relation S). Let P and P ′ be AuDaLogic pred-
icates. Then the predicate S(P,P ′) is true iff P ′ ⇒ ∅2 and (α,h,ς) Í P iff
(m(α),h,ς) Í P ′.

Intuitively, the activation relation relates a predicate with active elements
and newly created elements to predicates which are the same except that all
existing struct instances are considered active. Syntactically, a good strategy
for finding P ′ can be to change all occurrences of ■ into ■1, all occurrences of
■2 into 1 and all occurrences of and 2 to 1. Whether this works, however,
depends on the exact predicate. We require this for the proof rules, where we
set the new elements to active when a new step is executed.

Example 7.2.19. As an example of a maximally active label triple, for αe ,
m(αe ) is the heap defined as ({(ℓ1,θ1), (ℓ2,θ2), (ℓ3,θ3), (ℓ4,θ2)},;,αe (3)).

For the activation relation, consider that S(■2θ2,■1θ1) is false, as
(m(αe ),he ,ςe ) ̸Í ■1θ2. As an example where we can straightforwardly find a
good P ′ for the activation relation, consider the predicate ■2(ℓ2,θ2), which is
true for αe . For this predicate, we can define P ′ as 1(ℓ2,θ2), which is true for
m(αe ). It follows that S(■2(ℓ2,θ2), 1(ℓ2,θ2)).

With this, we have given a full definition of the AuDaLogic syntax and
semantics. In the next section, we give some notations and functions we use
during our proof rules to represent the AuDaLa syntax in AuDaLogic.
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7.3 From AuDaLa Syntax to AuDaLogic Predicates

In this section, we build a bridge between AuDaLa syntax and AuDaLogic. We
first discuss how to transform well-formed AuDaLa programs into constructor
normal form, which makes the programs easier to process and reason about
in AuDaLogic. Then we shall discuss transforming AuDaLa expressions into
AuDaLogic predicates for use in the proof rules. Lastly we shall define the
stable function, which generates an AuDaLogic predicate which encodes the
stability termination requirement for a fixpoint in AuDaLa. We do not feature
many examples in this section; the expression conversion method and the
stable function are used in the large example in Section 7.5.

7.3.1 Constructor Normal Form

In AuDaLa, most expressions have no side effects when executed with regards
to the state the program P is currently in. There is one exception: the con-
structor expression. While this expression makes creating new struct instances
easier, having expressions containing constructor expressions makes the defi-
nition of proof rules for AuDaLa in AuDaLogic far harder. However, construc-
tor expressions can be removed from expressions and statements and confined
to local variable assignments, which solves this problem. Confining construc-
tor expressions to special variable assignment statements leads to a program
in constructor normal form, for which we can define easier proof rules and
functions.

In this section, we give two intertwined functions, ConsElim and ConsE-
limE, to transform a well-formed statement into one or multiple statements
in constructor normal form. The function ConsElim processes statements, and
uses the function ConsElimE to process expressions. The method to transform
a program into constructor normal form is then to apply ConsElim on all state-
ments of the program. Both functions assume the existence of a set V ∈ ID
of currently unused variable names. Such a set can be constructed using the
program syntax, and should be provided by the user.

We first give the definition of ConsElimE. Intuitively, the output for
ConsElimE consists of the new expression, a list of required statements to be
executed before the new expression and a set of remaining unused variables.

Definition 7.3.20 (The function ConsElimE). Let ◦ be a syntactic operator, let
E be a list of expressions, let T ∈ΘP be a type and let θ ∈ΘP be a struct type,
let Ev ∈ EXV be a variable expression, let g be a literal. Let V ⊆ ID be a set of
unused variable names. The function ConsElimE : EX × 2ID → EX × ST∗,2ID is
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then defined as follows:

ConsElimE(E1 ◦E2,V ) = (E ′
1 ◦E ′

2,S1;S2,V ′′)
where ConsElimE(E1,V ) = (E ′

1,S1,V ′)
and ConsElimE(E2,V ′) = (E ′

2,S2,V ′′)
ConsElimE((E),V ) = ((E ′),S ,V ′)

where ConsElimE(E ,V ) = (E ′,S ,V ′)
ConsElimE(!E ,V ) = (!E ′,S ,V ′)

where ConsElimE(E ,V ) = (E ′,S ,V ′)
ConsElimE(θ(E1, . . . ,En),V ) = (xnew ,S ′

1; . . . ;S ′
n ; θ xnew = θ(E ′

1, . . . ,E ′
n),V ′)

where ∀1≤i≤nConsElimE(Ei ,Vi−1) = (E ′
i ,S ′

i ,Vi ), with V0 = V ,

xnew ∈Vn and V ′ = Vn \ {xnew }

ConsElimE(Ev ,V ) = (Ev ,ε,V )

ConsElimE(g ,V ) = (g ,ε,V )

ConsElimE(null,V ) = (null,ε,V )

ConsElimE(this,V ) = (this,ε,V )

We now give the definition of ConsElim. The output for ConsElim consists
of the augmented set of statements and a set of remaining unused variables.

Definition 7.3.21 (the function ConsElim). Let E ,E1, . . . ,En ∈ EX be AuDaLa
expressions, and let V ⊆ ID be a set of unused variable names. Then we define
ConsElim : ST∗×2ID → ST∗×2ID as follows:

ConsElim(ε,V ) = (ε,V )

ConsElim(if E then {S1},V ) = (S ′; if E ′ then {S ′
1},V ′′)

where ConsElimE(E ,V ) = (E ′,S ′,V ′) and ConsElim(S1,V ′) = (S ′
1,V ′′)

ConsElim(T x := E ,V ) = (S ′;T x := E ′,V ′)
where ConsElimE(E ,V ) = (E ′,S ′,V ′)

ConsElim(x := E ,V ) = (S ′; x := E ′,V ′)
where ConsElimE(E ,V ) = (E ′,S ′,V ′)

ConsElim(θ(E1, . . . ,En),V ) = (S ′,V ′)
where ConsElimE(θ(E1, . . . ,En),V ) = (E ′,S ′,V ′)

ConsElim(S;S ,V ) = (S1;S2,V ′′)
where ConsElim(S,V ) = (S1,V ′) and ConsElim(S ,V ′) = (S2,V ′′)

From this point on, as we define AuDaLogic for P, we shall assume P to be
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well-formed and in constructor normal form. We continue by giving a method
to transform AuDaLa expressions into AuDaLogic expressions.

7.3.2 Converting expressions

In this subsection, we bridge the gap between AuDaLa syntax expressions
and AuDaLogic expressions: if we want to make AuDaLogic predicates for
if-statements and updates, the expressions used in those statements must be
converted to AuDaLogic expressions.

To do so, we first define the function pred(aε,E) for a simple expression E
and aε ∈L to return the equivalent semi-semantic expression, in which:

1. All literals g are replaced with val(g ).

2. All occurrences of ! are replaced with ¬, and all binary operators are
replaced by their semantic equivalents.

3. All occurrences of this are replaced by aε.

4. Assuming all occurrences of null are annotated with its type as nullT ,
all occurrences of nullT are replaced by DefaultVal(T ).

The result is a semi-expression which is almost an AuDaLogic expression but
still contains variable expressions.

As AuDaLogic expressions do not contain a notion of AuDaLa variable ex-
pressions, we still have to translate the AuDaLa variable expressions. We do
this by assigning an AuDaLogic variable for every AuDaLa variable expres-
sion. However, by replacing all AuDaLa variable expressions with AuDaLogic
variables, we add in a level of abstraction, and potentially lose the relations
inherent in the AuDaLa variable expressions. For example, the AuDaLa ex-
pression x.y + x.y.z not only resolves to a value, but also gives information on
how the references to the values for the expression relate to each other. When
replacing x.y and x.y.z with AuDaLogic variables a and b, we transform the
expression x.y + x.y.z to a + b, which does not maintain the relation between
x.y and x.y.z.

For the AuDaLogic expression resolved from an AuDaLa expression to truly
be equivalent, the mapping from AuDaLa variables to AuDaLogic variables
must retain the structure of the references of the AuDaLa variable expressions.
We call this the expression correspondence requirement. For example, for a+b to
be equivalent to x.y + x.y.z, we need to know that a accurately represents x.y ,
which is true if the state fulfills the additional requirement (l , x) ,→ c, with ς(l )
the label of the struct instance executing x.y+x.y.z, and (c, y) ,→ a. Additionally,
to ensure that b represents x.y.z, we also need to assert that (a, z) ,→ b. We can
then be sure that the value resolved from the AuDaLa expression is the same
as the value resolved from the AuDaLogic expression.



196 Defining AuDaLogic

To deconstruct AuDaLa variable expressions, we define the occurrence
function occ : EX∗ → 2EXV , which takes a list of AuDaLa expressions E and
returns all occurrences of maximal variable expressions in E in a set. For
example, occ(x.y + y.z + x.y.z) returns the set {x.y, y.z, x.y.z}. Furthermore,
we define the prefixes function prefixes : EXV → 2EXV , which returns a set
containing all non-empty prefixes of a variable expression. For example,
prefixes(x.y.z) = {x, x.y, x.y.z}.

We can then formalize the requirements on the context for the correctness
of the translation from AuDaLa expression to AuDaLogic expression:

Definition 7.3.22 (Expression correspondence requirement function). Let
E1, . . . ,En be AuDaLa expressions. Let x ∈ IDV be a single variable in AuDaLa
and let X be an AuDaLa variable expression. We define the expression corre-
spondence requirement function for an AuDaLogic variable aε and expressions
E1, . . . ,En as

A(aε,E1, . . . ,En) =∧
Y ∈occ(E1,...En )

((
∧

x∈prefixes(Y )
(aε, x) ,→ ax )∧ (

∧
X .x∈prefixes(Y )

(aX , x) ,→ aX .x )).

The full translation we then define as follows:

Definition 7.3.23 (AuDaLa-AuDaLogic Expression Correspondence). Let E be
an AuDaLa expression. We define that for all states (α,h,ς) such that (α,h,ς) Í
■1(aε,θ) for some struct type θ and (α,h,ς) Í A(aε,E), the AuDaLogic equivalent
expression to E is eqi(aε,E) = pred(aε,E)[Y 7→ aY ]Y ∈occ(E), where pred(aε,E)[Y 7→
aY ]Y ∈occ(E) is the simultaneous syntactical substitution of all maximal variables
in pred(aε,E).

In Chapter 8, Section 8.2, we prove that we can indeed consider eqi(aε,E)
to be equivalent to E in AuDaLogic states that satisfy the requirements. This
is used when proving our proof system sound. We also use the eqi function to
define a function to generate stability predicates.

7.3.3 The definition of the stable function

In AuDaLa, fixpoints only terminate when the system is stable. This is defined
to be the case when no new struct instances have been created and no param-
eters have been assigned a new value in the last iteration of the fixpoint. To be
able to give proofs about programs using fixpoints in AuDaLogic, we need to
give a formal definition of what this means in AuDaLogic terms. To this end,
we define a function stableP , which takes a predicate and a schedule and gen-
erates a predicate which states the requirements for the schedule to be stable
for the active struct instances as implied by the predicate in the next iteration.
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Note that this works on the coming iteration, and not on the previous itera-
tion, but as nothing should be changed in the last iteration of a fixpoint this
does not impact the postcondition of a fixpoint.

When defining the stableP function, we assume that P is in constructor nor-
mal form. We use this mainly in the subfunction for processing statements to
cover constructors simply with a single extra clause for a variable assignment
statement which contains a constructor expression. We can then disregard
constructor expressions when dealing with expressions.

An important part of the definition of the stableP function is the rewrite
function rew : IDV → EX S , which is used to rewrite occurrences of local vari-
ables with simple expressions that express the local variables in terms of pa-
rameters. This is because local variables do not exist in between iterations of
a fixpoint, where this function is relevant. To simplify our notation, let R be
the domain of all possible rewrite functions.

The stable function consists of three layers. Firstly, the top layer, stableP ,
takes a predicate P and a schedule ∆ and splits up the schedule into steps:
if the full schedule is stable, then every step executed by the schedule must
be stable. Secondly, the second layer, stableFP , takes a predicate P and a
step name F and extracts the active struct elements from P to check whether
the execution of the statements of F is stable for every active struct instance
implied by P . The statements of F are determined by the struct type of the
struct instance. Thirdly, the bottom layer, PrSP , takes a label variable aε, a
struct type θ, a list of statements S and a rewrite function rew and checks
whether the list of statements is stable for the struct instance specified by
aε and θ. When called by stableFP , PrSP is called with the identity rewrite
function rew0, which does not rewrite anything. We give the definitions from
bottom to top.

Definition 7.3.24 (The function PrSP). We define PrSP :EL×ΘP×ST∗×R→P

as a function with aε ∈ EL, θ′ ∈ ΘP , E ∈ EX , E ∈ EX∗, S ,S1 ∈ ST∗, x ∈ IDV ,
X ∈ EX v IDV and Ev ∈ EXV . We assume the empty statement can only occur at
the end of any list of statements. If not, the empty statements not at the end
of the lists of statements can be removed without issue.

Let PrEP (E ,rew) = E [Y 7→ rew(Y )]Y ∈occ(E). As when transforming expres-
sions, E [Y 7→ rew(Y )]Y ∈occ(E) is the simultaneous substitution of all maximal
variables in E . Let for the purposes of this definition, for any expression E ,
E ′ = PrEP (E ,rew).
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The function is then defined along the following cases:

PrSP (aε,θ,ε,rew) = true

PrSP (aε,θ,θ′x :=θ′(E);S ,rew) = false

PrSP (aε,θ, if E then {S1};S ,rew) =

A(aε,E ′)∧ ((eqi(aε,E ′)∧PrSP (aε,θ,S1;S ,rew))

∨ (¬eqi(aε,E ′)∧PrSP (aε,θ,S ,rew)))

PrSP (aε,θ,T x :=E ;S ,rew) = A(aε,E ′)∧PrSP (aε,θ,S ,rew[x 7→ E ′])

PrSP (aε,θ,Ev := E ;S ,rew) =



A(aε, X ,E ′)∧ (aX , x)
1
,−→ eqi(aε,E ′)∧

PrSP (aε,θ,S ,rew)

if Ev = X .x ∧X ̸= ε

A(aε,E ′)∧ (aε, x)
1
,−→ eqi(aε,E ′)∧

PrSP (aε,θ,S ,rew)

if Ev = x ∈ ParsP (θ)

A(aε,E ′)∧PrSP (aε,θ,S ,rew[x 7→ E ′])
otherwise, with Ev = x

for some x ∈ IDV \ ParsP (θ)

Intuitively, the function PrSP gives a predicate for a list of statements S that
can hold iff there are no constructor expressions in S (second case) and for
every parameter, any value it is updated with in S should be equal to the value
the parameter already had. The predicate also checks if the heap contains the
right permission to do the accesses required for S, as otherwise, whether S
is stable or not, AuDaLogic will not be able to process the next execution of
S. In conclusion, if PrSP (aε,θ,S ,rew) holds for a state (α,h,ς), such that α
contains only a struct instance s as active struct instance, reflected by (aε,θ),
S is stable for the s and processing all statements during an execution of S by
s is supported by the memory heap h.

We then define stableFP : IDS → P as follows, with id ∈ R as the identity
rewrite function:

stableFP (F ) =

∃L ⊆L×ΘP .⊛(aε,θ)∈L (■(aε,θ)∧PrSP (aε,θ,StepStatP (F,θ), id))

This function divides the assertion that a step must be stable when executed
into the assertion that the execution of the step by all separate struct instances



7.4 Proof Rules 199

must be stable. We consider all variables ai to be distinct from any other
variables a j ∈ L.

The intuition is that as there are a finite amount of active elements in the
label triple, there will always exist a set L such that ⊛(aε,θ)∈L(■(aε,θ)) holds.
There will also always exist only a single set L for which it holds, as the predi-
cate specifies exactly which struct instance labels should be in α(1)∪α(2). For
this set we should check that all individual struct instances are stable for the
statements of F , which is done with PrSP (aε,θ,StepStatP (F,θ), id). See also
Lemma 8.2.13 for a correctness proof.

Note that while P may imply multiple heaps of active elements, in the end,
there will be only one actual heap of active elements, so the condition will
only be true for one of the generated clauses.

The full function stableP : SC →P then breaks up the schedule into individ-
ual stability predicates for each step. It is defined as follows:

stableP (F ) = stableFP (F )
stableP (θ′.F ) = ■ θ′∧ stableP (F )∗¬�θ′
stableP (∆1 <∆2) = stableP (P,∆1)∧ stableP (P,∆2)
stableP (Fix(∆1)) = stableP (∆1)

We prove the stable function to be correct in Chapter 8, Section 8.2.2.
In the next section, we define the proof rules for AuDaLogic.

7.4 Proof Rules

In this section, we give the proof rules for AuDaLogic. As noted at the start of
the chapter, these are adapted from proof rules for CSL [29, 31, 143] (CSL)
with permissions, with as starting point the work by Vafeiadis [173]. For ex-
ample, the parallel rules are adapted from the concurrency rule as for example
given in Section 7.1, and the general rules are based on Vafeiadis’s work.

Recall from Section 7.2 that these are be defined relative to the program P
from which the syntax comes, and from Section 7.3 that we assume P to be
well-formed and in constructor normal form. It follows that constructors can
only occur in variable assignment statements.

We use the program-relative functions as given in Section 7.2, and the
predicates A, eqi and stable defined in Section 7.3. Additionally, we define the
function fv : P∗→ 2ID

V to return the set of free variable identifiers from the list
of predicates given in the input.

In the proof rules, let the different occurrences of E be simple expressions
(from EX S). Let occurrences of S be statements (from ST). We extend this to
E ,S for lists of E and S. Let occurrences of ∆ be schedules, and let occurrences
of F be steps. Note that a schedule can also be a step. Let X be an executable,
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where X is a schedule or a list of statements. Let P,Q and R be predicates and
let occurrences of a with subscripts or otherwise be AuDaLogic variables, such
that a ∈ A. Furthermore, we define the function fv to return the set of free
variables in a predicate, and we define the function ov to return the set of all
variables used in a predicate.

We assume unbound variables, predicates or mappings in the proof rules
to be universally qualified in the scope of the entire rule, where the rule can
be read as “for all (unbound elements), if it holds that (premises), it holds
that (conclusion).” In practice, this means that the user can fill in the precise
instances of the unbound variables they want to use for the rule, which should
satisfy the pattern of the rule.

We then define the proof rules in four groups: statement rules, parallel
rules, schedule rules and general rules.

7.4.1 Statement rules

The statement rules deal with the execution of statements in steps. The first
two rules, given below, are for the update statements encountered in P.

The first rule, UPDATE, deals with updating variables with simple expres-
sions (without constructors) if the variable is not a null-parameter. It requires
that the precondition can be split into two distinct parts, one heap-free and
one triple-free (see Definition 7.2.13), which ensure that the label triple con-
tains only one active struct instance, and the heap contains the memory cell
that is to be written to. The heap should furthermore also fulfill the expression
correspondence requirement (see Section 7.3.2) such that the value written to
the heap indeed corresponds to the expression E written to the variable in
AuDaLa.

(UPDATE)

PL is heap-free PH is triple-free
PL ⇒■1(aε,θ) PH ⇒ A(aε,E , X )

P = PL ∧ (PH ∗ (aX , x)
17−→−)

Q = PL ∧ (PH ∗ (aX , x)
17−→ eqi(aε,E))

⊢ {P }X .x := E {Q}

The second rule, NULL UPDATE, deals with update statements which would
update a parameter of a null-instance. The requirements on the precondition
are similar to the UPDATE rule, except that in this case the permission for the
memory cell should be the null-permission ζ0, and the write does not actually
take place, following the AuDaLa semantics.
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(NULL UPDATE)

PL is heap-free PH is triple-free
PL ⇒■1(aε,θ) PH ⇒ A(aε,E , X )

P = PL ∧ (PH ∗ (aX , x)
ζ07−→ E ′)

⊢ {P }X .x := E {P }

Note that as our empty heap is the null-heap and ζ0 ⊕1 is undefined, we
know that the UPDATE rule is not applicable on parameters of null-instances,
and as we require that only parameters of null-instances can have the permis-
sion ζ0, NULL UPDATE is only ever applicable on parameters of null-instances.
Note that the preliminaries for both of the rules are the same because even
though the update does not happen in NULL UPDATE, all accessed variables
need to be in the heap to resolve the expression in the update statement. We
consider both the update rules to also apply for the syntax ‘x := E ’, which we
consider a special variant of ‘X .x := E ’ with an empty X .

The next rules are three rules dealing with variable assignment statements.
The first, CONSTRUCTOR, deals with constructor variable assignments. The re-
quirements on the precondition for this rule are similar to those for the UPDATE

rule, except that the expression correspondence requirement (Section 7.3.2)
must now hold for all expressions in the constructor, and the postcondition
must correctly reflect the initialisation of the new struct instance according to
the constructor.

(CONSTRUCTOR)

PL is heap-free PH is triple-free
ParsP (θ) = x1, . . . , xe PL ⇒■1(aε,θ)
PH ⇒∧¬(aε, x) ,→−∧ A(aε,E1, . . . ,Ee )

Q = (PL ∗■2(l ′,θ′))∧ (PH ∗ (aε, x)
17−→ l ′∗Q ′)

Q ′ =⊛1≤i≤e (l ′, xi )
17−→ eqi(aε,Ei )

⊢ {(PL ∗ fresh(l ′))∧PH }θ x := θ′(E1, . . . ,Ee ){Q}

As P is in constructor normal form, we only need CONSTRUCTOR to deal with
constructors; there are no constructor statements in P, nor are there any con-
structor subexpressions (which means that for all update statements, either
UPDATE or NULL UPDATE should be applicable).

The second and the third rule, ASSIGNMENT-1 and ASSIGNMENT-2, deal
with variables assigned a simple expression, the first when a local variable
is not yet defined and the second when it already has been defined. These
rules make sure that when an assignment statement is encountered, the local
variable will get an entry in the heap when it does not already have one. For
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the assignment rules, let T ∈ T \ΘP .

(ASSIGNMENT-1)

PL is heap-free PH is triple-free
PL ⇒■1(aε,θ) PH ⇒¬(aε, x) ,→−
⊢ {PL ∧ (PH ∗ (aε, x)

17−→−)}x := E {Q}

⊢ {PL ∧PH }T x := E {Q}

(ASSIGNMENT-2)

PL is heap-free PH is triple-free
PL ⇒■1(aε,θ) PH ⇒ (aε, x) ,→−

⊢ {PL ∧PH }x := E {Q}

⊢ {PL ∧PH }T x := E {Q}

For the if-then statement, we then have the following rule. This rule re-
quires that the expression correspondence requirement is met for the condi-
tion expression, and that the postcondition encapsulates the case in which the
if-condition is not met.

(IF-STATEMENT)

P ⇒■1(aε,θ)∧ A(aε,E)
P ∧¬eqi(aε,E) ⇒Q
⊢ {P ∧eqi(aε,E)}S{Q}

⊢ {P }if E then {S}{Q}

Lastly, we have a rule to deal with a list of statements by splitting of the
first statement of the list.

(SEQUENCE)

P ⇒■1(aε,θ)
⊢ {P }S{R} ⊢ {R}S{Q}

⊢ {P }S;S{Q}

7.4.2 Parallel rules

We have two parallel rules to zoom in on the effects of single elements on the
program. The first rule, Split Parallel, allows the user to more divide the sys-
tem in two parts. This rule is straightforwardly adapted from the concurrency
rule of separation logic.

(SPLIT PARALLEL)
⊢ {P1}F {Q1} ⊢ {P2}F {Q2}

⊢ {P1 ∗P2}F {Q1 ∗Q2}

The second rule, Gen Parallel (stands for Generalised Parallel), is useful
when considering a homogeneous system consisting of multiple very similar
parts, for example when considering all the elements of a single struct type.
The rule allows the user to prove a property over all parts of the system by
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proving the property for only one part of the system. Some flexibility in the
shape of the parts may be expressed using the parameter i , which denotes the
i th predicate of the split.

(GEN PARALLEL)
⊢ {P (i )}F {Q(i )}

⊢ {⊛1≤i≤n(P (i ))}F {⊛1≤i≤n(Q(i ))}

We have chosen to present both rules as a part of our proof rule system,
as Gen Parallel can be used on an arbitrarily big system, which may require
an unknown amount of splits. Split Parallel is particularly useful for splitting
structs and splitting off null-instances, while Gen Parallel is particularly useful
for considering the non-null struct instances of a struct.

7.4.3 Schedule rules

The schedule rules encode the interactions of the schedule with the whole.
They consist of a rule about schedule barriers, three rules about step calls and
a rule to prove fixpoints.

We first present a rule about barriers, which is very straightforward.

(BARRIER)
⊢ {P }∆1{R} ⊢ {R}∆2{Q}

⊢ {P }∆1 <∆2{Q}

The next rule is for step calls, with F a step, given below. Note that a
step can only be called if only a single struct instance is left, as there are no
statement proof rules defined if there are multiple struct instances executing
them at the same time. Note that during a step call, all the new struct instances
are made active, which is represented by the activation relation clause S(P,P ′)
in the rule, which requires that all existing struct instances in P are active in
P ′ (See also Definition 7.2.18).

(STEP CALL)

S(P,P ′) P ′ ⇒■1(aε,θ)
StepStatP (F,θ) =S ⊢ {P ′}S{Q}

⊢ {P }F {Q}

For typed step calls, we have the following decomposition rules, which
transforms it into a case for step calls by splitting off the part of the state
which contains all struct instances not of the relevant struct type.

(TYPED CALL)

⊢ {P1}F {Q} P1 ⇒■ θ

P2 ⇒¬�θ

⊢ {P1 ∗P2}θ.F {Q ∗P2}

Lastly, we give the fixpoint rule, which proves correctness and termination
at the same time. Note that we use the stable-predicate for this rule, as that
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is the fixpoint termination condition. As AuDaLa loops are fixpoints whose
termination depends on the stability of the steps that are executed in the loop,
termination is an important aspect of proving fixpoints to be correct. To this
end, we require users to define a variant generator function, which encodes
what meaningfully changes every iteration of the fixpoint. Note that this vari-
ant generator function is a function from AuDaLogic expressions to predicates,
where the expression denotes the current iteration of the fixpoint. Two com-
mon expressions as input would be natural numbers for directly defining the
iteration, or AuDaLogic variables for abstractly defining the iteration. We then
require that there exists a natural number (iteration) after which the invariant
precondition and the variant predicates generated imply that the fixpoint has
become stable. This is represented in the second requirement for the fixpoint
rule.

The rule requires that the variant is correct, which is the case if for any
iteration j such that Va( j − 1) holds at the start, Va( j ) holds at the end, as
then the variant correctly encodes changes per iteration. This can be proven
by proving that this is the case for every possible value of j , but it is more
beneficial to prove this only once for an abstract j . To encode j as an abstract
value, we require that j is a AuDaLogic variable. As j should not be able
to be influenced by the defined predicates, it should be fresh: it should not
overlap with the names used for any variables of the AuDaLogic predicates
that already exist, nor should it be used as a variable not relative to the input
in the variant generator function Va. Recall that ov(P ) returns the set of all
predicates occurring in predicate P . We define that ov(Va) returns the set of
variables occurring in Va which are not relative to the input.

We then define the fixpoint proof rule as follows.

(FIXPOINT)

j ∈A j ∉ ov(P,stableP (∆),Va)
⊢ {P ∧Va( j )∧¬stableP (∆)}∆{P ∧Va( j + 1)}
n ≥ 0 ∀k ≥ n.P ∧Va(k) ⇒ stableP (∆)

⊢ {P ∧Va(0)}Fix(∆){P ∧Va(n + 1)∧ stableP (∆)}

7.4.4 General rules

With all the rules above, we are still in need of some general rules to work
with predicates. We first include a rule for the empty executable, which is
required to reason about step executions if a struct instance has no statements
for the step:

(EMPTY) ⊢ {P }ε{P }

Similarly, we give a rule about what we can prove when our precondition is
false. This rule works on the principle that the proof system wants to establish
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that for each state, if the state satisfies a precondition then executing some
code from that state leads to a postcondition. If the precondition is false,
then there are no states that satisfy the precondition, so the implication holds
vacuously.

(FALSE PRECONDITION) ⊢ {false}X {P }

Below, we give three standardly introduced rules for pre- and postcondition:
weakening, disjunctive postcondition and conjunctive postcondition. Note
that the conjunction rule does not include the requirement that the resource
invariants are precise, like in the work by Vafeiadis [173], as we do not have
resource invariants.

(WEAKENING)

⊢ {P }X {Q}
P ′ ⇒ P Q ⇒Q ′

⊢ {P ′}X {Q ′}

(DISJUNCTION)

⊢ {P1}X {Q1}
⊢ {P2}X {Q2}

⊢ {P1 ∨P2}X {Q1 ∨Q2}

(CONJUNCTION)

⊢ {P1}X {Q1}
⊢ {P2}X {Q2}

⊢ {P1 ∧P2}X {Q1 ∧Q2}

Let in the next rule a be an AuDaLogic variable.

(EXAMPLE)
⊢ {P }X {Q}

⊢ {∃a.P }X {∃a.Q}

The weakening and example rules allow us to abstract away from exact values
in cases where the exact value is not important or not given. As an example,
we can weaken P ∗ (ℓ1,E1) 7→ −) to ∃a.(P ∗ (ℓ1,E1) 7→ a) and then remove the
existential quantifier using the example rule.

We also use the frame rule. Recall that the set of free variables of a pred-
icate R is fv(R). We split it in two; one for a list of statements and one for a
schedule, as for lists of statements newly created elements are inert, and for
schedules, they are not. Recall that S is a list of statements and ∆ is a schedule.

(FRAME STATEMENTS)

⊢ {P }S{Q}
fv(P )∩ fv(R) = ;

R ⇒∅1

⊢ {P ∗R}S{Q ∗R}

(FRAME SCHEDULE)

⊢ {P }∆{Q}
fv(P )∩ fv(R) = ;

R ⇒∅
⊢ {P ∗R}∆{Q ∗R}
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These are all the proof rules of AuDaLogic. In the next chapter, we shall
prove the proof system presented in this chapter sound.

7.5 Proving Linear Sort with AuDaLogic

In this section, we prove the results of executing linear sort, as given in List-
ing 3.6 and Section 3.4.1, using AuDaLogic. We do this with the intent of prov-
ing that the program correctly sorts a list of struct instances containing distinct
values in ascending order, which we establish by proving the program’s effects
and then concluding from those effects that the intended effect is reached.

Here, we generally take an observant approach instead of a deterministic
one where we can. Where possible, we do not assert postconditions before
starting on the proof tree, as the postcondition should follow from the effects
of the execution. We cannot do this for fixpoints, however, where we will have
to define a variant and invariant with our intentions for the effects of the loop.

In Section 7.5.1, we first give some preliminaries and define a precondition
using information from AuDaLa and Section 3.4.1. Furthermore, we decom-
pose the schedule. In Section 7.5.2, we deal with the fixpoint in the schedule,
and in Section 7.5.3 we process the step compareElements. Following this, we
conclude the fixpoint by determining its postcondition in Section 7.5.4. Then,
we process the step reorder in Section 7.5.5 and conclude our proof tree in
Section 7.5.6.

Due to its size, we do not attempt to give the proof tree as a whole. Instead,
let any occurrence of

`
be a reference to another part of a proof tree.

As it is useful to show the work in progress, we often give unfinished ver-
sions of the partial proof trees. The finished trees are labeled in their figures
using the label “Finished:". Unknown predicates are given using a question
mark. While sometimes the contents of an unknown postcondition can be
elaborated upon relatively to the precondition, we do not elaborate upon par-
tially known postconditions until we can fully define them, to keep the exam-
ple clear. In contrast, we do note down fully defined postconditions if the proof
rules require them, as we can use those as intermediate checks for correctness
so far. We use . . . above a rule if we discuss the part of the proof tree above
that rule later. Lastly, we often have to remove multiple existential quantifiers
in sequence, which we denote by the label EXAMPLE+.

While we can give an ordered list as a relation f0[1 7→ e1, . . . ,n 7→ en], where
f0 is the appropriate empty function, we use a notational shorthand and write
lists as f = e1; . . . ;en , to make it align with the rest of the thesis. Note that this
means that a list element ei can be more accurately represented as f (i ), which
means that i can be represented as an AuDaLogic variable, even though it is
represented as a subscript. We also use ei ∈ f instead of i ∈ dom( f )∧ ei = f (i ),
and similarly extend set notation to lists for this section.
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7.5.1 Preliminaries and schedule

To create a proof tree to prove the effects of the program given in Listing 3.6,
we first have to consider the program and its explanation as given in Sec-
tion 3.4.1. To make the proof tree more readable, we give the following des-
ignations to all the statements in Listing 3.6:

S1 = “if comp != null then { S2 }”

S2 = “if (comp.val >=val && ((newNext = null)∥ comp.val<newNext.val))

then {S3}”

S3 = “newNext :=comp;”

S4 = “comp :=comp.next;”

S5 = “next := newNext;”

As stated in Problem 5.2.10, we are given a list of distinct positive values.
Listing 3.6 does not include an initialisation, but the expected results are stated
in Section 3.4.1: after the initialisation, the program assumes that the list is
correctly made, and that for all ListElem elements, comp is set to the ListElem
representing the first element of the list and newNext is set to null.

We use this to define a precondition P0, as given below. In P0, we assert
that there is an ordered list of distinct, positive values represented by an or-
dered list of AuDaLogic variables and an ordered list of label variables which
represent the ListElem struct instances of the initialised list. We then assert
that every label variable li should correctly represent the i th element of the
list, with the parameters initialised as expected. Lastly, we also assert that
there is a null-instance active for ListElem, which follows from the semantics
of AuDaLa. This precondition is strict; it asserts that the list and the null-
instance exist, but also that no other active elements exist. Similarly, the heap
is also kept strict: only the parameters (and null-parameters) of the ListElem
struct instances exist.

P0 = ∃Vals :Z→V .Vals = a0; . . . ; an−1 ∧∀0 ≤ x < y < n.ax ̸= ay∧
∀0 ≤ x < n.ax > 0∧∃L ⊂Z→L.L = l0; . . . ; ln−1∧

⊛0≤i <n ((■1(li ,ListElem)∧∅2)∧∃lne ∈L.(((li ,next)
17−→ lne∗

(li ,newNext)
17−→ ℓ0

ListElem ∗ (li ,comp)
17−→ l0 ∗ (li ,val)

17−→ ai )

∧ ((i = n −1)∧ lne = ℓ0
ListElem)∨ ((i < n −1)∧ lne = li +1)))

∗ (■1(ℓ0
ListElem,ListElem)∧∅2 ∧emp)

As it is beneficial for the fixpoint variant generator function later, we have
decided to index our values and struct instances from 0 to n−1. It is important
to note, though, that l0 is distinct from the null-instance reference ℓ0

ListElem.
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`
1

⊢ {P1}Fix(compareElement){?}
. . .

⊢ {?}reorder{?}
BARRIER⊢ {P1}Fix(compareElement) < reorder{?}

EXAMPLE+
{P0}Fix(compareElement) < reorder{?}

Figure 7.1: Proof Tree
`

0, first unfinished version

With this precondition, we start our proof tree by decomposing the sched-
ule. Recall that the schedule of linear sort is Fix(compareElement) < reorder,
with compareElement composed of statements S1 to S4, and reorder composed
of statement S5.

We first remove the two existential quantifiers for the value AuDaLogic
variables and the label variables of P0 using two applications of the example
rule. We depict this in Figure 7.1. For our readability, we denote sequences
of applications of the same rule only once Removing the existential quantifiers
leads to P1:

P1 = (Vals = a0; . . . ; an−1 ∧∀0 ≤ x < y < n.ax ̸= ay ∧∀0 ≤ x < n.ax > 0)∧
L = l0; . . . ; ln−1∧

⊛0≤i <n ((■1(li ,ListElem)∧∅2)∧∃lne ∈L.(((li ,next)
17−→ lne∗

(li ,newNext)
17−→ ℓ0

ListElem ∗ (li ,comp)
17−→ l0 ∗ (li ,val)

17−→ ai )

∧ ((i = n −1)∧ lne = ℓ0
ListElem)∨ ((i < n −1)∧ lne = li +1)))

∗ (■1(ℓ0
ListElem,ListElem)∧∅2 ∧emp)

We furthermore use the BARRIER rule to split the schedule, as also depicted in
Figure 7.1. The next step is to deal with the fixpoint.

7.5.2 Fixpoints, variants and the stable predicate

To prove the result of the fixpoint, we want to use the FIXPOINT rule, for which
we must transform P1 into a form P2 ∧Va(1), for some P and some variant Va.
Here, a variant is a predicate relative to the iteration, which should encapsu-
late the changes that happen in every iteration. As for proving a fixpoint we
also need to prove that a program terminates, the variant should eventually
imply that the system is stable as well.

As described in Section 3.4.1, the ListElem elements in the program tra-
verse the list and during that traversal, find the element which has the small-
est value bigger than its own value. We define a variant generator function
Va based on this intent, which generates a predicate for every natural number,
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dependent on the parameters comp, val and next. Here, Va(0) gives the variant
as it holds before execution, and Va(i ) with i > 0 gives the variant as it should
hold after i iterations.

Va(h) =∀0≤i≤n−1.∃lC , lN N ∈L.((li ,comp) ,→ lC∧
(h < n) ⇒ lC = lh ∧ ((h ≥ n) ⇒ lC = ℓ0

ListElem)∧
(li ,newNext) ,→ lN N ∧ (lN N ̸= ℓ0

ListElem ⇒
(∃aN N ∈V .((lN N ,val) ,→ aN N ∧aN N > ai∧
(∀0≤t<min(h,n).at > ai ⇒ at > aN N ))))∧

(lN N = ℓ0
ListElem) ⇒ (∀0≤t<min(h,n).at ≤ ai ))

This states that for all struct instances in the list (represented by L), the label
currently in the comp-parameter (represented by lC ) is the label of the hth
struct instance of the list if there have been less or equal to n iterations. Fur-
thermore, this states that for all struct instances in the list with value vi , if
the label referenced by the newNext parameter (represented by lN N ) does not
point to the null-instance of ListElem, it references the struct instance in the
first h or n elements (whichever is smaller) in the list with the smallest value
larger than vi . Additionally, if the newNext parameter does refer to null, then
all values in the first h or n (whichever is smaller) elements is smaller than vi .

If we take h to be 0, then we get that Va(0) is the following predicate:

Va(0) =∀0≤i <n .∃lN N ∈L.(li ,comp) ,→ l0 ∧ (li ,newNext) ,→ lN N∧
(lN N ̸= ℓ0

ListElem) ⇒ (∃aN N ∈V .((lN N ,val) ,→ aN N ∧aN N > ai ))

We weaken P1 into P2, given below, to redistribute some permissions. We
make sure that all struct instances have write permissions for their newNext
and comp parameters, and read permissions for the values of the struct in-
stances of their newNext and comp values, which they will need to execute the
compareElement step. Furthermore, we give every struct instance read per-
missions for the next variable of all struct instances. This is required because
we need to keep the permissions for the next parameters explicit, as we still
want to write to those in the step reorder. We add some clauses to encode the
possible values of the next parameter of the current struct instance and the
comp struct instance, and lastly assert that there is a null-instance active. Note
that we have weakened away the emp assertion for the null-instance; this is
because the leftover permissions not made explicit in P2 can then be assigned
to the null-instance.
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P2 = (Vals = a0; . . . ; an−1 ∧∀0 ≤ x < y < n.ax ̸= ay ∧∀0 ≤ x < n.ax > 0)∧
L = l0; . . . ; ln−1∧

⊛0≤i <n ((■1(li ,ListElem)∧∅2)∧∃lne, lc, lcn, lnn ∈L.∃ann , ac ,∈V .(

(li ,newNext)
17−→ lnn ∗ (li ,comp)

17−→ lc∗
(lc,val) 7→ ac ∗ (lnn,val) 7→ ann ∗ (li , val ) 7→ ai∗
((⊛0≤q<n .(lq,next)

1/n7−−→−)∧ (li ,next) ,→ lne ∧ (lc ,next) ,→ lcn)

∧ (((i = n −1)∧ lne = ℓ0
ListElem)∨ ((i < n −1)∧ lne = li +1))

∧ ((lc ̸= ℓ0
ListElem) ⇒ (∃0≤z<n .ℓc = ℓz∧

((z = n −1)∧ lcn = ℓ0
ListElem)∨ ((z < n −1)∧ lcn = lz+1)))))

∗ (■1(ℓ0
ListElem,ListElem)∧∅2)

As P2 ⇒ Va(0), we abstract P2 ∧Va(0) to just P2. We then show that for all
k ≥ n, P ∧Va(k) ⇒ stableP (compareElement). For this, we adapt Va(h) for k as
follows:

Va(k) =∀0≤i <n .(li ,comp) ,→ ℓ0
ListElem∧

∃lN N ∈L.(li ,newNext) ,→ lN N ∧ (lN N ̸= ℓ0
ListElem) ⇒

(∃aN N ∈V .((lN N ,val) ,→ aN N ∧aN N > ai∧
∀0≤t<n .at > ai ⇒ at > aN N ))∧

(lN N = ℓ0
ListElem) ⇒ (∀0≤t<n .at ≤ ai )

We then make stableP (compareElement) concrete by unfolding its defini-
tion. In particular, we know that PrSP (li ,ListElem,S1;S4, id) resolves to the
predicate given below.

(li ,comp) ,→ aC ∧ (aC ̸= ℓ0
ListElem∧

(li ,val) ,→ aV ∧ (aC ,val) ,→ aCV ∧
(li ,newNext) ,→ aN N ∧ (aN N ,val) ,→ aN NV ∧
(aCV > aV ∧ (aN N = ℓ0

ListElem ∨aCV < aN NV ))∧ (

(li ,newNext)
1
,−→ aN N ∧aN N = aC

∧ (li ,comp)
1
,−→ aC ∧ (aC ,next) ,→ aC N ∧aC = aC N )

)∨ (¬(aCV > aV ∧ (aN N = ℓ0
ListElem ∨aCV < aN NV ))

∧ (li ,comp)
1
,−→ aC ∧ (aC ,next) ,→ aC N ∧aC = aC N ))

)∨ (aC = ℓ0
ListElem ∧ (li ,comp)

1
,−→ aC ∧ (aC ,next) ,→ aC N ∧aC = aC N )



7.5 Proving Linear Sort with AuDaLogic 211

We then simplify this and map all introduced a-variables to the existen-
tially introduced variables of P2. The mapping is straightforward and can
be found by matching the memory assertion requirements on the existen-
tially introduced variables of P2 with the existentially introduced variables
of PrSP (li ,ListElem,S1;S4, id). The mapping is enforced by the fact that with
any other mapping, P2 ∧V (k) ⇒ stableP (compareElement) cannot hold due to
aforementioned requirements. As a result, we get the following predicate for
PrSP (li ,ListElem,S1;S4, id):

(li ,comp)
1
,−→ lc ∧ (lc ̸= ℓ0

ListElem ⇒
(li ,val) ,→ ai ∧ (lc ,val) ,→ ac ∧ (li ,newNext) ,→ lnn ∧ (lnn ,val) ,→ ann∧
(((ann > ai )∧ (lnn = ℓ0

ListElem ∨ac < ann)) ⇒
(li ,newNext) ,→ lnn ∧ (lnn = lc ))

)∧ (lc ,next)
l
,−→cn ∧lc = lcn

The full stable predicate stableP (compareElement) for the system that satis-
fies P2 is ⊛(li ,ListElem)∈L×{ListElem}PrSP (li ,S1;S4)∗PrSP (ℓ0

ListElem,ListElem,S1;S4, id).
For PrSP (ℓ0

ListElem,ListElem,S1;S4, id), we map the introduced variables to re-
flect the null-values of the null-instance parameters. This results in the follow-
ing predicate, which resolves to true, due to the semantics of AuDaLogic:

(ℓ0
ListElem,comp) ,→ ℓ0

ListElem ∧ (ℓ0
ListElem,next) ,→ ℓ0

ListElem ∧ℓ0
ListElem = ℓ0

ListElem

To prove that P2 ∧Va(k) ⇒ stableP (compareElement), we can distribute the
clauses of Va(k) over the separator of P2. In AuDaLogic (as in separation
logic [140]), it holds that

(P A ∗PB )∧ (a1, x) ,→ a2 ⇔ ((P A ∧ (a1, x) ,→ a2)∗PB )∨ (P A ∗ (PB ∧ (a1, x) ,→ a2)).

It follows that distributing Va(k) over the big separator of P2 leads to a lot of
or-clauses. However, the clauses in Va(k) require that (li ,comp) ,→− and that
(li ,newNext) ,→−, so every clause has only one separator clause for which it
is not immediately false, leading the entire separator to be false. To that end,
with Va(k) = Va(k)1∧. . .∧Va(k)n , we define the predicate P2∧Va(k), given below.
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P2 ∧Va(k) = (Vals = a0; . . . ; an−1 ∧∀0 ≤ x < y < n.ax ̸= ay ∧∀0 ≤ x < n.ax > 0)∧
L = l0; . . . ; ln−1∧

⊛0≤i <n ((■1(li ,ListElem)∧∅2)∧∃lne, lc, lcn, lnn ∈L.∃ann , ac ,∈V .(

(li ,newNext)
17−→ lnn ∗ (li ,comp)

17−→ lc∗
(lc,val) 7→ ac ∗ (lnn,val) 7→ ann ∗ (li , val ) 7→ ai∗
((⊛0≤q<n .(lq,next)

1/n7−−→−)∧ (li ,next) ,→ lne ∧ (lc ,next) ,→ lcn)

∧ (((i = n −1)∧ lne = ℓ0
ListElem)∨ ((i < n −1)∧ lne = li +1))

∧ ((lc ̸= ℓ0
ListElem) ⇒ (∃0≤z<n .ℓc = ℓz∧

((z = n −1)∧ lcn = ℓ0
ListElem)∨ ((z < n −1)∧ lcn = lz+1)))

∧ (li ,comp) ,→ ℓ0
ListElem ∧ (lnn = ℓ0

ListElem ⇒ (∀0≤t<n .at ≤ ai ))

∧ (lnn ̸= ℓ0
ListElem ⇒ (ann > ai ∧∀0≤t<n .at > ai ⇒ at > ann))))

∗ (■1(ℓ0
ListElem,ListElem)∧∅2)

This we resolve to the following predicate.

P2 ∧Va(k) = (Vals = a0; . . . ; an−1 ∧∀0 ≤ x < y < n.ax ̸= ay ∧∀0 ≤ x < n.ax > 0)∧
L = l0; . . . ; ln−1∧

⊛0≤i <n ((■1(li ,ListElem)∧∅2)∧∃lne, lnn ∈L.∃ann ∈V .(

(li ,newNext)
17−→ lnn ∗ (li ,comp)

17−→ ℓ0
ListElem∗

(lnn,val) 7→ ann ∗ (li ,val) 7→ ai∗
((⊛0≤q<n .(lq,next)

1/n7−−→−)∧ (li ,next) ,→ lne )

∧ (((i = n −1)∧ lne = ℓ0
ListElem)∨ ((i < n −1)∧ lne = li +1))

∧ (lnn ̸= ℓ0
ListElem ⇒ (ann > ai ∧∀0≤t<n .at > ai ⇒ at > ann))

∧ (lnn = ℓ0
ListElem ⇒ (∀0≤t<n .at ≤ ai ))))

∗ (■1(ℓ0
ListElem,ListElem)∧∅2)

It follows that P2 ∧ Va(k) ⇒ stableP (compareElement), due to the clause
(li ,comp)

17−→ ℓ0
ListElem for every li ∈ L in P2 ∧ Va(k). We can then continue

our proof tree, as shown in Figure 7.2. We give the postcondition of the
application of FIXPOINT as P2 ∧Va(k)∧ stableP (compareElement), as due to the
definition of Va(n +1), Va(n +1) = Va(k). We omit stableP (compareElement) from
the postcondition as it is implied by P2 ∧Va(k), and as Va(n + 1) = Va(k).

We then choose a fresh ghost variable j for the iteration we are going to
prove, and resolve P2 ∧Va( j )∧¬stableP (compareElement) into P3. As the input
for Va, we may assume that j is a natural number.
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`
2

⊢ {P2 ∧Va( j )∧¬stableP (compareElement)}compareElement{P2 ∧Va( j + 1)}
FP⊢ {P2}Fix(compareElement){P2 ∧Va(k)∧ stableP (compareElement)}

WK⊢ {P1}Fix(compareElement){?}

Figure 7.2: Proof Tree
`

1, unfinished version. Here, WK stands for WEAKENING and
FP stands for FIXPOINT.

We distribute Va( j ) over P2 to get P2 ∧Va( j ), as given below. We unify the
existential variables of Va( j ) and P2, with a straightforward mapping. As V ( j )
requires that (( j < n) ⇒ lc = l j )∧ (( j ≥ n) ⇒ lc = ℓ0

ListElem), we slightly simplify the
predicate part for lcn , as if lc ̸= ℓ0

ListElem, ( j < n) must hold, so lc = l j .

P2 ∧Va( j ) = (Vals = a0; . . . ; an−1 ∧∀0 ≤ x < y < n.ax ̸= ay ∧∀0 ≤ x < n.ax > 0)∧
(L = l0; . . . ; ln−1)∧

⊛0≤i <n ((■1(li ,ListElem)∧∅2)∧∃lne, lc, lcn, lnn ∈L.∃ann , ac ,∈V .(

(li ,newNext)
17−→ lnn ∗ (li ,comp)

17−→ lc∗
(lc,val) 7→ ac ∗ (lnn,val) 7→ ann ∗ (li , val ) 7→ ai∗
((⊛0≤q<n .(lq,next)

1/n7−−→−)∧ (li ,next) ,→ lne ∧ (lc ,next) ,→ lcn)

∧ (((i = n −1)∧ lne = ℓ0
ListElem)∨ ((i < n −1)∧ lne = li +1))

∧ ( j < n ⇒ lc = l j ∧ (( j ≥ n) ⇒ lc = ℓ0
ListElem))

∧ (lc ̸= ℓ0
ListElem ⇒ ((( j = n −1)∧ lcn = ℓ0

ListElem)∨ (( j < n −1)∧ lcn = l j +1)))

∧ (lnn ̸= ℓ0
ListElem ⇒ (ann > ai ∧∀0≤t<min( j ,n).(at > ai ⇒ at > ann)))

∧ (lnn = ℓ0
ListElem ⇒ (∀0≤t<min( j ,n).at ≤ ai ))))

∗ (■1(ℓ0
ListElem,ListElem)∧∅2)

We can optionally also distribute the ¬stableP (compareElement) over P2,
as the precondition allows this, but as we do not need it and it makes the
predicate bigger, we will weaken it away instead. See the end of the subsection
for an example of how to distribute ¬stableP (compareElement) over P2.

The next step is to put the first two lines of P2 into the separator, for which
we utilize an rule of separation logic from given by Reynolds [159], which
states that if P A is pure, P A∧(PB ∗PC ) ⇔ (P A∧PB )∗PC ). We therefore duplicate
C and add it to the clauses of the struct instances, which results in P3:

C = (Vals = a0; . . . ; an−1 ∧∀0 ≤ x < y < n.ax ̸= ay ∧∀0 ≤ x < n.ax > 0)∧
(L = l0; . . . ; ln−1)
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P3 =⊛0≤i <n((■1(li ,ListElem)∧∅2)∧∃lne, lc, lcn, lnn ∈L.∃ann , ac ,∈V .(

(li ,newNext)
17−→ lnn ∗ (li ,comp)

17−→ lc∗
(lc,val) 7→ ac ∗ (lnn,val) 7→ ann ∗ (li , val ) 7→ ai∗
((⊛0≤q<n .(lq,next)

1/n7−−→−)∧ (li ,next) ,→ lne ∧ (lc ,next) ,→ lcn)

∧ (((i = n −1)∧ lne = ℓ0
ListElem)∨ ((i < n −1)∧ lne = li +1))

∧ ( j < n ⇒ lc = l j ∧ (( j ≥ n) ⇒ lc = ℓ0
ListElem))

∧ (lc ̸= ℓ0
ListElem ⇒ ((( j = n −1)∧ lcn = ℓ0

ListElem)∨ (( j < n −1)∧ lcn = l j +1)))

∧ (lnn ̸= ℓ0
ListElem ⇒ (ann > ai ∧∀0≤t<min( j ,n).(at > ai ⇒ at > ann)))

∧ (lnn = ℓ0
ListElem ⇒ (∀0≤t<min( j ,n).at ≤ ai )))

∧C )∗ (■1(ℓ0
ListElem,ListElem)∧∅2)

From this point on, we omit C for readability, as it does not change until the
very end.

We split off the null-instance, which we will prove separately. This results
in P4, which is the same as P3 except that the last line is removed. We split P4

into P5 for each struct instance using GEN PARALLEL:

P5 = ■1(li ,ListElem)∧∅2)∧∃lne, lc, lcn, lnn ∈L.∃ann , ac ,∈V .(

(li ,newNext)
17−→ lnn ∗ (li ,comp)

17−→ lc∗
(lc,val) 7→ ac ∗ (lnn,val) 7→ ann ∗ (li , val ) 7→ ai∗
((⊛0≤q<n .(lq,next)

1/n7−−→−)∧ (li ,next) ,→ lne ∧ (lc ,next) ,→ lcn)

∧ (((i = n −1)∧ lne = ℓ0
ListElem)∨ ((i < n −1)∧ lne = li +1))

∧ ( j < n ⇒ lc = l j ∧ (( j ≥ n) ⇒ lc = ℓ0
ListElem))

∧ (lc ̸= ℓ0
ListElem ⇒ ((( j = n −1)∧ lcn = ℓ0

ListElem)∨ (( j < n −1)∧ lcn = l j +1)))

∧ (lnn ̸= ℓ0
ListElem ⇒ (ann > ai ∧∀0≤t<min( j ,n).(at > ai ⇒ at > ann)))

∧ (lnn = ℓ0
ListElem ⇒ (∀0≤t<min( j ,n).at ≤ ai )))∧C

Continuing the proof tree with these steps results in Figure 7.3. In the figure,
we use PN to denote the predicate ■1(ℓ0

ListElem,ListElem)∧∅2.

The next step is to process the step compareElement in Section 7.5.3. The
rest of this subsection will describe distributing the negated stability predicate
over P3. We have included this as an example, but as it is not used in our proof
tree, consider it optional.
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`
3

⊢ {P5}compareElement{?}
GP⊢ {P4}compareElement{?}

. . .
⊢ {PN }compareElement{?}

SP⊢ {P3}compareElement{P2 ∧Va( j + 1)}
WK⊢ {P2 ∧Va( j )∧¬stableP (compareElement)}compareElement{P2 ∧Va( j + 1)}

Figure 7.3: Proof Tree
`

2, first unfinished version, where WK stands for WEAKENING,
SP stands for SPLIT PARALLEL and GP stands for GEN PARALLEL.

Extra example - distributing ¬stableP (compareElement) over P2 ∧Va( j )

In other proofs, it may be required to distribute ¬stableP (compareElement)
over a precondition. To show an example of how this works, we give an ex-
ample of how ¬stableP (compareElement) can be distributed over P3.

Consider that

¬stableP (compareElement) =

¬(⊛(li ,ListElem)∈L×{ListElem}PrSP (li ,ListElem,S1;S4, id)∗ true).

This states that the split we wish to make does not exist. This can only
be if for all possible partial splits over the elements of L, for some li ∈ L,
PrSP (li ,ListElem,S1;S4, id) does not hold. This includes the split made for P2.

To be able to reason about all instances of ListElem during the execution
of the step, we generalize the above. For convenience’s sake, we extend set
notation to lists. There must exist a non-empty sublist L0 ⊆ L such that for the
split in P2, the predicate PrSP (li ,ListElem,S1;S4, id) does not hold iff li ∈ L0. Let
L1 = L \ L0; for the elements li in L1, it follows that PrSP (li ,ListElem,S1;S4, id)
holds in the split of P2. Then we conclude that

¬stableP (compareElement) ⇒∃L0,L1 ⊆ L.(L0 ∩L1 = ;∧L0 ̸= ;∧
∀li ∈ L0.¬PrSP (li ,ListElem,S1;S4, id)∧
∀li ∈ L1.PrSP (li ,ListElem,S1;S4, id)).

We add this to P2 ∧Va( j ) to make P2 ∧Va( j )∧¬stableP , which we call PE1, as
given below.
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PE1 = (Vals = {a0, . . . , an−1}∧∀0 ≤ x < y < n.ax ̸= ay ∧∀0 ≤ x < n.ax > 0)∧
(L = {l0, . . . , ln−1})∧

∃L0,L1 ⊂ L.(L0 ∩L1 = ;∧L0 ̸= ;∧∀li ∈ L0.¬PrSP (li ,ListElem,S1;S4, id∧
∀li ∈ L1.PrSP (li ,ListElem,S1;S4, id)))∧

⊛0≤i <n ((■1(li ,ListElem)∧∅2)∧∃lne, lc, lcn, lnn ∈L.∃ann , ac ,∈V .(

(li ,newNext)
17−→ lnn ∗ (li ,comp)

17−→ lc∗
(lc,val) 7→ ac ∗ (lnn,val) 7→ ann ∗ (li , val ) 7→ ai∗
((⊛0≤q<n .(lq,next)

1/n7−−→−)∧ (li ,next) ,→ lne ∧ (lc ,next) ,→ lcn)

∧ (((i = n −1)∧ lne = ℓ0
ListElem)∨ ((i < n −1)∧ lne = li +1))

∧ ( j < n ⇒ lc = l j ∧ (( j ≥ n) ⇒ lc = ℓ0
ListElem))

∧ (lc ̸= ℓ0
ListElem ⇒ ((( j = n −1)∧ lcn = ℓ0

ListElem)∨ (( j < n −1)∧ lcn = l j +1)))

∧ (lnn ̸= ℓ0
ListElem ⇒ (ann > ai ∧∀0≤t<min( j ,n).(at > ai ⇒ at > ann)))

∧ (lnn = ℓ0
ListElem ⇒ (∀0≤t<min( j ,n).at ≤ ai ))))

∗ (■1(ℓ0
ListElem,ListElem)∧∅2)

We then remove the existential quantifier for L0 and L1 using the EXAMPLE

rule, resulting in P ′
E1. We furthermore distribute the universal quantifiers as-

sociated with L0 and L1 over the separator.
For this, we can distribute the universal quantifier for L1 over the sepa-

rator as explained before, with a lot of or-clauses where the faulty distribu-
tion makes the whole clause false by default. Here, for a single label li , the
predicate PrSP (li ,ListElem,S1;S4, id) resolves to the following predicate, as all
memory heap requirements are satisfied for that li :

(lc ̸= ℓ0
ListElem ⇒ ((ann > ai )∧ (lnn = ℓ0

ListElem ∨ac < ann) ⇒ (lnn = lc )))∧ lc = lcn

For the universal quantifier for L0, we first establish that the predicate
¬PrSP (li ,ListElem,S1;S4, id) resolves to:

¬(li ,comp)
1
,−→ lc ∨ (lc ̸= ℓ0

ListElem∧
(¬(li ,val) ,→ ai ∨¬(lc ,val) ,→ ac ∨¬(li ,newNext) ,→ lnn∨

¬(lnn ,val) ,→ ann∨
((ac > ai )∧ ((lnn = ℓ0

ListElem ∨ac < ann)∧
(¬(li ,newNext)

1
,−→ lnn ∨ (lnn ̸= lc )))))

)∨¬(lc ,next)
l
,−→cn ∨lc ̸= lcn
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To distribute this over the separator, we use the insight that negated inclusion
statements do in fact distribute down over separators. If something is not in
the larger memory heap, it is not going to be in any of its parts. An disjunction
of negated inclusions and pure statements then also distributes down over a
separator, as whatever part of the disjunction makes the disjunction true will
also hold for all parts of any split of the heap of the predicate.

As this is trivially true for all parts of the split induced by the separator that
are not assigned to li , as those will not contain a heap entry (li ,comp)

17−→−, the
only clause any part of the predicate will then show up is the clause for li . For
the part of the split of li , this resolves to the following predicate:

(lc ̸= ℓ0
ListElem ∧ ((ac > ai )∧ (lnn = ℓ0

ListElem ∨ac < ann)∧ (lnn ̸= lc )))∨ lc ̸= lcn

We then conclude with the predicate PE2, given below:

PE2 = (Vals = {a0, . . . , an−1}∧∀0 ≤ x < y < n.ax ̸= ay ∧∀0 ≤ x < n.ax > 0)∧
(L = {l0, . . . , ln−1})∧L0 ∪L1 = ;∧L0 ̸= ;∧

⊛0≤i <n ((■1(li ,ListElem)∧∅2)∧∃lne, lc, lcn, lnn ∈L.∃ann ∈V .(

(li ,newNext)
17−→ lnn ∗ (li ,comp)

17−→ lc∗
(lc,val) 7→ ac ∗ (lnn,val) 7→ ann ∗ (li , val ) 7→ ai∗
((⊛0≤q<n .(lq,next)

1/n7−−→−)∧ (li ,next) ,→ lne ∧ (lc ,next) ,→ lcn)

∧ (((i = n −1)∧ lne = ℓ0
ListElem)∨ ((i < n −1)∧ lne = li +1))

∧ ( j < n) ⇒ lc = l j ∧ (( j ≥ n) ⇒ lc = ℓ0
ListElem)

∧ (lc ̸= ℓ0
ListElem ⇒ ((( j = n −1)∧ lcn = ℓ0

ListElem)∨ (( j < n −1)∧ lcn = l j +1)))

∧ (lnn ̸= ℓ0
ListElem ⇒ (ann > ai ∧∀0≤t<min( j ,n).(at > ai ⇒ at > ann)))

∧ (lnn = ℓ0
ListElem ⇒ (∀0≤t<min( j ,n).at ≤ ai ))

∧ (li ∈ L0 ⇒ ((lc ̸= ℓ0
ListElem ∧ ((ac > ai )∧ (lnn = ℓ0

ListElem ∨ac < ann)∧
(lnn ̸= lc )))∨ lc ̸= lcn))

∧ (li ∈ L1 ⇒ ((lc ̸= ℓ0
ListElem ⇒

((ann > ai )∧ (lnn = ℓ0
ListElem ∨ac < ann) ⇒ (lnn = lc )))∧ lc = lcn))))

∗ (■1(ℓ0
ListElem,ListElem)∧∅2)
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7.5.3 Processing the step compareElement

To process the step compareElement, we first transform P5 into P6:

P6 = (■1(li ,ListElem)∧∅2)∧
(li ,newNext)

17−→ lnn ∗ (li ,comp)
17−→ lc∗

(lc,val) 7→ ac ∗ (lnn,val) 7→ ann ∗ (li , val ) 7→ ai )∗
((⊛0≤q<n .(lq,next)

1/n7−−→−)∧ (li ,next) ,→ lne ∧ (lc ,next) ,→ lcn)

∧ (((i = n −1)∧ lne = ℓ0
ListElem)∨ ((i < n −1)∧ lne = li +1))

∧ (( j < n) ⇒ lc = l j ∧ (( j ≥ n) ⇒ lc = ℓ0
ListElem))

∧ (lc ̸= ℓ0
ListElem ⇒ ((( j = n −1)∧ lcn = ℓ0

ListElem)∨ (( j < n −1)∧ lcn = l j +1)))

∧ (lnn ̸= ℓ0
ListElem ⇒ (ann > ai ∧∀0≤t<min( j ,n).(at > ai ⇒ at > ann)))

∧ (lnn = ℓ0
ListElem ⇒ (∀0≤t<min( j ,n).at ≤ ai ))∧C

The only change between the two is the removal of the existential quantifier
∃lne, lc, lcn, lnn ∈L.∃a j , ac ∈V .(. . .).

Following this, we use the rule STEP CALL, for which we take P6 to be
P ′ as well, as P6 → ■(li ,ListElem). We then use the SEQUENCE rule to split
the statements S1 and S4. We then use the IF-STATEMENT rule twice, first
for S1 and then for S2. After the first application, we have as precondition
P6 ∧ lc ̸= ℓ0

ListElem, and after the second application, we have the precondition
P6∧ lc ̸= ℓ0

ListElem∧ac > ai ∧(lnn = ℓ0
ListElem∨ac < ann). We use the if-conditions to

simplify our precondition into P7.

P7 = (■1(li ,ListElem)∧∅2)∧
(li ,newNext)

17−→ lnn ∗ (li ,comp)
17−→ l j∗

(l j ,val) 7→ a j ∗ (lnn,val) 7→ ann ∗ (li , val ) 7→ ai )∗
((⊛0≤q<n .(lq,next)

1/n7−−→−)∧ (li ,next) ,→ lne ∧ (l j ,next) ,→ lcn)

∧ (((i = n −1)∧ lne = ℓ0
ListElem)∨ ((i < n −1)∧ lne = li +1))

∧ ((( j = n −1)∧ lcn = ℓ0
ListElem)∨ (( j < n −1)∧ lcn = l j +1))

∧ (lnn ̸= ℓ0
ListElem ⇒ (ann > ai ∧∀0≤t< j .(at > ai ⇒ at > ann)))

∧ (lnn = ℓ0
ListElem ⇒ (∀0≤t< j .at ≤ ai ))

∧C ∧a j > ai ∧ (lnn = ℓ0
ListElem ∨a j < ann)

Notably, we use that lc ̸= ℓ0
ListElem to assert that j < n, which states that lc = l j ,

both of which we use to simplify our lcn clause and the universal quantifiers.
While the rule requires us to verify that the precondition coupled with the

negated if-condition implies the postcondition, we wait in specifying the exact
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postcondition until after we have proven the triples required from the rules.
This leads to the tree as depicted in Figure 7.4.

We then apply the update rule. For this, note that we can add the last five
lines to the first line for the heap-free predicate, as the last five lines are pure.
This results in P8, with the change in bold:

P8 = (■1(li ,ListElem)∧∅2)∧
(li ,newNext)

17−→ lj ∗ (li ,comp)
17−→ l j∗

(l j ,val) 7→ a j ∗ (lnn,val) 7→ ann ∗ (li , val ) 7→ ai )∗
((⊛0≤q<n .(lq,next)

1/n7−−→−)∧ (li ,next) ,→ lne ∧ (l j ,next) ,→ lcn)

∧ (((i = n −1)∧ lne = ℓ0
ListElem)∨ ((i < n −1)∧ lne = li +1))

∧ ((( j = n −1)∧ lcn = ℓ0
ListElem)∨ (( j < n −1)∧ lcn = l j +1))

∧ (lnn ̸= ℓ0
ListElem ⇒ (ann > ai ∧∀0≤t< j .(at > ai ⇒ at > ann)))

∧ (lnn = ℓ0
ListElem ⇒ (∀0≤t< j .at ≤ ai ))

∧C ∧a j > ai ∧ (lnn = ℓ0
ListElem ∨a j < ann)

As we know that a j > ai ∧(lnn = ℓ0
ListElem∨a j < ann), we know that (l j ̸= ℓ0

ListElem),
as a j > ai > 0. Furthermore, as we know that (lnn ̸= ℓ0

ListElem) ⇒ (ann > ai ∧
∀0≤t< j .(at > ai ⇒ at < ann)) and that (lnn = ℓ0

ListElem) ⇒ (∀0≤t< j .at ≤ ai ), we know
that ∀0≤t≤ j .(at > ai ⇒ at > a j )), as (lnn = ℓ0

ListElem∨a j < ann). It follows that (l j ̸=
ℓ0

ListElem)∧ (a j > ai ∧∀0≤t≤ j .(at > ai ⇒ at > a j )). We also know that j + 1 ≤ n + 1,
as j < n. We use this to weaken P8 into P9:

P9 = (■1(li ,ListElem)∧∅2)∧
(li ,newNext)

17−→ l j ∗ (li ,comp)
17−→ l j∗

(l j ,val) 7→ a j ∗ (lnn,val) 7→ ann ∗ (li , val ) 7→ ai∗
((⊛0≤q<n .(lq,next)

1/n7−−→−)∧ (li ,next) ,→ lne ∧ (l j ,next) ,→ lcn))

∧ (((i = n −1)∧ lne = ℓ0
ListElem)∨ ((i < n −1)∧ lne = li +1))

∧ ((( j = n −1)∧ lcn = ℓ0
ListElem)∨ (( j < n −1)∧ lcn = l j +1))

∧ (l j ̸= ℓ0
ListElem ⇒ (a j > ai ∧∀0≤t<min( j +1,n+1).(at > ai ⇒ at > ann)))

∧ (l j = ℓ0
ListElem ⇒ (∀0≤t<min( j +1,n+1).at ≤ ai ))

∧C ∧a j > ai ∧ (lnn = ℓ0
ListElem ∨a j < ann)

Here, we can weaken in (l j = ℓ0
ListElem) ⇒ (∀0≤t<min( j +1,n+1).at ≤ ai ) because we

know that (l j = ℓ0
ListElem) is false.

We can use this to determine the postcondition of the if-statements. We
remove the if-conditions from P9, yielding P ′

9, and define the postcondition of
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. . .
⊢ {P7}S3{?}

IF-STATEMENT⊢ {P6 ∧ lc ̸= ℓ0
ListElem}S2{?}

IF-STATEMENT⊢ {P6}S1{?}
. . .

⊢ {?}S4{?}
SEQUENCE⊢ {P6}S1;S4{?}

STEP CALL⊢ {P6}compareElement{?}
EXAMPLE+⊢ {P5}compareElement{?}

Figure 7.4: Proof Tree
`

3, first unfinished version.

UPDATE⊢ {P7}S3{P8}
WEAKENING⊢ {P7}S3{P9}

IF-STATEMENT⊢ {P6 ∧ lc ̸= ℓ0
ListElem}S2{P10}

IF-STATEMENT⊢ {P6}S1{P10}
. . .

⊢ {?}S4{?}
SEQUENCE⊢ {P6}S1;S4{?}

STEP CALL⊢ {P6}compareElement{?}
EXAMPLE+⊢ {P5}compareElement{?}

Figure 7.5: Proof Tree
`

3, second unfinished version.

the if-statement to be

(lc ̸= ℓ0
ListElem ∧a j > ai ∧ (lnn = ℓ0

ListElem ∨a j < ann)∧P ′
9)∨

((lc = ℓ0
ListElem ∨a j ≤ ai ∨ (lnn ̸= ℓ0

ListElem ∧a j ≥ ann))∧P ′
6)

In this postcondition, P ′
6 is weakened from P6 by setting the counter in the

variant-induced universal quantifiers to j + 1.
It then follows that P6 combined with lc = ℓ0

ListElem implies P ′
6, as that im-

plies that j ≥ n, which means that min( j ,n) = min( j + 1,n) = n. Furthermore, P6

combined with (ac ≤ ai ∨ (lnn ̸= ℓ0
ListElem ∧ac ≥ ann)) implies P ′

6, as this negated
condition implies that lnn is a better choice for newNext than lc , which means
that we can expand the universal quantifiers induced by the variant to j + 1
and they will still hold.

We conclude that P6 combined with either negated if-conditions implies
this postcondition, so the postcondition suffices. We designate the postcondi-
tion as P10, and continue our proof tree as shown in Figure 7.5.

To resolve S4, we first weaken P10 to P11, as given below.
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UPDATE⊢ {P7}S3{P8}
WEAKENING⊢ {P7}S3{P9}

IF-STATEMENT⊢ {P6 ∧ lc ̸= ℓ0
ListElem}S2{P10}

IF-STATEMENT⊢ {P6}S1{P10}

UPDATE⊢ {P11}S4{P12}
WEAKENING⊢ {P10}S4{P12}
SEQUENCE⊢ {P6}S1;S4{P12}

STEP CALL⊢ {P6}compareElement{P12}
EXAMPLE+⊢ {P5}compareElement{P13}

Figure 7.6: Finished: Proof Tree
`

3

P11 = (■1(li ,ListElem)∧∅2)∧∃lu ∈L∃.au ∈V .(

(li ,newNext)
17−→ lu ∗ (li ,comp)

17−→ l j ∗ (lu ,val) 7→ au∗
(lc ,val) 7→ ac ∗ (lnn,val) 7→ ann ∗ (li , val ) 7→ ai∗
((⊛0≤q<n .(lq,next)

1/n7−−→−)∧ (li ,next) ,→ lne ∧ (lc ,next) ,→ lcn)

∧ ((lc ̸= ℓ0
ListElem ∧ac > ai ∧ (lnn = ℓ0

ListElem ∨ac < ann)) ⇒ lu = lc ∧au = ac )

∧ (¬(lc ̸= ℓ0
ListElem ∧ac > ai ∧ (lnn = ℓ0

ListElem ∨ac < ann)) ⇒ lu = lnn ∧au = ann)

∧ (((i = n −1)∧ lne = ℓ0
ListElem)∨ ((i < n −1)∧ lne = li +1))

∧ (lc ̸= ℓ0
ListElem ⇒ ((( j = n −1)∧ lcn = ℓ0

ListElem)∨ (( j < n −1)∧ lcn = l j +1)))

∧ (( j < n ⇒ lc = l j )∧ ( j ≥ n ⇒ lc = ℓ0
ListElem))

∧ (lu ̸= ℓ0
ListElem ⇒ (au > ai ∧∀0≤t<min( j +1,n).(at > ai ⇒ at > au)))

∧ (lu = ℓ0
ListElem ⇒ (∀0≤t<min( j +1,n).at ≤ ai )))

∧C

Here, we add the separation clause (lu ,val) 7→ au , which can be done because
lu = lc ∨ lu = lnn , and for both of these there are permissions in the heap. Both
of these permissions are not full permissions, nor are they permissions that
need to be defined, so we can implicitly split the permission corresponding to
the permission of (lu ,val) without knowing the permission or the exact label
lu is.

We then apply the update rule on the memory assertion (li ,comp)
17−→ l j

to replace it with (li ,comp)
17−→ lcn , yielding P12. This is once again done by

considering all lines starting with a ∧ a part of the heap-free predicate.
We add all the other existential quantifiers from P5 back in to get P13:
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FALSE PRECONDITION⊢ {false}S2{PN }
WEAKENING⊢ {PN 2 ∧ lc ̸= ℓ0

ListElem}S2{PN }
IF-STATEMENT⊢ {PN 2}S1{PN }

WEAKENING⊢ {PN }S1{PN }

NULL UPDATE⊢ {PN 1}S4{PN 1}
WEAKENING⊢ {PN }S4{PN }

SEQUENCE⊢ {PN }S1;S4{PN }
STEP CALL⊢ {PN }compareElement{PN }

Figure 7.7: Finished: Proof Tree
`

4, for the execution of compareElement by the null-
instance.

P13 = (■1(li ,ListElem)∧∅2)∧∃lu , lne, lc, lcn, lnn ∈L.∃ann , ac , au ∈V .(

(li ,newNext)
17−→ lu ∗ (li ,comp)

17−→ lcn ∗ (lu ,val) 7→ au∗
(lc ,val) 7→ ac ∗ (lnn,val) 7→ ann ∗ (li , val ) 7→ ai∗
((⊛0≤q<n .(lq,next)

1/n7−−→−)∧ (li ,next) ,→ lne ∧ (lc ,next) ,→ lcn)

∧ ((lc ̸= ℓ0
ListElem ∧ac > ai ∧ (lnn = ℓ0

ListElem ∨ac < ann)) ⇒ lu = lc ∧au = ac )

∧ (¬(lc ̸= ℓ0
ListElem ∧ac > ai ∧ (lnn = ℓ0

ListElem ∨ac < ann)) ⇒ lu = lnn ∧au = ann)

∧ (((i = n −1)∧ lne = ℓ0
ListElem)∨ ((i < n −1)∧ lne = li +1))

∧ (lc ̸= ℓ0
ListElem ⇒ ((( j = n −1)∧ lcn = ℓ0

ListElem)∨ (( j < n −1)∧ lcn = l j +1)))

∧ (( j < n ⇒ lc = l j )∧ ( j ≥ n ⇒ lc = ℓ0
ListElem))

∧ (lu ̸= ℓ0
ListElem ⇒ (au > ai ∧∀0≤t<min( j +1,n).(at > ai ⇒ at > au)))

∧ (lu = ℓ0
ListElem ⇒ (∀0≤t<min( j +1,n).at ≤ ai )))

∧C

with this, we finish this part of the proof tree, as shown in Figure 7.6.
We then return to part

`
2 of the proof tree. For this part, we still need

to prove what happens when the null-instance executes the step. This can be
adapted from

`
3, as seen in

`
4 as given in Figure 7.7. In the figure, we use

PN to denote the predicate ■1(ℓ0
ListElem,ListElem)∧∅2, we use PN 1 to denote the

predicate PN ∧ true∗ (ℓ0
ListElem,comp)

ζ07−→ ℓ0
ListElem and we use PN 2 to denote the

predicate PN ∧∃lc ∈L.(true∗ (ℓ0
ListElem,comp)

ζ07−→ lc ). Furthermore, note that we
can weaken PN into PN 1 and PN 1 and PN because we only add or remove null
parameters, which are by default included in any heap. As the next step, we
have to work towards the postcondition of the fixpoint.
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`
3

⊢ {P5}compareElement{P13}
GP⊢ {P4}compareElement{P14}

`
4

⊢ {PN }compareElement{PN }
SP⊢ {P3}compareElement{P15}

WK⊢ {P2 ∧Va( j )∧¬stableP (compareElement)}compareElement{P2 ∧Va( j + 1)}

Figure 7.8: Finished: Proof Tree
`

2, where WK stands for “WEAKENING", SP stands
for SPLIT PARALLEL and GP stands for GEN PARALLEL.

7.5.4 Back to the fixpoint postcondition

We need to align the postcondition from executing the step back into the post-
condition of the fixpoint. To do this, we first add the big separator back to P13

to yield P14, and add in
`

4 and its postcondition into
`

2. Recombining P14

with the null-instance then leads to P15.

P15 =⊛0≤i <n((■1(li ,ListElem)∧∅2)∧∃lu , lne, lc, lcn, lnn ∈L.∃ann , ac , au ∈V .(

(li ,newNext)
17−→ lu ∗ (li ,comp)

17−→ lcn ∗ (lu ,val) 7→ au∗
(lc ,val) 7→ ac ∗ (lnn,val) 7→ ann ∗ (li , val ) 7→ ai∗
((⊛0≤q<n .(lq,next)

1/n7−−→−)∧ (li ,next) ,→ lne ∧ (lc ,next) ,→ lcn)

∧ ((lc ̸= ℓ0
ListElem ∧ac > ai ∧ (lnn = ℓ0

ListElem ∨ac < ann)) ⇒ lu = lc ∧au = ac )

∧ (¬(lc ̸= ℓ0
ListElem ∧ac > ai ∧ (lnn = ℓ0

ListElem ∨ac < ann)) ⇒ lu = lnn ∧au = ann)

∧ (((i = n −1)∧ lne = ℓ0
ListElem)∨ ((i < n −1)∧ lne = li +1))

∧ (lc ̸= ℓ0
ListElem ⇒ ((( j = n −1)∧ lcn = ℓ0

ListElem)∨ (( j < n −1)∧ lcn = l j +1)))

∧ (( j < n ⇒ lc = l j )∧ ( j ≥ n ⇒ lc = ℓ0
ListElem))

∧ (lu ̸= ℓ0
ListElem ⇒ (au > ai ∧∀0≤t<min( j +1,n).(at > ai ⇒ at > au)))

∧ (lu = ℓ0
ListElem ⇒ (∀0≤t<min( j +1,n).at ≤ ai )))

∧C )∗ (■1(ℓ0
ListElem,ListElem)∧∅2)

We update the proof tree of
`

2 as seen in Figure 7.8. Though the tree is
finished, we still have to prove it is valid, by showing that P15 ⇒ P2 ∧Va( j + 1).
For this, we first define P2 ∧Va( j + 1), given below.
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P2 ∧Va( j + 1) = (Vals = a0; . . . ; an−1 ∧∀0 ≤ x < y < n.ax ̸= ay ∧∀0 ≤ x < n.ax > 0)∧
(L = l0; . . . ; ln−1)∧

⊛0≤i <n ((■1(li ,ListElem)∧∅2)∧∃lne, lc, lcn, lnn ∈L.∃ann , ac ,∈V .(

(li ,newNext)
17−→ lnn ∗ (li ,comp)

17−→ lc∗
(lc,val) 7→ ac ∗ (lnn,val) 7→ ann ∗ (li , val ) 7→ ai∗
((⊛0≤q<n .(lq,next)

1/n7−−→−)∧ (li ,next) ,→ lne ∧ (lc ,next) ,→ lcn)

∧ (((i = n −1)∧ lne = ℓ0
ListElem)∨ ((i < n −1)∧ lne = li +1))

∧ ( j + 1 < n ⇒ lc = l j +1 ∧ (( j + 1 ≥ n) ⇒ lc = ℓ0
ListElem))

∧ (lc ̸= ℓ0
ListElem ⇒ ((( j + 1 = n −1)∧ lcn = ℓ0

ListElem)∨ (( j + 1 < n −1)∧ lcn = l j +2)))

∧ (lnn ̸= ℓ0
ListElem ⇒ (ann > ai ∧∀0≤t<min( j +1,n).(at > ai ⇒ at > ann)))

∧ (lnn = ℓ0
ListElem ⇒ (∀0≤t<min( j +1,n).at ≤ ai ))))

∗ (■1(ℓ0
ListElem,ListElem)∧∅2)

The first thing we need to do to transform P15 into P2 ∧Va( j + 1) is to replace
lnn with lu , the new newNext. This can be done by weakening away the first
two ∧ clauses and redistributing the permission for (lnn ,val) over the big sepa-
rator and the remaining heap in the clause for (■1(ℓ0

ListElem,ListElem)∧∅2). This
redistribution is only possible due to the fact that (lnn ,val) does not have full
permission in any clause. At that point, the lnn and ann variables are not used
and can be removed. The result is P16, given below.

P16 =⊛0≤i <n((■1(li ,ListElem)∧∅2)∧∃lu , lne, lc, lcn,∈L.∃ac , au ∈V .(

(li ,newNext)
17−→ lu ∗ (li ,comp)

17−→ lcn∗
(lc ,val) 7→ ac ∗ (lu ,val) 7→ au ∗ (li , val ) 7→ ai∗
((⊛0≤q<n .(lq,next)

1/n7−−→−)∧ (li ,next) ,→ lne ∧ (lc ,next) ,→ lcn)

∧ (((i = n −1)∧ lne = ℓ0
ListElem)∨ ((i < n −1)∧ lne = li +1))

∧ (( j < n ⇒ lc = l j )∧ ( j ≥ n ⇒ lc = ℓ0
ListElem))

∧ (lc ̸= ℓ0
ListElem ⇒ ((( j = n −1)∧ lcn = ℓ0

ListElem)∨ (( j < n −1)∧ lcn = l j +1)))

∧ (lu ̸= ℓ0
ListElem ⇒ (au > ai ∧∀0≤t<min( j +1,n).(at > ai ⇒ at > au)))

∧ (lu = ℓ0
ListElem ⇒ (∀0≤t<min( j +1,n).at ≤ ai )))

∧C )∗ (■1(ℓ0
ListElem,ListElem)∧∅2)

Then, if j + 1 < n, then j < n, lc = l j and lcn = l j +1. Furthermore, if j + 1 ≥ n,
if j ≥ n then lc = ℓ0

ListElem and lcn = ℓ0
ListElem, and if j = n − 1, then lc = ln and
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lcn = ℓ0
ListElem. Then P16 ⇒ (( j +1 < n ⇒ lcn = l j +1)∧( j +1 ≥ n ⇒ lcn = ℓ0

ListElem)). We
replace the second and third ∧-clauses of P16 with the above conclusion. We
also redistribute the permissions of the ListElems to replace (lc ,val) 7→ ac with
(lcn ,val) 7→ acn and (lc,next) ,→ lcn with (lcn,next) ,→ lcnn and remove lc and ac ,
which leads to P17:

P17 =⊛0≤i <n((■1(li ,ListElem)∧∅2)∧∃lne, lcn, lcnn, lu ∈L.∃au , acn ∈V .

(li ,newNext)
17−→ lu ∗ (li ,comp)

17−→ lcn∗
(lcn ,val) 7→ acn ∗ (lu ,val) 7→ au ∗ (li , val ) 7→ ai )∗
((⊛0≤q<n .(lq,next)

1/n7−−→−)∧ (li ,next) ,→ lne ∧ (lcn ,next) ,→ lcnn)

∧ (((i = n −1)∧ lne = ℓ0
ListElem)∨ ((i < n −1)∧ lne = li +1))

∧ (( j + 1 < n) ⇒ lcn = l j +1)∧ (( j ≥ n) ⇒ lcn = ℓ0
ListElem)

∧ (lu ̸= ℓ0
ListElem) ⇒ (au > ai ∧∀0≤t<min( j +1,n).(at > ai ⇒ at > au))

∧ (lu = ℓ0
ListElem) ⇒ (∀0≤t<min( j +1,n).at ≤ ai )

∧C )∗ (■1(ℓ0
ListElem,ListElem)∧∅2)

Then, we can also infer from the entire separator, which requires that (((i =
n − 1)∧ lne = ℓ0

ListElem)∨ ((i < n − 1)∧ lne = li +1)) for all li , that (lcn ̸= ℓ0
ListElem) ⇒

((( j +1 = n−1)∧ lcnn = ℓ0
ListElem)∨(( j +1 < n−1)∧ lcnn = l j +2)) holds, leading to P18:

P18 =⊛0≤i <n((■1(li ,ListElem)∧∅2)∧∃lne, lcn, lcnn, lu ∈L.∃au , acn ∈V .

(li ,newNext)
17−→ lu ∗ (li ,comp)

17−→ lcn ∗
(lcn ,val) 7→ acn ∗ (lu ,val) 7→ au ∗ (li , val ) 7→ ai )∗
((⊛0≤q<n .(lq,next)

1/n7−−→−)∧ (li ,next) ,→ lne ∧ (lcn ,next) ,→ lcnn)

∧ (((i = n −1)∧ lne = ℓ0
ListElem)∨ ((i < n −1)∧ lne = li +1))

∧ (lcn ̸= ℓ0
ListElem) ⇒ ((( j + 1 = n −1)∧ lcnn = ℓ0

ListElem)∨ (( j + 1 < n −1)∧ lcnn = l j +2))

∧ (( j + 1 < n) ⇒ lcn = l j +1)∧ (( j + 1 ≥ n) ⇒ lcn = ℓ0
ListElem)

∧ (lu ̸= ℓ0
ListElem) ⇒ (au > ai ∧∀0≤t<min( j +1,n).(at > ai ⇒ at > au))

∧ (lu = ℓ0
ListElem) ⇒ (∀0≤t<min( j +1,n).at ≤ ai )

∧C )∗ (■1(ℓ0
ListElem,ListElem)∧∅2)

The only difference between P18 and P2 ∧Va( j + 1) are the variable names,
so we can conclude that P18 ⇒ P2 ∧Va( j + 1). With that, the proof tree

`
2 is

done and validated.
To finish proof tree

`
1, we know the postcondition of the fixpoint is P2 ∧

Va(k)∧ stableP (compareElement). As P2 ∧Va(k) ⇒ stableP (compareElement), we
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`
2

⊢ {P2 ∧Va( j )∧¬stableP (compareElement)}compareElement{P2 ∧Va( j + 1)}
FP⊢ {P2}Fix(compareElement){P2 ∧Va(k)∧ stableP (compareElement)}

WK⊢ {P1}Fix(compareElement){P19}

Figure 7.9: Finished: Proof Tree
`

1. Here, WK stands for WEAKENING and FP stands
for FIXPOINT.

just use P2 ∧Va(k) as a postcondition, which we update slightly to put the
constants in the separator. This results in P19:

P19 =⊛0≤i <n((■1(li ,ListElem)∧∅2)∧∃lne, lnn ∈L.∃ann ∈V .(

(li ,newNext)
17−→ lnn ∗ (li ,comp)

17−→ ℓ0
ListElem∗

(lnn,val) 7→ ann ∗ (li ,val) 7→ ai∗
((⊛0≤q<n .(lq,next)

1/n7−−→−)∧ (li ,next) ,→ lne )

∧ (((i = n −1)∧ lne = ℓ0
ListElem)∨ ((i < n −1)∧ lne = li +1))

∧ (lnn ̸= ℓ0
ListElem ⇒ (ann > ai ∧∀0≤t<n .at > ai ⇒ at > ann))

∧ (lnn = ℓ0
ListElem ⇒ (∀0≤t<n .at ≤ ai )))

∧C )∗ (■1(ℓ0
ListElem,ListElem)∧∅2)

With this, we finish proof tree
`

1, as seen in Figure 7.9. This concludes
the first part of the schedule of Linear Time Sort.

7.5.5 Processing the step reorder

With the fixpoint done, we prove the postcondition of the step reorder. We
first use the intermediate postcondition of

`
1 to update

`
0, as seen in Fig-

ure 7.10. We then weaken P19 into P20 by redistributing some permissions
over the separator, specifically the permission of (li ,next) for all li ∈ L.

P20 =⊛0≤i <n((■1(li ,ListElem)∧∅2)∧∃lne, lnn ∈L.∃ann .(

(li ,newNext)
17−→ lnn ∗ (li ,comp)

17−→ ℓ0
ListElem ∗ (li ,next)

17−→ lne∗
(li , val ) 7→ ai ∗ (lnn ,val) 7→ ann

∧ (lnn ̸= ℓ0
ListElem ⇒ (ann > ai ∧∀0≤t<n .at > ai ⇒ at > ann))

∧ (lnn = ℓ0
ListElem ⇒ (∀0≤t<n .at ≤ ai ))

∧ (((i = n −1)∧ lne = ℓ0
ListElem)∨ ((i < n −1)∧ lne = li +1)))

∧C )∗ (■1(ℓ0
ListElem,ListElem)∧∅2)
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`
1

⊢ {P1}Fix(compareElement){P19}

`
5

⊢ {P20}reorder{?}
WEAKENING⊢ {P19}reorder{?}
BARRIER⊢ {P1}Fix(compareElement) < reorder{?}

EXAMPLE+
{P0}Fix(compareElement) < reorder{?}

Figure 7.10: Proof Tree
`

0, second unfinished version

. . .
⊢ {P23}reorder{?}

EXAMPLE+⊢ {P22}reorder{?}
GEN PARALLEL⊢ {P21}reorder{?}

. . .
⊢ {PN }reorder{?}

SPLIT PARALLEL⊢ {P20}reorder{?}

Figure 7.11: Proof Tree
`

5, first unfinished version

With this, we update proof tree
`

0, as also shown in Figure 7.10.
We then prove the postcondition of the step reorder when executed with

the precondition P20. For this, we first use the rule SPLIT PARALLEL to split P20

into P21 and PN (where PN = (■1(ℓ0
ListElem,ListElem)∧∅2), as defined earlier).

We then use the rule GEN PARALLEL to split P21 into a predicate P22 for a
single struct instance li . This is analogous to how we split the precondition for
executing compareElement. We then remove the existential quantifiers using
the rule EXAMPLE, leading to P23 as given below and the proof tree depicted
in Figure 7.11.

P23 = (■1(li ,ListElem)∧∅2)∧ (

(li ,newNext)
17−→ lnn ∗ (li ,comp)

17−→ ℓ0
ListElem ∗ (li ,next)

17−→ lne∗
(li , val ) 7→ ai ∗ (lnn ,val) 7→ ann

∧ (lnn ̸= ℓ0
ListElem ⇒ (ann > ai ∧∀0≤t<n .at > ai ⇒ at > ann))

∧ (lnn = ℓ0
ListElem ⇒ (∀0≤t<n .at ≤ ai ))

∧ (((i = n −1)∧ lne = ℓ0
ListElem)∨ ((i < n −1)∧ lne = li +1)))∧C

We use STEP CALL, with P23 as P ′, to unfold reorder into S5. We then use
the UPDATE rule to process S5, resulting in P24. We weaken the clause about
lne away now lne has been replaced, resulting in P25, as given below.



228 Defining AuDaLogic

UPDATE⊢ {P23}S5{P24}
WEAKENING⊢ {P23}S5{P25}

STEP CALL⊢ {P23}reorder{P25}
EXAMPLE+⊢ {P22}reorder{P26}
WEAKENING⊢ {P22}reorder{P27}
GEN PARALLEL⊢ {P21}reorder{P28}

. . .
⊢ {PN }reorder{?}

SPLIT PARALLEL⊢ {P20}reorder{?}

Figure 7.12: Proof Tree
`

5, second unfinished version

P25 = (■1(li ,ListElem)∧∅2)∧ (

(li ,newNext)
17−→ lnn ∗ (li ,comp)

17−→ ℓ0
ListElem ∗ (li ,next)

17−→ lnn∗
(li , val ) 7→ ai ∗ (lnn ,val) 7→ ann

∧ (lnn ̸= ℓ0
ListElem ⇒ (ann > ai ∧∀0≤t<n .at > ai ⇒ at > ann))∧C

Putting the existential quantifiers back results in P26. We then weaken the
quantifier of lne away again using weakening, resulting in P27. Lastly, we readd
the big separator to make P28, as given below:

P28 =⊛0≤i <n((■1(li ,ListElem)∧∅2)∧∃lnn ∈L.∃ann .(

(li ,newNext)
17−→ lnn ∗ (li ,comp)

17−→ ℓ0
ListElem ∗ (li ,next)

17−→ lnn∗
(li , val ) 7→ ai ∗ (lnn ,val) 7→ ann

∧ (lnn ̸= ℓ0
ListElem ⇒ (ann > ai ∧∀0≤t<n .at > ai ⇒ at > ann))∧C )

This leads to the proof tree depicted in Figure 7.12.
For PN , we also call the step, after which we weaken PN to PN 1 = PN ∧true∗

(ℓ0
ListElem,next)

ζ07−→ ℓ0
ListElem). We then use the NULL UPDATE rule, and reverse our

weakenings. We then recombine PN and P28, resulting in P29:

P29 =⊛0≤i <n((■1(li ,ListElem)∧∅2)∧∃lnn ∈L.∃ann .(

(li ,newNext)
17−→ lnn ∗ (li ,comp)

17−→ ℓ0
ListElem ∗ (li ,next)

17−→ lnn∗
(li , val ) 7→ ai ∗ (lnn ,val) 7→ ann

∧ (lnn ̸= ℓ0
ListElem ⇒ (ann > ai ∧∀0≤t<n .at > ai ⇒ at > ann))

∧ (lnn = ℓ0
ListElem ⇒ (∀0≤t<n .at ≤ ai )))

∧C )∗ (■1(ℓ0
ListElem,ListElem)∧∅2)

This results in the finished proof tree for
`

5, depicted in Figure 7.13.
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UPDATE⊢ {P23}S5{P24}
WEAKENING⊢ {P23}S5{P25}

STEP CALL⊢ {P23}reorder{P25}
EXAMPLE+⊢ {P22}reorder{P26}
GEN PARALLEL⊢ {P21}reorder{P27}

NULL UPDATE⊢ {PN 1}S5{PN 1}
WEAKENING⊢ {PN }S5{PN }

STEP CALL⊢ {PN }reorder{PN }
SPLIT PARALLEL⊢ {P20}reorder{P28}

Figure 7.13: Finished: Proof Tree
`

5

`
1

⊢ {P1}Fix(compareElement){P19}

`
5

⊢ {P20}reorder{P29}
WEAKENING⊢ {P19}reorder{P30}
BARRIER⊢ {P1}Fix(compareElement) < reorder{P30}

EXAMPLE+
{P0}Fix(compareElement) < reorder{P31}

Figure 7.14: Finished: Proof Tree
`

0

7.5.6 Conclusion of the Proof

We conclude by using P29 to finish proof tree
`

0, depicted in Figure 7.14.
Here, we weaken P29 to P30 to move C back outside of the separator. We
then return the existential quantifiers Vals and L, which results in our final
postcondition P31, as given below.

P31 = ∃Vals :Z→V .Vals = a0; . . . ; an−1 ∧∀0 ≤ x < y < n.ax ̸= ay∧
∀0 ≤ x < n.ax > 0∧∃L ⊂Z→L.L = l0; . . . ; ln−1∧

⊛0≤i <n ((■1(li ,ListElem)∧∅2)∧∃lnn ∈L.∃ann .(

(li ,newNext)
17−→ lnn ∗ (li ,comp)

17−→ ℓ0
ListElem ∗ (li ,next)

17−→ lnn∗
(li , val ) 7→ ai ∗ (lnn ,val) 7→ ann

∧ (lnn ̸= ℓ0
ListElem ⇒ (ann > ai ∧∀0≤t<n .at > ai ⇒ at > ann))

∧ (lnn = ℓ0
ListElem ⇒ (∀0≤t<n .at ≤ ai ))))

∗ (■1(ℓ0
ListElem,ListElem)∧∅2)

Due to the two properties on lnn for every li and the fact that all values
are distinct, it follows that for every li , ann is the next sorted value after ai in
a list sorted ascendingly. It follows that after executing the partial program of
Listing 3.6, the list is sorted.
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7.6 Conclusion

In this section, we have given the syntax and semantics of AuDaLogic, a
proof system built for AuDaLa built on separation logic and the work by
Vafeiadis [173]. AuDaLogic allows for the splitting of a fictional memory,
containing all parameters and local variables of an AuDaLa program, as well
as the splitting of a label triple, to be able to focus on specific active struct
instances. It furthermore places a focus on reasoning about the environment,
which is reflected in its use of higher-order logic, and it does not use resource
invariants, as AuDaLa does not use locks.

In AuDaLogic, we make use of predicate generation, for example to relate
AuDaLa expressions to AuDaLogic expressions, or to assert that a schedule
is stable, or to define a variant for fixpoints. For the first two of these, we
have given the methods or the functions to generate the predicate. As fixpoint
variants are fixpoint dependent, we did not give a concrete function for that
one.

As well as the formal language, we have also defined proof rules for AuDa-
Logic, which showed the separation between schedule and steps we are accus-
tomed to from Chapter 5. We have furthermore given a proof rule for fixpoint
correctness. As fixpoints are not as controllable as for-loops, we have made
this rule require total correctness, by requiring a variant generation function
from the user.

We have lastly given an extensive example of AuDaLogic in application,
during which multiple situations occur which we consider typical for AuDa-
Logic, like handling the fixpoint, performing a variable update and decompos-
ing the schedule and the active struct instances.

In the next chapter, we will formally connect AuDaLogic to AuDaLa, by
relating the formal language of AuDaLogic to the states of AuDaLa and the
proof rules to executions. We will then prove AuDaLogic sound.



Chapter 8
Proving AuDaLogic Sound

In this chapter, we prove that the proof system introduced in Chapter 7 is
sound. To do this, first we bridge the gap between the semantics of AuDaLa
and the semantics of AuDaLogic in Section 8.1. Then, we prove that our pro-
cessing of AuDaLa syntax is correct by proving that the eqi transformation and
the stable function is correct in Section 8.2. We then give the soundness proof
of the proof rules in Section 8.3 and conclude the chapter in Section 8.4.

8.1 Connecting the semantics of AuDaLa and Au-
DaLogic

The definition of AuDaLogic creates a lot of constructs to reason about Au-
DaLa. However, to use these to reason about AuDaLa and to prove that Au-
DaLogic can indeed be used to prove AuDaLa programs, we should formalize
what AuDaLogic constructs enforce in AuDaLa executions.

In this section, we connect the AuDaLogic semantics and structures to Au-
DaLa semantics, and define how the choice of AuDaLogic context impacts the
AuDaLa semantics to be considered. We start with connecting AuDaLa states
to AuDaLogic states. We then link AuDaLa executions to states and give some
more definitions to reason about AuDaLa executions. We use this to define
the notions of safety for transitions and a safety predicate for statements. We
then define the safety predicate for the schedule, which we use for a formal
definition of an AuDaLogic triple.
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Connecting AuDaLa and AuDaLogic states

Firstly, we connect AuDaLa states with AuDaLogic states, thereby enabling us
to reason about AuDaLa states using AuDaLogic. Informally, for an AuDaLogic
state to be equivalent to an AuDaLa state, we want every active struct instance
label in α(1) of the AuDaLogic state to be reflected by a struct instance in the
AuDaLa state, we want every newly created struct instance label in α(2) to be
reflected by an inactive struct instance in the AuDaLa state, and we want all
labels in α(3) to be unused in the AuDaLa state. Furthermore, we want all
heap cells in the heap to be reflected by the AuDaLa state. We formalise the
correspondence between AuDaLogic states and the AuDaLa states as follows.

Definition 8.1.1 (State correspondence). Let p = 〈∆,σ,sχ〉 be an AuDaLa
state and let (α,h,ς) be an AuDaLogic state. Then we define that p is struct-
equivalent to α, notation p - α, iff for all labels ℓ ∈ L and all struct types
θ ∈ΘP , all of the following hold:

1. If (ℓ,θ) ∈α(1), then σ(ℓ) = 〈θ,γ,χ,ξ〉 for some γ,χ,ξ,

2. If (ℓ,θ) ∈α(2), then σ(ℓ) = 〈θ,ε,ε,ξ〉 for some ξ and

3. If ℓ3 ∈α(3), σ(ℓ3) = ⊥.

Furthermore, we define that p is memory-equivalent to h, notation p - h,
iff for all labels ℓ ∈L and variable names x ∈ IDV , the following holds:

1. h(ℓ, x) = (ζ, v) iff σ(ℓ) = 〈θ,γ,χ,ξ〉 for some θ,γ,χ,ξ such that ξ(x) = v .

We also define that a memory heap h′ is derived from p, notation p ≻ h′, if
p - h and h′ ⊑ h for some memory heap h. We define Ξ(h) to be the set of
AuDaLa states p such that p ≻ h′, and say that p is derived from h′ iff p ∈Ξ(h′).

We then extend the equivalence and the derivation relations to full Au-
DaLogic states and define that p - (α,h,ς) iff p - α and p - h, and that p ≻
(α,h,ς) iff p - α and p ≻ h. Additionally, we define that p ∈ Ξ(α,h,ς) iff p ∈
Ξ(h).

From the definition it follows that p - (α,h,ς) iff p - (m(α),h,ς) and that p ≻
(α,h,ς) iff p ≻ (m(α),h,ς).

As α contains the labels we consider in the AuDaLogic state, which trans-
lates better to program behaviour than to states, the impact of α is limited
in this definition; we do not require that there exist no other struct instances
in the AuDaLa state than those in α. Likewise, as ς is only relevant for the
interpretation of AuDaLogic variables and has no meaning for AuDaLa states,
ς is not relevant to this definition.

State correspondence gives a link between static AuDaLa and AuDaLogic
states, but to reason about how states relate to each other we also require a
link between AuDaLa behaviour and AuDaLogic. For this, we define AuDa-
Logic triples, using AuDaLa executions.
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AuDaLa executions preliminaries and labelling

As defined in Chapter 4, with the semantics defined for a program P, an Au-
DaLa execution from a state p refers to a possibly infinite chain of semantic
rule transitions that start in a state p. Following Theorem 4.2.21, we know
that these executions consist of alternating finite subsequences of schedule
transitions (which are induced by the schedule of P) and step executions,
which are also finite. More specifically, an AuDaLa execution of a step F from
p refers to a chain of rule transitions from p starting with an Init-transition
for F and ending in a state that contains a struct environment σ for which
Done(σ) holds. A step F can be executed from p iff there exists an execution
of F from p. As there are two different Init-transitions, we know that there
are local step executions, which start with InitL and are only executed by a
single struct type, and global step executions, which start with InitG and are
executed by all struct types.

An execution of a step F consists of many possibly interleaving executions
of the statements of F . An AuDaLa execution of an expression E or a statement
S by some struct instance s from p refers to a chain of rule transitions from
p starting with the transition enabled by the first command of �E� or �S� for
s and ending with the transition enabled by the last command of �E� or �S�
for s respectively. Additionally, for every command in �E� or �S�, there needs
to be a corresponding transition induced by that command taken by s. An
expression E or a statement S can be executed from p by a struct instance
s iff there exists an execution of, respectively, E or S from p for s. This is
straightforwardly extended to lists of expressions E and lists of statements S.

To relate the executed transitions induced by commands during execu-
tions, we can annotate every command transition with information relevant
for the transition. We therefore annotate every command transition with an
execution label, which is the label of the struct instance which executes the
transition. We annotate every ComRd and ComWr-induced transition with
(ℓ1,ℓ2, x, v,θ), where ℓ1 is the label of the struct instance which executes the
transition, the transition accesses the variable (ℓ2, x), the value written or read
is v , and the struct type of ℓ2 is θ. A ComCons-induced transition is annotated
as (ℓ1,ℓ2,θ, v1, . . . , ve ), with ℓ1 the label of the struct instance which executes
the transition, ℓ2 as the new label of the newly created struct instance, θ as
the struct type of the newly created struct instance and v1, . . . , ve being the
values assigned to the parameters x1, . . . , xe ∈ ParsP (θ). Note that transitions
induced by the schedule are not annotated.

Preliminary definitions for the safety predicates

We use the annotation information of AuDaLa executions to define the se-
mantic meaning of AuDaLogic triples. To do this, note that AuDaLogic proof
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rules take their AuDaLa code to either be a statement, a list of statements or
a schedule. We therefore define the semantic meaning of AuDaLogic triples
using two safety predicates, one for a list of statements and one for a schedule,
following the safety predicate example of Vafeiadis [173]. We generally refer
to the safety predicate for lists of statements as the statements predicate, and
to the safety predicate for schedules as the schedule predicate.

To define these safety predicates, we define one more correspondence
between behaviour of AuDaLa and AuDaLogic, which specifies when a label
triple α has actual bearing on an AuDaLa execution starting from a state cor-
responding to α. Intuitively, this is the case if only the active struct elements
in α(1) can take transitions and only the labels in α(3) are used for new struct
instances.

Definition 8.1.2 (Transition and Execution Correspondence). Let τ a se-
quence of command transitions. Then we define that τ respects an AuDaLogic
state (α,h,ς), notation τ∼ (α,h,ς), iff all of the following hold:

1. Every command-induced transition in π is annotated with a label ℓ ∈α(1)

2. For every ComCons-induced transition annotated with (ℓ,ℓ2,θ), it holds
that ℓ2 ∈α(3).

Furthermore, let π be an AuDaLa execution from an AuDaLa state p, with
transition sequence τ. Then we say that π conforms to an AuDaLogic state
(α1,h1,ς), notation π ;(α,h,ς) iff τ∼ (α,h,ς) and p ≻ (α,h,ς).

In the safety predicates and the triple semantics, we assume that the step
or statement list executions conform to the state from which the step is exe-
cuted. This is safe to do, which we will explain after giving the semantics of
the AuDaLogic triple. This correspondence is defined just over sequences of
command transitions, and therefore has to be renewed for every step execu-
tion in an execution; this cannot be avoided, as new active elements may be
created during step executions.

Lastly, as we can split our active labels, we need a notion of splitting and
combining sequences of transitions. We limit this to sequences of command-
induced transitions, as the interleaving in executions happens only during step
executions.

Definition 8.1.3 (Parallelization). Let τ1 and τ2 be a sequence of annotated
transitions such that τ1 ;(α1,h1,ς) and τ2 ;(α2,h2,ς). We define that def (τ1 ∥
τ2) iff def ((α1,h1,ς)6(α2,h2,ς)) and we define τ = τ1 ∥ τ2 to be a sequence of
transitions formed by interleaving τ1 and τ2, such that for every transition
t , t ∈ τ iff t ∈ τ1 or t ∈ τ2, and the order of the transitions in τ1 and τ2 is
maintained.
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Here, τ is not uniquely defined. This does not matter for our safety predi-
cates. Furthermore, as α1 and α2 can be merged, there can be no overlapping
transitions in τ1 and τ2.

As defined, AuDaLogic states do not reflect the current state of the sched-
ule. For the safety predicate for schedules, we must therefore connect specifi-
cally the step executions to changes of the AuDaLogic states. To that end, we
can reduce the full execution to just the steps executed during an execution.
This we call a step sequence:

Definition 8.1.4 (Step Sequence). Let the step sequence of an execution π

executing a schedule be the possibly infinite ordered list Fπ consisting of pairs
(Fi , qi ), where Fi is the i th step executed in π, by the struct types specified by
qi , with qi = ⊤ iff F was globally executed and qi = θ iff the step was locally
executed by struct type θ.

By definition, F is finite iff π is finite.

Safety of transitions and the statements predicate

We use the above definitions to define the safety predicate for statements. For
this, we make a distinction between the execution of a statement S, which
in case of an if-statement includes the execution of contained statements if
applicable, and the execution of the first statement of S, which, in case of an
if-statement, is the execution of all commands directly generated by that if-
statement. This includes the execution of the if-command generated by the
if-statement, but does not include the commands of contained statements, as
those are generated inside the if-command. For all other statements S, the
execution of S and the execution of the first statement of S are identical.

We define the empty execution π0 from any AuDaLa state p as a sequence
of zero transitions, which then starts and vacuously ends in p.

Lastly, we define the safety of transitions w.r.t. of a precondition and post-
condition AuDaLogic state:

Definition 8.1.5 (Safety of Transitions). We define transitions to be safe for
two AuDaLogic states (α1,h1,ς) and (α2,h2,ς) iff one of the following holds:

1. The transition is not a ComRd, ComWr or ComCons transition.

2. The transition is a ComRd transition annotated with (ℓ,ℓ2, x, v,θ) and
h1(ℓ2, x) = (ζ, v) for some ζ ∈ Z .

3. The transition is a ComWr transition annotated with (ℓ,ℓ2, x, v,θ) and
h2(ℓ2, x) = (1, v) and if x ∈ ParsP (θ), h1(ℓ2, x) = (1, v ′) for some value v ′ ∈V.

4. The transition is a ComCons transition annotated with (ℓ,ℓ′,θ, v1, . . . , ve )
and ℓ′ ∈ α1(3), ℓ′ ∈ α2(2) and for all parameters xi ∈ ParsP (θ), h2(ℓ′, xi ) =
(1, vi ).
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This is a far stronger property than correspondence, which captures when a
precondition state has the right context for the transition and whether the
postcondition state reflects the execution of the transition correctly with re-
gards to the precondition state. Note that we cannot require that local vari-
ables are present in the heap before a write, as that is not the case when a new
local variable is written to for the first time.

We then define the statements predicate. Intuitively, this predicate checks
local safety, relative to single struct instances and their individual executions.
This predicate does not check against a postcondition, like in Vafeiadis’s
work [173], as it is used as a subpredicate in the schedule execution. Instead,
it verifies whether the first AuDaLogic state is sufficient for the execution by
requiring that it has the right permissions for all transitions, and it verifies
whether the second AuDaLogic state is an accurate transformation of the first
state to reflect the execution of the list of statements. The second state can
then be checked against a postcondition.

Definition 8.1.6 (Safety Predicate for Statements). Let S ∈ ST∗ be a list of
statements, let (α1,h1,ς) and (α2,h2,ς) be two AuDaLogic states and let π be
an execution of S from some AuDaLa state p.
Then safeStP (π,S , (α1,h1,ς), (α2,h2,ς)) holds iff all of the following hold:

1. If S = ε, (α1,h1,ς) = (α2,h2,ς).

2. If S = S;S then let π = πS ;π′, where πS is the sequence of transitions
starting with the first transition of π and ending with the last transition
of the execution of the first statement of S in π. Then there exists a
AuDaLogic state (α′,h′,ς) for which all of the following hold:

(a) α1(1) =α′(1) = {(ℓ,θ)} for some ℓ ∈L and some θ ∈ΘP and all transi-
tions have execution label ℓ.

(b) All transitions in πS are safe for (α1,h1,ς) and (α′,h′,ς).

(c) If S is an if-statement and if πS contains a ComIfT-transition an-
notated with ℓ, safeStP (π′,S1;S ′, (α′,h′,ς), (α2,h2,ς)) holds. Other-
wise safeStP (π′,S ′, (α′,h′,ς), (α2,h2,ς)) holds.

We prove the following auxiliary lemma about the statements predicate,
which we use to slightly simplify the definitions of the safety predicate for
schedules, the AuDaLogic triple semantics and the soundness proofs:

Lemma 8.1.7 (Safety Predicate for Statements Results). Let (α1,h1,ς) be a
AuDaLogic state and let π be an execution of a list of statements S such that
π ;(α1,h1,ς). Then if there exists an AuDaLogic state (α2,h2,ς) such that
safeStP (π,S , (α1,h1,ς), (α2,h2,ς)), with p ′ as the final state of π, it holds that
π is finite and p ′ ≻ (α2,h2,ς).
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Proof. We use the definitions of the lemma and assume the memory heap hd
1

and the AuDaLogic state (α2,h2,ς) as defined in the lemma exists. As P is
well-formed, it follows from the semantics of AuDaLa that π is finite (Theo-
rem 4.2.21), which states that step executions are finite, from which it follows
that π is finite if S is a list of statements). We then prove the lemma by struc-
tural induction on the list of statements:

(Base) If S = ε, π contains no transitions, so it must vacuously end in p. Then
safeStP (π,ε, (α1,h1,ς), (α1,h1,ς)) holds due to property 1 of safeStP , so
(α2,h2,ς) = (α1,h1,ς), which means that p ≻ (α2,h2,ς).

(Step) Let S = S;S ′ for some list S ′, then as safeStP (π,S;S ′, (α1,h1,ς), (α2,h2,ς)),
with π = πS ;π′, where πS is the sequence of transitions starting with the
first transition of π and ending with the last transition of the execution
of the first statement of S in π, πS results in a state p1. Additionally,
there exists a state (α′,h′,ς) for which the requirements 2a, 2b and 2c
hold. Then as 2b holds, all statements in πS are safe w.r.t. (α1,h1,ς)
and (α′,h′,ς), which implies that all changes to the memory and ac-
tive labels of p during πS have been mirrored in the changes from
(α1,h1,ς) to (α′,h′,ς). It follows that p1 ≻ (α′,h′,ς). Then as 2a and 2c
hold, safeStP (π′,S ′, (α′,h′,ς), (α2,h2,ς)) holds (or, if S is an if-statement
which resolves to true, safeStP (π′,S1S ′, (α′,h′,ς), (α2,h2,ς)) with S1

the statements in S) and we know by the induction hypothesis that
p ′ ≻ (α2,h2,ς).

The schedule predicate

We then define the schedule safety predicate. The schedule predicate holds if
presented with a finite execution π of a schedule ∆, a premise AuDaLogic state
(α1,h1,ς) such that π starts in (α1,h1,ς) and a postcondition Q, such that after
π has been executed, (α1,h1,ς) has been transformed into a AuDaLogic state
(α2,h2,ς) such that Q holds for the latter. To do this, the schedule predicate
splits up π in step executions tF ;πF for each step F in the step sequence of π,
where tF is the initialization transition of F and πF the command transitions.
Then for every step F , if tF ;πF conforms to its precondition state (α,h,ς), then
whether the schedule predicate to hold (continues with the next step) de-
pends on the existence of a specific combination of a valid split (α,h,ς) and a
parallelization of the command transitions πF of the execution of F . For this
combination, for every active struct instance executing the step, there must be
an execution conforming to that struct instance’s label. Furthermore, for all
these executions, the statements executed during the step F are safe according
to the statements predicate. The resulting states for all active struct instances
executing the step should also be able to be recombined into a postcondition
state for the step F .
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If t ;πF does not conform to its precondition state, the schedule predicate
will be vacuously true; in this case we say that π deviates from F on. Note that
unlike the statements predicate, we do not include the postcondition state in
the predicate, but check the postcondition directly. This is because executions
can deviate from the AuDaLogic states during steps, so a schedule predicate
returning true for a postcondition state means that either the postcondition
state is correct or the execution has deviated. The postcondition then not being
assuredly correct leads to trouble when checking Q. This does not happen
when we check Q inside the predicate, in which case the predicate returns
true iff the execution deviates or the postcondition state satisfies Q.

We formally define the schedule predicate as follows:

Definition 8.1.8 (Safety Predicate for Schedules). Let ∆ be a schedule,
let (α1,h1,ς) be an AuDaLogic state and let π be an execution of ∆ from
some AuDaLa state p ∈ Ξ(α1,h1,ς). Let F be the step sequence of π. Then
safeScP (π,∆, (α1,h1,ς),Q) holds iff safeScP (π,F , (α1,h1,ς),Q) holds, and
safeScP (π,F , (α1,h1,ς),Q) holds iff all of the following hold:

1. π is finite.

2. If F = ε, (α1,h1,ς) ÍQ.

3. If F = (F, q);F ′, let π =π∆; t ;πF ;π′, where π∆ consists of all schedule tran-
sitions until the execution of F in π, t ;πF is the execution of F in π, with
t the Init-transition of F and πF containing all the command transitions
in the execution of F and π′ as the rest of the execution of π. Let p1 be
the AuDaLa state after the transitions π∆; t . Let αu = m(α1).

Then if πF ;(αu ,h1,ς), there exists a state (αt ,ht ,ς) and there exist the
splits (αu ,h1,ς) = (α′

u ,h′
1,ς)6(α1

u ,h1
1,ς)6 · · ·6(αn

u ,hn
1 ,ς) and (αt ,ht ,ς) =

(α′
t ,h′

t ,ς)6(α1
t ,h1

t ,ς)6 · · ·6(αn
t ,hn

t ,ς) and πF = τ1 ∥ · · · ∥ τn such that all of
the following hold:

(a) α′
u =α′

t and h′
1 = h′

t .
(b) For every (ℓ,θ) ∈ αu(1), if q = θ∨ q = ⊤, then for some 1 ≤ i ≤ n,

αi
u(1) = {(ℓ,θ)}.

(c) For every transition in πF annotated with an execution label ℓ, there
exists a 1 ≤ i ≤ n such that αi

u(1) = {(ℓ,θ)} for some struct type θ.
(d) For all 1 ≤ i ≤ n, let πi be the execution from p1 consisting of the

transitions τi . Then πi ;(αi
u ,hi

1,ς) and
safeStP (πi ,StepStatP (F,θ), (αi

u ,hi
1,ς), (αi

t ,hi
t ,ς)).

(e) safeScP (π′,F ′, (αt ,ht ,ς),Q) holds.

Note that in point 3, we first change h1 to hu , which we do due to InitL
and InitG making formerly new instances active instances and that as the
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schedule is not reflected in AuDaLogic states, p1 ≻ (αu ,h1,ς) iff p ≻ (αu ,h1,ς).
Additionally, the definition follows the AuDaLa semantics for P; while there
are limitations on the use of local variables in well-formed programs due to
the type system, these are not in the semantics and therefore not in the safety
predicate. Lastly, due to Lemma 8.1.7, we know that for requirement 3e, with
p ′ as the starting state of π′, p ∈Ξ(αt ,ht ,ς), so we do not have to assert that in
the requirement.

AuDaLogic triple semantics

We then define the semantics of a AuDaLogic triple:

Definition 8.1.9 (AuDaLogic Triple Semantics). Let X be either a list of state-
ments or a schedule. Then we define that Í{P }X {Q} iff for all AuDaLogic
states (α1,h1,ς) such that (α1,h1,ς) Í P , (α1,h1,ς) Í {P }X {Q}, and we define
that (α1,h1,ς) Í {P }X {Q} iff one of the following holds:

1. X is a list of statements and for all executions π of X from an AuDaLa
state p such that π ;(α1,h1,ς), there exists a state (α2,h2,ς) such that
safeStP (π,X , (α1,h1,ς), (α2,h2,ς)) holds and (α2,h2,ς) ÍQ.

2. X is a schedule and for all executions π of X from an AuDaLa state p
such that p ≻ (α1,h1,ς), safeScP (π,X , (α1,h1,ς),Q) holds.

Note that in the first case, we exclude executions for which π ;(α1,h1,ς)
does not hold when taking (α1,h1,ς) to be our AuDaLogic precondition state.
This is safe to do, because in a label triple where all struct instances of P
are considered active, all transitions possible in any execution of the set of
statements is permitted, and there is always a larger set α(3). It follows that the
excluded executions will be considered for AuDaLogic states with more active
labels or a larger set of unused labels. Furthermore, due to Lemma 8.1.7, we
do not need to include a notion of π ending in a state p ′ and p ′ ≻ (α2,h2,ς)
in Definition 8.1.9, as that follows from asserting that the safety predicate for
statements holds.

In the second case, by the assumption in the third requirement of the safety
predicates for schedules, we essentially return true vacuously for all executions
which deviate from the accepted behaviour of an execution with regards to
the active labels at that point. This is also not a problem, as due to the same
reasoning as in the first case, these deviated executions will be considered for
a AuDaLogic state in which they do not deviate, as the triple must hold for
all AuDaLogic states. It follows that for all executions we check that for all
contexts that fit them, the postcondition state must satisfy Q.

The safety predicates as they are now do not admit race conditions; the
statement predicate looks at the execution with a single active struct instance
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and has hard requirements on the resulting heap, which exclude race condi-
tions, and the safety predicate for the schedule does not admit race conditions
because of the split that is required for point 3 of the predicate to hold (our
separator does as of yet have no permissions to facilitate a split with race
conditions). It follows that we cannot prove AuDaLa programs with race con-
ditions with the current system; we assume therefore that P does not have
race conditions.

8.2 Correctness of Syntax Processing for AuDa-
Logic

In this section, we prove the correctness of the eqi-transformation and the
stable function, starting with the eqi-transformation.

8.2.1 Correctness of the eqi-transformation

To prove the eqi-transformation correct, we prove the following lemma:

Lemma 8.2.10 (Expression correspondence). Let S be a statement containing
a simple expression E in a well-formed program P. Let (α,h,ς) be an AuDa-
Logic state such that for some aε ∈ L such that ς(aε) = ℓ, α(1) = {(aε,θ)} and
(α,h,ς) Í A(aε,E). Let π be an execution of S such that π ;(α,h,ς). Then the
result value of the expression E during π is v iff res(eqi(aε,E),ς) resolves to v .

Proof. We use the definitions in the lemma. As π ;(α,h,ς) and α(1) = {(aε,θ)},
there are no read-write race conditions in π and the execution of E by the
struct instance with label ℓ from p has the same result value as the execution
of E within π.

Let p = 〈∆,σ,sχ〉 and let σ(ℓ) = 〈θ,γ,χ,ξ〉. We do structural induction on E to
prove this lemma, with the following base cases:

• If E = g , with g ∈ LT , then we know that occ(E) returns an empty set, so
res(eqi(E , aε),ς) = res(pred(E , aε),ς) = res(val(g ),ς) = val(g ).

Separately, from the interpretation function of AuDaLa, we know that
�E� = push(val(g )), and by Theorem 4.2.21 we then know that the result
value is val(g ), so the base case holds.

• If E = this, then res(eqi(E , aε),ς) = res(pred(E , aε),ς) = res(aε,ς) = ℓ.

Separately, we know that �E� = push(this), so we know by Theorem 4.2.21
that the result value of executing E from p is ℓ. It follows that the base
case holds.
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• If E = nullT , then res(eqi(E , aε),ha) = res(pred(E , aε),ς) = res(pred(E , aε),ς)
and res(pred(E , aε),ς) = res(DefaultVal(T ),ς) = DefaultVal(T ).

Separately, we also know that �E� = push(DefaultVal(T )), which, by The-
orem 4.2.21, has the resulting value DefaultVal(T ). This base case there-
fore also holds.

• If E = x with x ∈ IDV , then pred(E , aε) = x. As x ∈ occ(E), it follows that
(α,h,ς) Í (aε, x) ,→ ax and that pred(aε,E)[Y 7→ aY ]Y ∈occ(E) = ax . It then
follows that res(eqi(aε,E),ς) = ς(ax ).

Separately, we know from the interpretation function that
�E� = push(this);rd(x), of which (by Theorem 4.2.21) the result value is
ξ(x).

As p ∈Ξ(α,h,ς), it follows that h(ℓ, x) = ξ(x). As (α,h,ς) Í (aε, x) ,→ ax , we
conclude that ς(ax ) = ξ(x), so the lemma holds in this base case.

For the induction hypothesis, we assume that for all subexpressions of E , the
lemma holds. Recall that p = 〈∆,σ,sχ〉. The step cases are then as follows:

• If E = X .x, with x ∈ IDV and X ∈ EXV , then pred(aε, X .x) = X .x. By
the assumptions, (α,h,ς) Í A(aε, X .x), so with X = X1.x1, (α,h,ς) Í
(aX1 , x1) ,→ aX for aX ∈ A. Then by the induction hypothesis we know
that res(eqi(aε, X ),ς) = ς(aX ) = v , with v the result value of executing X .

As P is well-formed, v must be a label. Then let σ(v) = 〈θ′,γ′,χ′,ξ′〉. From
the interpretation function and Theorem 4.2.21, it follows that the result
value of E is ξ′(x).

At the same time, with res(eqi(aε, X ),ς) = ς(aX ), we know that (α,h,ς) Í
(aX , x) ,→ aX .x , as (α,h,ς) Í A(aε, X .x). It follows that res(eqi(aε, X .x),ς) =
ς(aX .x ). As p ≻ (α,h,ς), h(v, x) = (ζ,ξ′(x)), so ς(aX .x ) = ξ′(x). Then, this
step case holds.

• If E = !E1, then we know that pred(E , aε) = ¬pred(E1, aε) from which we
know that res(eqi(aε,E),ς) = ¬res(eqi(aε,E1),ς). From the induction hy-
pothesis, we then know that res(eqi(aε,E1),ς) = v for some value v ∈V iff
the result value of executing E1 is v . By Theorem 4.2.21, we know that
then the result value of executing !E1 is ¬v . Then as res(eqi(aε,E),ς) = ¬v ,
the lemma holds.

• If E = E1 ◦ E2, with o as the semantic equivalent of ◦, we know that
pred(aε,E) = pred(aε,E1)o pred(aε,E2) and that
res(eqi(aε,E),ς) = res(eqi(aε,E1),ς)o res(eqi(aε,E2),ς).

By the induction hypothesis, we know that res(eqi(aε,E1),ς) = v1 iff the
result value for E1 in π is v1 and that res(eqi(aε,E2),ς) = v2 iff the result
value for E2 in π is v2. It then follows that res(eqi(aε,E),ς) = v1 o v2 iff the
result value for E in π is v1 o v2, so this step case holds.
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As all step cases hold, the induction is complete and the lemma holds.

We use this in our proof of the correctness of the stable function.

8.2.2 Correctness of the stable function

In this subsection, we prove the correctness of the stable function. To do
this, we first prove an auxiliary lemma. It simplifies the proof that ComRd-
transitions are safe as defined in Definition 8.1.5.

Lemma 8.2.11 (Safety of ComRd-transitions). Let (α,h,ς) be an AuDaLogic
state such that (α,h,ς) Í ■1(aε,θ) and let π be an execution of a list of state-
ments such that π ;(α,h,ς). Let E be all expressions executed in π. Then if
(α,h,ς) Í A(aε,E), all ComRd transitions executed as a part of E in π are safe,
as defined in Definition 8.1.5.

Proof. Consider a ComRd-transition t of π annotated with (ℓ,ℓ2, x ′, v ′,θ′).
Then t is generated as a part of a variable expression Ev = E 1

v .x ′.E 2
v in E , where

E 1
v and E 2

v are potentially empty.
Due to the annotation of the transition, we know that the return value of E 1

v
is ℓ2. As (α,h,ς) Í A(aε,E) and (α,h,ς) Í ■1(aε,θ), we can apply Lemma 8.2.10.
From this lemma, it follows that ς(aE 1

v
) = res(eqi(aε,E 1

v ),ς), so ς(aE 1
v

) = ℓ2.
Likewise, we know that v ′ is the return value of E 1

v .x ′, due to the annotation
of the ComRd transition, and that ς(aE 1

v .x′ ) = res(eqi(aε,E 1
v .x ′),ς). We conclude

that ς(aE 1
v .x′ ) = v ′.

As (α1,h1,ς) Í A(aε,E), we know that (α1,h1,ς) Í (aE 1
v

, x ′) ,→ aE 1
v .x′ . It fol-

lows that h1(ς(aE 1
v

), x ′) = (ζ,ς(aE 1
v .x ′ )) for some ζ ∈ Z , so h1(ℓ2, x ′) = (ζ, v ′) for

some ζ ∈ Z . We conclude that the ComRd transition is safe.

This lemma is useful in this subsection, as well as in the soundness proofs for
the statement rules of AuDaLogic as given in Section 8.3.1.

To prove the correctness of the stability predicate, note that by the defini-
tion of stableP and stableFP , the predicate stableP (P,∆) returns a predicate of
the form K1 ∧ . . .∧Kn , containing a clause Ki for every step Fi which occurs in
∆, without repeating steps due to fixpoints. Not looping on fixpoints is fine:
if something is stable, then the first iteration of the fixpoint must be stable,
which then terminates the fixpoint immediately.

Every clause Ki isolates the struct type which executes the step Fi , when
required, and then splits up the remaining struct instances in a call to stableFP .
As discussed with the definition of stableFP , there exists exactly one set L such
that ⊛(aε,θ)∈L(■(aε,θ)) holds for any label triple α. Note that at the start of the
step execution, newly created struct instances of the last step become active,
so it is correct to use ■(li ,θi ) instead of ■1(li ,θi ).
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Then, stableFP is true if for all struct instances of which the label triple
α contains the label, executing Fi is stable. To prove this, there must exist a
mapping such that for all struct instances, the predicate PrSP generated for
that struct instance holds.

Then the stable function as a whole is correct iff for all (aε,θ) ∈ L,
PrSP (aε,θ,StepStatP (Fi ,θi ), id) correctly reflects that the execution of Fi by the
struct instance coupled to (aε,θi ) is stable. To prove this, we use the safety
predicate for statements.

However, note that the original safety predicates for statements is not
strong enough. Consider the case where we prove that the predicate
safeStP (π,S , (α1,h1,ς), (α1,h′

1,ς)) holds, with an h′
1 identical to h1 for all

parameters. This can indeed mean that nothing has changed and the state-
ments S are stable, but following requirement 2 of the safety predicate for
statements, this can also mean that the intermediate AuDaLogic states chosen
during the safety predicate for S do change some parameters; they just change
the parameters back later.

To truly enforce that no parameter is ever changed in the safety predicate
for statements, we define the the strict safety predicate for statements:

Definition 8.2.12 (Strict safety predicate for schedules). We define the strict
safety predicate for statements safeStStrP , where
safeStStrP (π,S , (α1,h1,ς), (α2,h2,ς)) iff safeStP (π,S , (α1,h1,ς), (α2,h2,ς))
and the state chosen as (α′,h′,ς) for requirement 2 of safeStP must be
(α1,h′,ς), where for all entries (ℓ, x) ∈ dom(h′) \ dom(h) and all entries (ℓ, x)
such that h(ℓ, x) ̸= h′(ℓ, x), x is a local variable of the struct instance of ℓ.

By definition, if safeStStrP (π,S , (α1,h1,ς), (α2,h2,ς)) holds, then
safeStP (π,S , (α1,h1,ς), (α2,h2,ς)) holds as well. We use this to prove the cor-
rectness of PrSP :

Lemma 8.2.13 (Correctness of PrSP). Let (α,h,ς) be an AuDaLogic state such
that (α,h,ς) Í ■(aε,θ). Let S be a list of statements from a well-formed program
P. Then (α,h,ς) Í PrSP (aε,θ,S , id) iff for all executions π from an AuDaLa state
p such that π ;(α,h,ς), it holds that safeStStrP (πi ,Si , (α,h,ς), (α,h′,ς)) for
some heap h′ as constrained by safeStStrP .

To prove this, we use a rewrite function to rewrite local variables in ex-
pressions back to their value expressed as an expression containing only pa-
rameters. To prove this, we define that a rewrite function rew is correctly
maintained for an AuDaLa state p iff for all parameters and local variables x
such that rew(x) = E , the result values for x and rew(E) executed from p are the
same. Note that this is vacuously true of id, as IDV ⊆ EX S and id(x) = x.

Additionally, we define that rew is contextualized for a AuDaLogic state
(α,h,ς) iff (α,h,ς) Í ■(aε,θ) and for all x ∈ dom(rew), if rew(x) = E with E ̸= x,
(α,h,ς) Í A(aε,E).
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We then prove the following slightly altered lemma:

Lemma 8.2.14 (PrSP proof lemma). Let (α,h,ς) be an AuDaLogic state
such that (α,h,ς) Í ■(aε,θ). Let S be a list of statements from a well-formed
program P and let rew be a rewrite function. Then if rew is correctly main-
tained for all states p such that S can be executed from p, and if rew is
contextualized for (α,h,ς), it holds that (α,h,ς) Í PrSP (aε,θ,S ,rew) iff for all
executions π of S from an AuDaLa state p such that π ;(α,h,ς), it holds
that safeStStrP (πi ,Si , (α,h,ς), (α,h′,ς)) for some heap h′ as constrained by
safeStStrP .

With this lemma, and the fact that both assumptions vacuously hold for rewrite
function id, we can then conclude that Lemma 8.2.13 holds if Lemma 8.2.14
holds.

The proof for Lemma 8.2.14 is as follows:

Proof. To prove the lemma, since the executions considered are the executions
π such that π ;(α,h,ς), and as (α,h,ς) Í ■1(aε,θ), the only transitions that can
be in π are those executed with execution label aε. It follows that there are no
race conditions, and that we may take the result values of expressions to be
deterministic. Additionally, any changes to the state can be directly attributed
to executions by aε.

We prove the lemma by structural induction on S. As the induction hypoth-
esis, we take that the lemma holds for S ′, with S ′ the remainder of the state-
ments after executing the first statement of S. Note that like with the safety
predicate for statements, we do not consider the execution of statements en-
closed in an if-statement to be part of the execution of the if-statement when
executing the first statement of S.

Note that this means that during every case, we assume that rew is correctly
maintained for p and contextualized for (α,h,ς). We then have two proof
obligations: firstly, if we want to apply the induction hypothesis, we first need
to establish that the rewrite function is still contextualized for (α,h,ς) and
correctly maintained for the beginning state of the execution of the remaining
statements for which we apply the induction hypothesis. Secondly, we need to
prove that the lemma holds.

As our base case, we consider the empty list of statements. If S = ε, then
PrSP (aε,θ,S ,rew) = true. At the same time, by the definition of safeStStrP , it
holds that safeStStrP (πi ,ε, (α,h,ς), (α,h,ς)). As h satisfies the heap constraint
of safeStStrP , this satisfies the lemma.

We have the following step cases. For these cases, the first requirement
for safeStStrP automatically holds, as S ̸= ε. We therefore only prove re-
quirement 2 of the safety predicate for statements for the step cases, where
relevant. Note that if we do not use the induction hypothesis, we do not need
to prove that rew is correctly maintained.
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• If S = θ′x :=θ′(E1, . . . ,En);S ′, then PrSP (aε,θ,S ,rew) = false.

At the same time, for any execution π of S, π will include a ComCons
transition. Then in first statement executed in S the ComCons transition
is only safe if the new struct instance is reflected in α, which is not the
case. It follows that safeStStrP (π,S , (α,h,ς), (α,h′,ς)) = false (for any
heap h′), so the lemma holds for this case.

• If S = if E then {S1};S ′, then

PrSP (aε,θ, if E then {S1};S ,rew) =

A(aε,E ′)∧ ((eqi(aε,E ′)∧PrSP (aε,θ,S1;S ,rew))

∨ (¬eqi(aε,E ′)∧PrSP (aε,θ,S ,rew))),

where E ′ = PrEP (E ,rew).

Recall that PrEP (E ,rew) only rewrites E using rew. As rew is correctly
maintained for p, we know that the result values of executing E and E ′
are the same result value, which we will fix to be v .

We prove the double implication by proving both sides of the implication.
If (α,h,ς) Í PrSP (aε,θ,S ,rew), let π be an execution of S such that π ;
(α,h,ς). Then π = πE ;π′, by definition of S, where πE is the execution of
the first statement of S and π′ is the rest of π. Let p ′ be the starting state
of π′.

To prove that safeStStrP (πi ,S , (α,h,ς), (α,h′,ς)) holds for some heap
h′ as constrained by safeStStrP , we prove that the execution of the
first statement of S is safe according to safeStStrP requirements 2a
and 2b and we use the induction hypothesis for π′ to prove safeStStrP
requirement 2c. As our intermediary AuDaLogic state, we use (α,h,ς).

From the premise of the lemma, we know that (α,h,ς) Í ■(aε,θ). Then
due to that and the fact that π ;(α,h,ς), we know that requirement 2a
of safeStStrP holds.

For requirement 2b, the only transitions we have to prove safe in πE are
ComRd-transitions, as P is well-formed and the first statement of S is
an if-statement (and therefore contains no ComWr transitions). These
ComRd-transitions are then safe, due to Lemma 8.2.11, which applies
in this case.

For requirement 2c, we prove that if there is a ComIfT transition in πE

then
safeStStrP (π′,S1;S , (α,h,ς), (α,h′,ς)) holds for some h′ as constrained
by safeStStrP and that if there is no ComIfT transition in πE then
safeStStrP (π′,S , (α,h,ς), (α,h′,ς)) holds for some h′ as constrained by
safeStStrP .
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As (α,h,ς) Í A(aε,E ′) and due to Lemma 8.2.10, it follows that
res(eqi(aε,E ′)) = v . As P is well-formed and due to Theorem 4.2.21, v ∈B.

If v = true, we know that (α,h,ς) Í PrSP (aε,θ,S1;S ′,rew), as (α,h,ς) Í
PrSP (aε,θ,S ,rew). Likewise, if v = false, we know that
(α,h,ς) Í PrSP (aε,θ,S ′,rew). For both subcalls, as no changes to parame-
ters or variables have been made, rew is still correctly maintained for p ′
and contextualized for (α,h,ς).

We conclude that the rewrite assumption still holds for the subcall.
Therefore by the induction hypothesis, if v = true then
safeStStrP (π′,S1;S ′, (α,h,ς), (α,h′,ς)) holds and if v = false then
safeStStrP (π′,S ′, (α,h,ς), (α,h′,ς)) holds, for some h′ as constrained
by safeStStrP . With this, we know that the full requirement 2 of
safeStStrP holds, which proves the first implication.

Then assume that safeStStrP (π,S , (α,h,ς), (α,h′,ς)) holds for some h′
as constrained by safeStStrP . Then let π = πE ;π′ as above, with p ′
the starting state of π′. As safeStStrP (π,S , (α,h,ς), (α,h′,ς)) holds,
all transitions in π are safe, so all transitions in πE are safe as well.
Combined with the rewrite assumption on rew, we can conclude that
(α,h,ς) Í A(aε,E ′): all parameters in E are covered by the premise and
all parameters introduced in E ′ are covered as rew is contextualized for
(α,h,ς). Then as above, we know that res(eqi(aε,E ′),ς) = v , as rew is
correctly maintained for p.

The execution π only takes one of the two branches of PrSP (aε,θ,S ,rew),
but as res(E ′) = v , we know that the branch π does not take will be triv-
ially true for (α,h,ς). Let the subcall in the branch that π takes be the call
PrSP (aε,θ,S ′′,rew), with S ′′ = S1;S ′ or S ′′ = S ′, depending on the branch.
As π does not change any variables during the execution of E , we know
that rew is still correctly maintained for p ′

Then, safeStStrP (π,S , (α,h,ς), (α,h′,ς)) implies that for whatever sub-
call π takes, safeStStrP (π,S ′′, (α,h′′,ς), (α,h′,ς)) holds. It follows that
as πE does not change any parameters nor local variables, rew is still
contextualised for (α,h′′,ς). Then we know by the induction hypothesis
that PrSP (aε,θ,S ′′,rew).

With this we prove that, relative to π, (α,h,ς) Í PrSP (aε,θ,S ,rew).
Then by generalization, (α,h,ς) Í PrSP (aε,θ,S ,rew). With this, the
bi-implication is proven.

• If S = T x :=E ;S ′, let π be an execution of S. Let π = πS ;π′, with πS the
execution of T x :=E and π′ the execution of S ′. Let p ′ be the starting
state of π′.
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We know that PrSP (aε,θ,T x :=E ;S ′,rew) = A(E ′)∧PrSP (aε,θ,S ′,rew[x 7→
E ′]), with E ′ = PrEP (E ,rew).

We prove the double implication by proving both sides of the implica-
tion. Then if (α,h,ς) Í PrSP (aε,θ,T x :=E ;S ′,rew), to prove that
safeStStrP (π,S , (α,h,ς), (α,h′,ς)) holds for some h′ constrained by
safeStStrP we define h′ such that h[(ς(aε), x) 7→ (1, v)], with v the result
value of E in π. We prove that the execution of the first statement of S
is safe according to safeStStrP requirements 2a and 2b and we use the
induction hypothesis for π′ to prove safeStStrP requirement 2c.

From the premise of the lemma, we know that (α,h,ς) Í ■(aε,θ). Then
due to that and the fact that π ;(α,h,ς), we know that requirement 2a
of safeStStrP holds.

For requirement 2b of safeStStrP , we prove all transitions in πS safe.
To prove this, we prove all ComRd and the single ComWr transition of
T x :=E safe. As P is well-formed, there are no ComCons transitions.
As (α,h,ς) Í A(aε,E ′), we can apply Lemma 8.2.11 to conclude that all
ComRd transitions are safe.

Let the ComWr transition of T x :=E be annotated with (ℓ1,ℓ2, x, v ′,θ′),
with x fixed due to the syntax. As π ;(α,h,ς) and (α,h,ς) Í ■(aε,θ),
it holds that ℓ1 = ς(aε). As P is well-formed, x is a local variable, so
ℓ2 = ς(aε). As the return value of E is fixed to be v , it holds that v = v ′.
As ℓ2 = ς(aε), it holds that θ′ = θ. From this, it follows that the ComWr
transition is safe, as x ∉ ParsP (θ) (as P is well-formed) and h′(ℓ2, x) =
(1, v ′). Therefore, requirement 2b of safeStStrP holds.

To prove requirement 2c, consider that in p ′, x and E must have the
same result value, as p ′ is reached by executing T x := E . As rew is
correctly maintained for p and x cannot occur in E due to the fact that
P is well-formed, we know that the result value of E ′ from p is the same
as the result value of E from p, so rew[x 7→ E ′] is correctly maintained
for p ′. Additionally, as (α,h,ς) Í A(aε,E ′) and rew is contextualized for
(α,h,ς), we know that rew[x 7→ E ′] is also contextualized for (α,h′,ς).
Then, by the induction hypothesis, safeStStrP (π′,S ′, (α,h′,ς), (α,h′′,ς)),
as (α,h,ς) Í PrSP (aε,θ,S ′,rew[x 7→ E ′]).

Then safeStStrP (π,S , (α,h,ς), (α,h′,ς)) holds, as the requirements 2a,
2b and 2c hold. This proves the first implication.

Then assume that safeStStrP (π,S , (α,h,ς), (α,h′′,ς)) holds for some h′′
constrained by safeStStrP . We prove that PrSP (aε,θ,S ′,rew[x 7→ E ′])
holds.

Let (α′,h′,ς) be the state such that safeStStrP (π,S ′, (α′,h′,ς), (α,h′′,ς))
holds, following the definition of safeStStrP (π,S , (α,h,ς), (α,h′′,ς)).
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Due to Lemma 8.1.7, it holds that p ′ ≻ (α′,h′,ς) By the definition of p ′ as
the state after the execution of T x := E , we know that α =α′, and as all
transitions in π are safe, h′(ς(aε), x) = (1, v) for some v which results from
executing E in π. Then as all transitions during π are safe and as rew is
contextualized for (α,h,ς), it holds that (α,h,ς) Í A(aε,E ′). It follows that
res(eqi(aε,E ′),ς) = v , with E ′ = PrEP (E ,rew), as rew is correctly maintained
for p.

Then the result value of E and x is the same when they are executed
from p ′, so rew[x 7→ E ′] is correctly maintained for p ′. Additionally, as
(α,h,ς) Í A(aε,E ′) and rew is contextualized for (α,h,ς), it holds that
rew[x 7→ E ′] is contextualized for (α,h′,ς).

Then as safeStStrP (π′,S ′, (α,h′,ς), (α,h′′,ς)), it holds that
(α,h′,ς) Í PrSP (aε,θ,S ′,rew[x 7→ E ′]). It follows that the lemma holds for
this case.

• If S = Ev :=E ;S ′, then there are three cases:

– If Ev is a parameter X .x, then

PrSP (aε,θ,Ev := E ;S ,rew) =

A(aε, X ,E ′)∧ (aX , x)
1
,−→ eqi(aε,E ′)∧

PrSP (aε,θ,S ,rew)

with E ′ = PrEP (E ,rew).
Then let π be an arbitrary execution executing S from a state p
such that π ;(α,h,ς). As rew is correctly maintained, we know
that the result values of E and E ′ from p are the same result value
v . Then as π executes S, we know that π = πS ;π′, with πS the
execution of Ev :=E . Let p ′ be the starting state of π′. We will
then prove that relative to π it holds that (α,h,ς) Í PrSP (aε,θ,Ev :=
E ;S ′,rew) iff safeStStrP (π,S , (α,h,ς), (α,h′,ς)) for a h′ constrained
by safeStStrP .
We prove the double implication by proving both sides of the im-
plication. If relative to π it holds that (α,h,ς) Í PrSP (aε,θ,Ev :=
E ;S ′,rew), we prove that safeStStrP (π,S , (α,h,ς), (α,h′,ς)). Let π =
πS ;π′, where πS is the execution of X .x := E and π′ is the execution
of S ′. We prove that safeStStrP (πS , X .x := E , (α,h,ς), (α,h,ς)) and
that safeStStrP (π′,S ′, (α,h,ς), (α,h′,ς)).
To prove that safeStStrP (πi ,S , (α,h,ς), (α,h′,ς)) holds for some
heap h′ as constrained by safeStStrP , we prove that the execu-
tion of the first statement of S is safe according to safeStStrP
requirements 2a and 2b and we use the induction hypothesis for
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π′ to prove safeStStrP requirement 2c. As our intermediary
AuDaLogic state, we use (α,h,ς).
From the premise of the lemma, we know that (α,h,ς) Í ■(aε,θ).
Then due to that and the fact that π ;(α,h,ς), we know that re-
quirement 2a of safeStStrP holds.
We then prove all transitions in πS safe. As P is well-formed, there
are no ComCons transitions in X .x := E .
For the ComRd transitions, As (α,h,ς) Í PrSP (aε,θ,Ev := E ;S ′,rew),
we know that (α,h,ς) Í A(aε, X ,E ′)∧ (aX , x)

1
,−→ E ′. It follows from

Lemma 8.2.10 that res(E ′,ς) = v . Furthermore, due to Lemma 8.2.10,
we also know that res(eqi(aε, X )) = ℓ such that the result value of
X is ℓ. Then ς(aX ) = ℓ, as (α,h,ς) Í A(aε, X ,E ′). Then we know
from the fact that rew is contextualized for (α,h,ς) and the fact that
A(aε, X ,E ′) holds for (α,h,ς). We then conclude from Lemma 8.2.11
that all ComRd transitions are safe.
Due to the syntax of X .x := E , we know that there is a single
ComWr transition annotated with (ℓ1,ℓ2, x, v ′,θ). As π ;(α,h,ς)
and (α,h,ς) Í ■(aε,θ′), we know that ℓ1 = ς(aε). As res(eqi(aε, X ) = ℓ),
we know that ℓ2 = ℓ. As the result value of E is equal to res(E ′,ς) = v ,
we know that v = v ′. Lastly, as θ′ is then the struct type of the struct
instance of ℓ, and P is well-formed, we know that x ∈ ParsP (θ′).
As (α,h,ς) Í A(aε,E ′)∧ (aε, x)

1
,−→ E ′, we know that h(ℓ, x) = v , both

before (as v = res(E ,ς)) and after the update (as the result value of
E is v). We conclude the ComWr transition is safe. It follows that
requirement 2b holds.
To prove requirement 2c, we use the induction hypothesis. As rew
is unchanged for the call PrSP (aε,θ,S ′,rew), it is contextualized for

(α,h,ς). Additionally, as (α,h,ς) Í (aX , x)
1
,−→ E ′, the result value of

E is res(E ′,ς) and X .x := E contains no constructors, no parameters
nor local variables are changed in πS . Then we know that rew is
correctly maintained for p ′. Then, by the induction hypothesis, we
know that the lemma holds for PrSP (aε,θ,S ′,rew). Then we know
that safeStStrP (π′,S ′, (α,h,ς), (α,h′,ς)).
As all requirements 2a, 2b and 2c all hold,
safeStStrP (π,S , (α,h,ς), (α,h′,ς)) holds. This proves the first im-
plication.
If safeStStrP (π,S , (α,h,ς), (α,h′,ς)), as all transitions in π are safe,
h contains all parameters accessed in π. As rew is contextualized

for (α,h,ς), it holds that (α,h,ς) Í A(aε, X ,E)∧ (aX , x)
1
,−→ −. As h′

can only differ from h in the local variables, π changes no param-
eters. Then, by Lemma 8.2.10, we know that, with res(E ′) = v and
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res(eqi(aε, X )) = ℓ, h(ℓ, x) = (1, v) must hold. It follows that (α,h,ς) Í
(aX , x)

1
,−→ E ′.

Then with π = πS ;π′ and p ′ as defined above and as no local vari-
ables are initialized in πS , the function rew is still correctly main-
tained for p ′. Additionally, as safeStStrP (π,S , (α,h,ς), (α,h′,ς))
holds, and we know that πS does not change any local variables, we
know that safeStStrP (π, X .x := E , (α,h,ς), (α,h′′,ς)) also holds for
some state h′′ as constrained by safeStStrP . As there have been
no changes to rew and h and h′′ agree on all the parameters, rew is
still contextualized for (α,h′′,ς). Then by the induction hypothesis,

(α,h,ς) Í A(aε,Ev ,E)∧ (aX , x)
1
,−→ E ′∧PrSP (aε,θ,S ′,rew) relative to π.

Then as π is arbitrary, we can conclude that the lemma holds for
this case.

– If Ev is a parameter x, the reasoning for the lemma is the same as
the first case, except that A(aε, X ,E ′) is replaced with A(aε,E ′) and
that all reasoning about X can be removed, as ℓ = ς(aε).

– If Ev = x for some local variable x, then the lemma holds analo-
gously to the case of T x :=E .

As all three cases hold, the lemma holds for the entire step case.

As all step cases hold, the lemma holds.

This proves Lemma 8.2.14, which in extension proves Lemma 8.2.13. In
the next section, we will use Lemma 8.2.13 to prove the soundness of the
fixpoint proof rule.

8.3 Soundness of the Proof Rules

In this section, we prove that our proof system as presented in Section 7.4 is
sound. Recall that an executable X is a list of statements or a schedule. The
soundness of a proof system is then defined as follows:

Definition 8.3.15 (Soundness). The proof system as presented in Section 7.4
is sound iff for all triples {P }X {Q}, if ⊢ {P }X {Q} in the proof system, then Í
{P }X {Q}.

We then prove the following theorem:

Theorem 8.3.16 (Soundness). AuDaLogic is sound.

To prove this, we need to prove all proof rules sound by structural induc-
tion. This takes the following general form.
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Let RULE be a proof rule with conclusion ⊢ {P }X {Q} for some precondition
P , executable X and postcondition Q. Then we assume that all premises of
RULE holds. We also assume that for all premises ⊢ {P ′}C ′{Q ′}, it holds that
Í {P ′}C ′{Q ′}. Here, P ′ is a precondition, C ′ an executable and Q ′ is a postcondi-
tion. Using these assumptions, we need to prove that Í{P }X {Q} holds. During
these proofs, we define states (α1,h1,ς) such that all premises for RULE hold to
be premise AuDaLogic states.

In the rest of this section, we do this for every rule separately, divided into
subsections reflecting the categories of proof rules as presented in Section 7.4.

8.3.1 Soundness of the statement rules

In this section, we prove the statement rules of AuDaLogic. As the proofs are
dense, we first give some intuition on how the proofs work.

As these are proofs over statements, we use the statements predicate.
Through the definition of AuDaLogic triples, this gives us a framework to
prove the proof triples in the conclusions of the proof rules. For proof rules
with as their conclusion a statement triple of the form ⊢ {P }S{Q}, two things
need to be proven for all premise AuDaLogic states (α1,h1,ς) and all pos-
sible executions π of S such that π ;(α1,h1,ς). Firstly, there must exist a
state (α2,h2,ς) such that safeStP (π,S , (α1,h1,ς), (α2,h2,ς)). Secondly, for this
existing state (α2,h2,ς), it must hold that (α2,h2,ς) ÍQ.

The first proof obligation has two major components. Firstly, the definition
of (α2,h2,ς). This definition often immediately proves the requirements 2a, 2c
(and the recursive element) and 1 from safeStP , along with the premises of
the proof rule. Secondly, a proof that all transitions in the execution π of S
are safe. This requires reasoning about which transitions one can expect in π,
using the interpretation function of the AuDaLa semantics, and what the effect
of these transitions can be, using Theorem 4.2.21 and its corollaries. This part
also often uses the premises as given in the proof rule.

The second proof obligation requires a proof that (α2,h2,ς) Í Q. This
should follow mainly from the definition of (α2,h2,ς), but in the case of
CONSTRUCTOR it reuses some parts from the proof that the transitions of π
are safe. With both proof obligations discharged, we then conclude that the
proof rule is sound.

Soundness of UPDATE

Let X be the syntactical statement ‘X .x := E ’, with a potentially empty variable
expression X and a simple expression E . Let the precondition be P = PL ∧
(PH ∗ (aX , x)

17−→−), with PL a heap-free predicate and PH a triple-free predicate
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such that PL ⇒ ■1(aε,θ) and PH ⇒ A(aε,E , X ). Let the postcondition be Q =

PL ∧ (PH ∗ (aX , x)
17−→ eqi(aε,E)).

To prove that Í {P }X .x := E {Q}, we need to prove that for all AuDaLogic
states (α1,h1,ς) such that (α1,h1,ς) Í P , for all executions π of X .x := E such
that π ;(α1,h1,ς), there exists a state (α2,h2,ς) such that safeStP (π, X .x :=
E , (α1,h1,ς), (α2,h2,ς)) and (α2,h2,ς) ÍQ.

Then let (α1,h1,ς) be an arbitrary AuDaLogic state and let π be an arbitrary
execution satisfying the requirements of the last paragraph. Let the first state
of the execution π be the AuDaLa state p.

To define (α2,h2,ς), we define v to be the result value of E executed from p.
As π ;(α1,h1,ς) and (α1,h1,ς) Í ■1(aε,θ) (as (α1,h1,ς) Í P), all transitions in π

can only have ℓ as their executing label, so π does not have race conditions. It
follows by Corollary 4.3.23 that the result value of E during π must also be v .
We define the AuDaLogic state (α2,h2,ς) as (α1,h1[(ς(aX ), x) 7→ (1, v)],ς), with
h1[(ς(aX ), x) 7→ (1, v)] a function update of h1.

To prove that safeStP (π, X .x := E , (α1,h1,ς), (α1,h1[(ς(aX ), x) 7→ (1, v)],ς))
holds, we prove the requirements of safeStP . The first requirement of
safeStP is satisfied because X ̸= ε. For the second requirement, as X con-
sists only of X .x := E , we can satisfy 2c and the recursive element by taking
(α′,h,ς) = (α1,h1[(ς(aX ), x) 7→ (1, v)],ς). We then need to prove that require-
ments 2a and 2b hold for (α1,h1[(ς(aX ), x) 7→ (1, v)],ς):

2a As π ;(α1,h1,ς) and (α1,h1,ς) Í ■1(aε,θ), we know that α1(1) = {(ℓ,θ)}.
Additionally, there is only a single struct instance that can execute tran-
sitions in π, so we know that all transitions have execution label ℓ.

2b To prove that requirement 2b holds, we need to prove all ComCons,
ComRd and ComWr transitions in π are safe:

– As there are only transitions executed by the struct instance of ℓ,
there are only transitions stemming from the commands of X in π.
Therefore, there are no ComCons transitions in π.

– As P ⇒ A(aε,E , X ) (as PH ⇒ A(aε,E , X )), E and X are the expressions
of X and π ;(α1,h1,ς), the fact that the ComRd rules are safe in π

follows from Lemma 8.2.11.
– As there are only transitions executed by the struct instance of ℓ,

there are only transitions stemming from �X � in π. Therefore, there
is only at most a single ComWr transition in π. By the fact that
(α1,h1,ς) Í PH ∗(aX , x)

17−→−, we know that x is not a null-parameter:
if it was, it would be in h0, and then by definition of memory asser-
tions, (aX , x)

17−→ − would not be satisfiable. We then know there is
exactly one ComWr-transition.
Let the ComWr-transition of π be annotated with (ℓ,ℓ2, x, v ′,θ′) for
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some ℓ2 ∈ L, v ′ ∈ V and θ′ ∈ ΘP . By the fact that the transition is
annotated with (ℓ,ℓ2, x, v ′,θ′) and the fact that �X � = �E�;�X �;wr(x),
it holds that v ′ = v and that ℓ2 is the return value of X in X . By
applying Lemma 8.2.10 on X , we can conclude that ς(aX ) = ℓ2. It
follows that h2(ℓ2, x) = (1, v ′), from the definition of h2.

Additionally, as (α1,h1,ς) Í P ∗ (aX , x)
17−→−, we know that h1(ℓ2, x) =

(1, v ′′) for some v ′′ ∈V.

We conclude that safeStP (π, X .x := E , (α1,h1,ς), (α1,h1[(ς(aX ), x) 7→ (1, v)],ς))
holds. We then still need to prove that (α1,h1[(ς(aX ), x) 7→ (1, v)],ς) Í PL ∧ (PH ∗
(aX , x)

17−→ eqi(aε,E)). As PL is a heap-free predicate and (α1,h1[(ς(aX ), x) 7→
(1, v)],ς) only differs from (α1,h1,ς) in the memory heap, we know that
(α1,h1[(ς(aX ), x) 7→ (1, v)],ς) Í PL.

We prove that additionally, (α1,h1[(ς(aX ), x) 7→ (1, v)],ς) Í (PH ∗ (aX , x)
17−→

eqi(aε,E)). As h1[(ς(aX ), x) 7→ (1, v)] is only changed in the entry for (ς(aX ), x),
this is proven by proving that res(eqi(aε,E)) = v . This holds due to Lemma 8.2.10,
which is applicable in this situation. We conclude that (α1,h1[(ς(aX ), x) 7→
(1, v)],ς) Í ■1(aε,θ)∧ (P ′′∗ (aX , x)

17−→ eqi(aε,E)).
It follows that the proof rule UPDATE is sound.

Soundness of NULL UPDATE

Let X be the syntactical statement ‘X .x := E ′, with a potentially empty variable
expression X and a simple expression E . Let the precondition be P = PL ∧(PH ∗
(aX , x)

ζ07−→ E ′), with PL a heap-free predicate and PH a triple-free predicate such
that PL ⇒■1(aε,θ) and PH ⇒ A(aε,E , X ).

To prove that Í {P }X .x := E {P }, let (α1,h1,ς) be an AuDaLogic state such

that (α1,h1,ς) Í P ∗ (aX , x)
ζ07−→ E and let π be an execution of X from some

AuDaLa p such that π ;(α1,h1,ς). We then need to prove that there exists
a AuDaLogic state (α2,h2,ς) such that safeStP (π,X , (α1,h1,ς), (α2,h2,ς)) and

(α2,h2,ς) Í P ∗ (aX , x)
ζ07−→ E .

We do this by taking (α2,h2,ς) = (α1,h1,ς), from which (α2,h2,ς) Í P ∗
(aX , x)

ζ07−→ E follows, and proving that safeStP (π,X , (α1,h1,ς), (α1,h1,ς)). For
this, we need to prove that all requirements of safeStP hold.

The first requirement of safeStP is satisfied because X ̸= ε. To prove
the second requirement, by the assumptions on P , we know that (α1,h1,ς) =
{(ς(aε),θ)}. As π ;(α1,h1,ς), requirement 2a holds.

For 2c, as X is not an if-statement and X = X ;ε, we know that π = πC ;π0.
We can then satisfy requirement 2c (and the recursive element) by taking
(α′,h′,ς) = (α1,h1,ς).
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Then for 2b, we need to prove all transitions in π safe for (α1,h1,ς) and
(α1,h1,ς). By definition of X , �X � does not generate cons-commands, so
there are no ComCons transitions. Furthermore, as x is the parameter of a

null-instance (as (aX , x)
ζ07−→ E can only hold for parameters of null-instances),

the transition that deals with the wr-command generated by �X � must be a
ComWrNSkip transition, which is automatically safe. As π ;(α1,h1,ς) and
α1(1) = {(ς(aε),θ)}, we know that all wr-commands that are executed in π

come from �X �. It follows that there are no ComWr-transitions in π. We then
only need to prove that all ComRd-transitions are safe, which holds through
Lemma 8.2.11.

Therefore safeStP (π,X , (α1,h1,ς), (α1,h1,ς)) holds, from which we con-
clude that that NULL UPDATE is sound.

Soundness of CONSTRUCTOR

Let X be a syntactical statement ‘θ′x := θ′(E1, . . . ,Ee )′, with E1 to Ee being simple
expressions and x a fresh local variable, following constructor normal form.
Let ParsP (θ′) = x1, . . . , xe . Let the precondition be P = (PL ∗ fresh(l ′))∧PH such
that PL is a heap-free predicate, PH is a triple-free predicate, PL ⇒■1(aε,θ) and
PH ⇒∧¬(aε, x) ,→−∧ A(aε,E1, . . . ,Ee ).

Let Q be the postcondition

Q = (PL ∗■2(l ′,θ′))∧ (PH ∗ (aε, x)
17−→ l ′∗⊛1≤i≤e (l ′, xi )

17−→ eqi(aε,Ei ))

To prove that Í {P }θ′x := θ′(E1, . . . ,Ee ){Q}, we need to prove that for all Au-
DaLogic states (α1,h1,ς) such that (α1,h1,ς) Í P , for all executions π of X from
some AuDaLa state p such that π ;(α1,h1,ς), there exists a state (α2,h2,ς)
such that safeStP (π,C , (α1,h1,ς), (α2,h2,ς)) and (α2,h2,ς) Í P ′.

Then let (α1,h1,ς) be an arbitrary AuDaLogic state and let π be an arbitrary
execution satisfying the requirements in the last paragraph. Let π start in
AuDaLa state p.

To define (α2,h2,ς), we define v1, . . . , ve to be the result values of E1, . . . ,Ee

executed from p. As π ;(α1,h1,ς) and (α1,h1,ς) Í ■1(aε,θ), all transitions in π

can only have ℓ as their executing label, so π does not have race conditions.
It follows by Corollary 4.3.23 that the result values of E1, . . . ,Ee during π must
also be v1, . . . , ve respectively.

We define α2 such that α2(1) = α1(1), α2(2) = {ς(l ′),θ′}∪α1(2) and α2(3) =
α1(3) \ {ς(l ′)}. Furthermore, we define h2 = h1[{(ς(l ′), x1) 7→ (1, v1), . . . , (ς(l ′), xe ) 7→
(1, ve )}][(ς(aε), x) 7→ (1,ς(l ′))]. This gives us the state (α2,h2,ς).

We have to prove that safeStP (π,X , (α1,h1,ς), (α2,h2,ς)) holds. As X ̸= ε,
the first requirement of safeStP is satisfied.

For the second requirement, as X is not an if-statement, X is the last state-
ment to be executed. It follows that we can satisfy the recursive element and
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2c by taking (α′,h′,ς) = (α2,h2,ς). Furthermore, requirement 2a holds due to
α2(1) = α1(1) = {(ς(aε),θ)}. As π ;(α2,h2,ς), we know that there will be only
transitions executed by aε in π.

To prove requirement 2b, we need to prove that all ComRd, ComCons and
ComWr transitions executed by ς(aε) in π are safe:

• The ComRd transitions of π are safe as proven in Lemma 8.2.11.

• As X is in constructor normal form and π contains only transitions exe-
cuted by aε, there is only a single ComCons transition, as there is only a
single cons-command in the commands of X .

Let the ComCons-transition t of π be annotated with
(ς(aε),ℓ′,θ′′, v ′

1, . . . , v ′
e ) for some ℓ′ ∈L, v ′

1, . . . , v ′
e ∈ V and θ′′ ∈ΘP . Due to

the definition of �X �, we know that the transition will have had argu-
ment θ′ during π, so θ′′ = θ′. As the annotations reflect the values used
during the ComCons transition, we know that v ′

i = vi for all 1 ≤ i ≤ e ′.

As π ;(α1,h1,ς), we know that ℓ′ ∈ α1(3). As fresh(l ′) holds for α1(3)
(otherwise the split PL ∗ fresh(l ′) would not be possible), ς(l ′) ∈α1(3). As
there are no restrictions on ς and ς(l ′) ∈ α(3), let w.l.o.g. ς(l ′) = ℓ′. It
follows that ℓ′ ∈ α2(2), by definition of α2, and that h2(ℓ′, xi ) = (1, vi ) for
all 1 ≤ i ≤ e, as per the definition of h2, from which it follows that the
ComCons transition is safe.

• By the definition of X and the fact that π contains only transitions exe-
cuted by aε, there is only a single wr-command in �X �. As x is a local
variable, we know that the write to x will be a ComWr-transition.

Let this ComWr-transition be annotated in π with (ς(aε),ℓ2, x, v ′,θ′) for
some ℓ2 ∈ L, v ′ ∈ V and θ′ ∈ ΘP . Per the annotation of the ComCons
transition, the return value of θ′(E1, . . . ,Ee ) must be ℓ′. It follows that
for the annotations to be valid, it must hold that v ′ = ℓ′. From �X � and
the fact that x is a single variable in the syntax, we know that ℓ2 = ς(aε).
It then follows that h2(ℓ2, x) = (1, v ′), from the definition of h2. From
the assumption that P is in constructor normal form, we know that x ∉
ParsP (θ), and from the fact that x is in a variable assignment statement
and P is well-formed, we know that x has not been used before, so we
know that h1(ς(aε), x) = ⊥.

With this, we know that safeStP (π,X , (α1,h1,ς), (α2,h2,ς)) holds. We then
need to prove that (α2,h2,ς) ÍQ.

As PL is a heap-free predicate, it holds that (α1,h1,ς) Í PL ∗ fresh(l ′) and
by the definition of α2 as α2(1) = α1(1), α2(2) = {ς(l ′),θ′} ∪α1(2) and α2(3) =
α1(3) \ {ς(l ′)}, we know that (α2,h2,ς) Í PL ∗■2(l ′,θ′). As x is fresh (constructor
normal form) and not used in h1, we know that h2 = h1⊕h′ for a heap h′ defined
as h0[{(ς(l ′), x1) 7→ (1, v1), . . . , (ς(l ′), xe ) 7→ (1, ve )}][(ς(aε), x) 7→ (1,ς(l ′))]. As PH is a
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triple-free predicate, it follows that

(α2,h2,ς) Í (PH ∗ (aε, x)
17−→ l ′∗⊛1≤i≤e (l ′, xi )

17−→ eqi(aε,Ei )).

By the definition of h2, we know that h2 = h1⊕h′⊕h′′, with h′ = h0[(ς(aε), x) 7→
(1,ς(l ′))] and h′′ = h0[{(ς(l ′), x1) 7→ (1, v1), . . . , (ς(l ′), xe ) 7→ (1, ve )}]. As PH is a
triple-free predicate, we know that (α2,h1,ς) Í PH . As we set ς(l ′) = ℓ, we
know that (α2,h′,ς) Í (aε, x)

17−→ l ′. As (α1,h1,ς) Í A(aε,E1, . . . ,Ee ), we can
apply Lemma 8.2.10 to establish that res(eqi(aε,Ei )) = vi , from which it fol-
lows that (α2,h′′,ς) Í ⊛1≤i≤e (l ′, xi )

17−→ eqi(aε,Ei )). We then conclude that
(α2,h2,ς) Í (PH ∗ (aε, x)

17−→ l ′∗⊛1≤i≤e (l ′, xi )
17−→ eqi(aε,Ei )).

As this means that (α2,h2,ς) ÍQ, the rule CONSTRUCTOR is sound.

Soundness of ASSIGNMENT-1

Let X be a syntactical statement T x := E , with E a simple expression and T a
syntactic type that is not a struct type. Let the precondition be P = PL∧PH such
that PL ⇒ ■1(aε,θ) and PH ⇒¬(aε, x) ,→−, and let Í {PL ∧ (PH ∗ (aε, x)

17−→−)}x :=
E {Q} hold. To prove that Í {P }T x := E {Q} holds, let (α1,h1,ς) be an arbitrary
AuDaLogic state such that (α1,h1,ς) Í P and let π be an arbitrary execution of
X from some AuDaLa state p such that π ;(α1,h1,ς).

As (α1,h1,ς) Í P , let h′
1 = h1[(ς(aε), x) 7→ (1, v)] for some arbitrary value v ∈V.

As P ⇒¬(l , x) ,→−, it holds that h1(ς(aε), x) = ⊥. It follows that (α1,h′
1,ς) Í P ∗

(aε, x)
17−→−. We then know from Í {P ∗ (aε, x)

17−→}x := E {Q} that for all executions
π of x := E there exists a (α2,h2,ς) such that safeStP (π,X , (α1,h′

1,ς), (α2,h2,ς))
and (α2,h2,ς) ÍQ.

As �T x := E� = �x := E�, we know that all executions of x := E are also execu-
tions of T x := E . Then for an arbitrary execution π of X we choose (α2,h2,ς). It
follows that in this case, safeStP (π,X , (α1,h1,ς), (α2,h2,ς)) iff safeStP (π, x :=
E , (α1,h1,ς), (α2,h2,ς)), as x ∉ ParsP (θ), with θ the struct type of ς(aε). Then
safeStP (π,X , (α1,h1,ς), (α2,h2,ς)) holds, and as we chose (α2,h2,ς) such that
(α2,h2,ς) ÍQ, the proof rule ASSIGNMENT is sound.

Soundness of ASSIGNMENT-2

Let X be a syntactical statement T x := E , with E a simple expression and T a
syntactic type that is not a struct type. Let the precondition be P = PL∧PH such
that PL ⇒ ■1(aε,θ) and PH ⇒ (aε, x) ,→−, and let Í {P }x := E {Q} hold. To prove
that Í {P }T x := E {Q} holds, let (α1,h1,ς) be an arbitrary AuDaLogic state such
that (α1,h1,ς) Í P and let π be an arbitrary execution of X from some AuDaLa
state p such that π ;(α1,h1,ς).
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Then as �X � = �x := E�, π is also an execution of x := E . It follows from
Í {P }x := E {Q} that there exists a (α2,h2,ς) such that
safeStP (π,X , (α1,h1,ς), (α2,h2,ς)) holds and (α2,h2,ς) ÍQ.
Therefore, ASSIGNMENT-2 is sound.

Soundness of IF-STATEMENT

Let X be a syntactical statement ‘if E then {S}′, with E a simple expression
and S a list of statements. Let the precondition be P , such that P ⇒ ■1(aε,θ)∧
A(aε,E) and P ∧¬eqi(aε,E) ⇒ Q. Assume that Í {P ∧ eqi(aε,E)}S{Q} holds. Let
(α1,h1,ς) be an AuDaLogic state, with (α1,h1,ς) Í P , and let π be an execution
of X from a state p s.t π ;(α1,h1,ς).

Let v be the result value of E executed from p. As (α1,h1,ς) Í ■1(aε,θ) and
π ;(α1,h1,ς), π contains only transitions executed by the struct instance of
label ς(aε), there are no race conditions in π. It follows that the result value of
E as executed in π must also be v by Corollary 4.3.23.

As P is well-formed, either v = true or v = false (following Theorem 4.2.21):

• If v = false, let (α2,h2,ς) be (α1,h1,ς). In this case, we need to prove
that safeStP (π,X , (α1,h1,ς), (α2,h2,ς)) holds and that (α2,h2,ς) Í Q. As
v = false, the execution of the first statement of the if-statement is also
the full execution of X , as the statements S are not executed in this case.

For π, requirement 2a holds, as (α1,h1,ς) Í ■1(aε,θ). Due to the definition
of �X � and the fact that P is in constructor normal form, π does not
contain ComCons or ComWr transitions, so proving the transitions of π
safe is equivalent to proving all ComRd transitions safe. For this, we can
apply Lemma 8.2.11.

Then to satisfy 2c and the recursive requirement 1, note that π does
not contain a ComIfT transition (as v = false), so taking (α2,h2,ς) to be
(α1,h1,ς) is sufficient.

To prove that (α2,h2,ς) Í Q, we can apply Lemma 8.2.10 to assert that
¬res(eqi(aε,E),ς) = true. It follows from our assumption P ∧¬eqi(aε,E) ⇒
Q that (α1,h1,ς) ÍQ.

• If v = true, then due to Lemma 8.2.10, res(eqi(aε,E),ς) = true. As π is an
execution of X for which E is true, it can be split into π1;π2, such that
π1 is the execution of the first statement of X to a state p1 and π2 is the
execution of S from p1.

As if-statement executions do not contain ComWr or ComCons state-
ments by �X � and the fact that P is in constructor normal form, it follows
that p1 ≻ (α1,h1,ς). By the fact that Í {P ∧ eqi(aε,E)}S{Q} holds, there
then exists a state (α′,h′,ς) such that safeStP (π2,S , (α1,h1,ς), (α′,h′,ς))
and (α′,h′,ς) ÍQ.
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We then take (α2,h2,ς) = (α′,h′,ς), and prove that
safeStP (π,S , (α1,h1,ς), (α′,h′,ς)) holds. As X ̸= ε, requirement 1 of
safeStP holds. Requirement 2a holds because (α1,h1,ς) Í ■1(aε,θ).
Requirement 2b holds because we can apply Lemma 8.2.11 to as-
sert that all ComRd transitions are safe in π1. As earlier asserted,
π1 does not contain ComWr and ComCons transitions, so it follows
that all transitions in π1 are safe. Requirement 2c holds because
safeStP (π2,S , (α1,h1,ς), (α′,h′,ς)) holds.

As (α′,h′,ς) ÍQ, we know that (α2,h2,ς) ÍQ.

As in both cases, there exists a AuDaLogic state (α2,h2,ς) such that
safeStP (π,S , (α1,h1,ς), (α′,h′,ς)) holds and (α2,h2,ς) Í Q, the proof rule
IF-STATEMENT is sound.

Soundness of SEQUENCE

Let X be the list of statements S;S. Let P be the precondition such that P ⇒
■1(aε,θ) and let Í {P }S{R} and Í {R}S{Q} hold. To prove Í {P }X {Q}, let (α1,h1,ς)
be an AuDaLogic state such that (α1,h1,ς) Í P , and let π be an execution of X
from a state p such that π ;(α1,h1,ς).

As X = S;S, α1 contains only one active struct instance and π ;(α1,h1,ς),
we know we can split π into two executions πS ;πS , where πS is exactly the
execution of S in π from state p to p1 and πS is exactly the execution of S
in π from p1. As Í {P }S{R}, we know that there exists an AuDaLogic state
(α′,h′,ς) such that safeStP (πS ,S, (α1,h1,ς), (α′,h′,ς)) and (α′,h′,ς) Í R. From
Lemma 8.1.7 we then know that p1 ≻ (α′,h′,ς), from which it follows that
πS ;(α′,h′,ς) (as π ;(α1,h1,ς)).

As (α′,h′,ς) Í R and Í {R}S{Q}, we also know that that (α′,h′,ς) Í {R}S{Q},
so there exists an AuDaLogic state (α2,h2,ς) such that
safeStP (πS ,S, (α′,h′,ς), (α2,h2,ς)) and (α2,h2,ς) ÍQ. It follows that
safeStP (π,S;S , (α1,h1,ς), (α2,h2,ς)): requirement 2a and 2b are satisfied
because safeStP (πS ,S, (α1,h1,ς), (α′,h′,ς)) holds and 2c is satisfied because
safeStP (πS ,S, (α′,h′,ς), (α2,h2,ς)) holds. As (α2,h2,ς) Í Q, it follows that
SEQUENCE is sound.

8.3.2 Soundness of the parallel rules

In this section, we prove the parallel rules of the proof system of AuDaLogic. To
prove the proof rules in this section, we need to work with the safety predicate
for schedules.

Considering that the soundness proof of SPLIT PARALLEL is one of the most
complicated proofs using the safety predicate for schedules, we first give an
intuition on how soundness proofs for rules dealing with the schedule work.
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This not only applies for this subsection, but also for the proofs of the schedule
rules in Subsection 8.3.3.

For proof rules with as their conclusion a statement triple of the form ⊢
{P }∆{Q} with a schedule ∆, for all premise AuDaLogic states (α1,h1,ς) and all
possible executions π of ∆, we need to prove that the safety predicate for
schedules safeScP (π,∆, (α1,h1,ς),Q) holds. To do this, we need to prove two
things, denoted by the requirements of safeScP . Firstly, we need to prove
that π is finite; if π is infinite, it does not end, so it does not strictly have a
postcondition. Secondly, we have to prove that after the execution π of ∆, we
end up in a state that satisfies Q.

This second proof obligation corresponds to requirements 2 and 3 of the
safety predicate for schedules. While this is an inductive proof, we can often
leave the exact induction implicit, as many proofs have only a single element in
the schedule, or can simplify the induction using their premises. We therefore
mostly deal with the first step executed in the schedule, or we can create the
full inductive proof using some of our premises.

The idea is that for every step F , one needs to be able to specify a post-
condition state (αt ,ht ,ς) which reflects the state after executing F . To do this,
we consider the execution of F , which consists of an Init-transition and the
execution πF of the statements of F by all active struct instances. If πF devi-
ates from (α1,h1,ς), the AuDaLogic framework cannot account for πF , and we
consider the execution from there on safe. This is safe to do, as explained in
Section 8.1. We therefore assume that πF does not deviate.

Furthermore, one needs to define a split among the precondition state for
F , the postcondition state and πF such that conditions 3a-3e holds. As t is
an Init-transition, it makes struct instances created during the last step active,
which is signified by using the maximally active label triple of the precondi-
tion label triple for πF . The requirements 3a to 3c then often follow from the
definition of the split, or from the premises. These requirements assert that
the split correctly splits the AuDaLogic states and execution πF into separate
executions for individual struct instances contained in the precondition state.
Requirement 3d requires us to prove that the individual executions are safe,
and that the postcondition state is a correct representation of all individual
postcondition states. This often follows from the premises, and we can also
often leave the exact postcondition state abstract and define it as a combina-
tion of the individual postcondition states. Requirement 3e then requires that
the execution of all steps following F is also safe (or deviates). In many cases,
the schedule has only a single element, in which case we can satisfy this case
by proving that the postcondition state of F satisfies Q. Other proofs allow us
to conclude 3e from the premises. Then safeScP (π,∆, (α1,h1,ς),Q) holds and
we conclude that the proof rule is sound.
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Soundness of SPLIT PARALLEL

Let X be a schedule consisting of the step F . Let P1∗P2 be the precondition and
let Q1 ∗Q2 be the postcondition. Additionally, let Í {P1}F {Q1} and Í {P2}F {Q2}
hold. Then to prove that Í {P1 ∗P2}F {Q1 ∗Q2}, let (α1,h1,ς) be an AuDaLogic
state such that (α1,h1,ς) Í P1 ∗P2 and let π be an execution of F from p such
that p ≻ (α1,h1,ς). As F is a single step, we know that the step sequence of π
is (F,⊤). We then need to prove that safeScP (π,F, (α1,h1,ς),Q).

As the step sequence of π is (F,⊤), it holds that π is finite, which satisfies the
first requirement of safeScP . As the step sequence is not empty, the second
requirement of safeScP is also satisfied.

Then, for requirement 3, from the fact that the schedule is F , it follows that
π = t ;πF , with t the Init-transition of F . Let p1 be the state before executing
πF . Due to the definition of AuDaLogic state correspondence, the fact that
p ∈Ξ(α1,h1,ς) and the fact that t is an Init-transition (which loads commands
into struct instances), we know that p1 ∈Ξ(αu ,h1,ς), with αu = m(α1). (Recall
that this means that αu(1) = α1(1)∪α1(2) and αu(2) = ;.) If πF ̸ ;(αu ,h1,ς),
the safety predicate is satisfied, and the rule is sound. Therefore, assume that
πF ;(αu ,h1,ς).

To prove requirement 3, we need to prove that there exists a state (α2,h2,ς)
such that there exist the splits outlined in safeScP for which 3a to 3e hold. As
there is only one step in the step sequence, proving 3e is done by establishing
that (α2,h2,ς) ÍQ, which satisfies the recursive element.

To establish the state (α2,h2,ς) and the split for which 3a-3e hold, we
use the premises, as they imply the existence of such a split. In the rest of
this proof, we first define the state (α2,h2,ς) and the splits as implied by
the premises, which we then combine to get a combined split which satisfies
requirement 3 for the whole.

As the precondition is P1 ∗ P2, we know there exists a split (α1,h1,ς) =
(α1

1,h1
1,ς)6(α2

1,h2
1,ς) such that (α1

1,h1
1,ς) Í P1 and (α2

1,h2
1,ς) Í P2. It follows by

definition of αu that there also exists a split (αu ,h1,ς) = (α1
u ,h1

1,ς)6(α2
u ,h2

1,ς)
such that m(α1

1) =α1
u and m(α1

2) =α2
u .

As πF ;(αu ,h1,ς), we also have the split πF = π1
F ∥ π2

F such that πi
F ;

(αi
u ,hi

1,ς) for i ∈ {1,2}. By the definition of π1
F and π2

F , both start in AuDaLa
state p1. From the proof rule premises Í {Pi }F {Qi }, with i ∈ {1,2}, and as
m(αi

1) = αi
u , we know that safeScP (t ;πi

F ,F, (αi
1,hi

1,ς),Qi ) holds. Furthermore,
as πi

F ;(αi
u ,hi

1,ς), we know that this is because there exists a state (αi
2,hi

2,ς)

that satisfies requirement 3 of safeScP (t ;πi
F ,F, (αi

1,hi
1,ς),Qi ) and for which

(αi
2,hi

2,ς) ÍQi holds.
Then as (αu ,h1,ς) = (α1

u ,h1
1,ς)6(α2

u ,h2
1,ς), as safeScP (t ;πi

F ,F, (αi
1,hi

1,ς),Qi )

holds and πi
F ;(αi

u ,hi
1,ς) for i ∈ {1,2}, we can conclude that

def ((α1
2,h1

2,ς)6(α2
2,h2

2,ς)), as the executions π1
F and π2

F will not go outside their
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own heap. We fix (α2,h2,ς) = (α1
2,h1

2,ς)6(α2
2,h2

2,ς).
With (α2,h2,ς) established, we define the individual splits for both separate

states. As safeScP (t ;πi
F ,F, (αi

1,hi
1,ς),Qi ) holds for all i ∈ {1,2}, for (αi

u ,hi
1,ς),

(αi
2,hi

2,ς) and πi
F there exist the individual splits

(αi
u ,hi

1,ς) = ((αi
u)r , (hi

1)r ,ς)6((αi
u)1, (hi

1)1,ς)6 . . .6((αi
u)m , (hi

1)m ,ς),

(αi
2,hi

2,ς) = ((αi
u)r , (hi

1)r ,ς)6((αi
2)1, (hi

2)1,ς)6 . . .6((αi
2)m , (hi

2)m ,ς)

and πi
F = τi

1 ∥ . . . ∥ τi
m , such that requirement 3 of safeScP (t ;πi

F ,F, (αi
1,hi

1,ς),Qi )
holds.

These splits split the execution πi
F in m individual executions, and splits the

heaps (αi
u ,hi

1,ς) and (αi
2,hi

2,ς) in m +1 parts, where the first part ((αi
u)r , (hi

1)r ,ς)
does not execute anything and the other m parts all have an individual ex-
ecution. As requirement 3 of safeScP (t ;πi

F ,F, (αi
1,hi

1,ς),Qi ) (for all i ∈ {1,2})
holds for their respective splits, more specifically, we know that the following
properties hold for these splits:

1. For every (ℓ,θ) ∈αi
u(1), there exists a 1 ≤ j ≤ m, (αi

u) j (1) = {(ℓ,θ)}.

2. For every transition πi
F annotated by an execution label ℓ, there exists a

1 ≤ j ≤ m such that (αi
u) j (1) = {(ℓ,θ)} for some struct type θ.

3. For all 1 ≤ j ≤ m, with πi
j the execution of τi

j from p1, πi
j ;((hl i

u) j , (hi
1) j ,ς)

and safeStP (πi
j ,StepStatP , ((αi

u) j , (hi
1) j ,ς), ((αi

2) j , (hi
2) j ,ς)) holds.

Due to the existence of the above splits for (α1
u ,h1

1,ς), (α1
2,h1

2,ς) and π1
F and

for (α2
u ,h2

1,ς), (α2
2,h2

2,ς) and π2
F , there exists the combined splits of (αu ,h1,ς),

(α2,h2,ς) and πF defined as follows:

(αu ,h1,ς) = (α′
u ,h′

1,ς)6((α1
u)1, (h1

1)1,ς)6 . . .6((α1
u)m , (h1

1)m ,ς)6

((α2
u)1, (h2

1)1,ς)6 . . .6((α2
u)m , (h2

1)m ,ς)),

with α′
u = (α1

u)r ♦(α2
u)r and h′

1 = (h1
1)r ⊕ (h2

1)r ,

(α2,h2,ς) = (α′
u ,h′

1,ς)6((α1
2)1, (h1

2)1,ς)6 . . .6((α1
2)m , (h1

2)m ,ς)6

((α2
2)1, (h2

2)1,ς)6 . . .6((α2
2)m , (h2

2)m ,ς)),

and πF = τ1
1 ∥ . . . ∥ τ1

m ∥ τ2
1 ∥ . . . ∥ τ2

m .
For these splits, the requirements 3a-3e hold for safeScP (π,F, (α1,h1,ς),Q):

3a This requirement holds by the definition of the combined splits.

3b For every pair (ℓ,θ) ∈αu(1), we know that (ℓ,θ) ∈α1
u(1) or (ℓ,θ) ∈α2

u(1). It
follows that for some 1 ≤ j ≤ m, (αi

u) j (1) = {(ℓ,θ)}. As (αi
u) j is also formed

in the combined split, it follows that 3b holds.
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3c From property 2 for the individual splits we know that for every com-
mand transition contained in πi

F annotated with an execution label ℓ,
there exists a 1 ≤ j ≤ m such that (αi

u) j (1) = {(ℓ,θ)} for some struct type θ.
As πF = (π′

F )1 ∥ (π′
F )2 and all elements αi

u) j are also in the combined split
of (αu ,h1,ς), this property still holds for πF and the combined splits of
(αu ,h1,ς).

3d As all τi
j from p1 are included in the big split, as well as all (hl i

u) j and

(hi
1) j , this property holds directly due to property 3 for the individual

splits.

3e As (α1
2,h1

2,ς) ÍQ1 and (α2
2,h2

2,ς) ÍQ2 and by the definition of the separa-
tor, we know that (α2,h2,ς) ÍQ1 ∗Q2. This satisfies 3e and the recursive
element, as the schedule consists of only F .

It follows that safeScP (t ;πF ,F, (α1,h1,ς),Q), so the rule SPLIT PARALLEL is
sound.

Soundness of GEN PARALLEL

The proof for the soundness of GEN PARALLEL is the analogous to the proof of
SPLIT PARALLEL, but expanded for the pre- and postcondition P (1)∗ . . .∗P (n)
and Q(1)∗ . . .∗Q(n), instead of P1 ∗P2 and Q1 ∗Q2. Though the premise is
different, as i is a free variable in the premise, it can be taken to be any value
between 1 and n, and as such applies on any part of the split of P and Q.

8.3.3 Soundness of the schedule rules

For this section of proof rules, the intuition presented in Section 8.3.2 for how
soundness proofs for schedule rules work applies.

Soundness of BARRIER

Let X be a schedule of the form ∆1 < ∆2. Let the precondition be P , let the
postcondition be Q and let R be a predicate. Let Í {P }∆1{R} and Í {R}∆2{Q}
hold. To prove that Í {P }∆1 < ∆2{Q}, let (α1,h1,ς) be an AuDaLogic state such
that (α1,h1,ς) Í P and let π be an execution of X from an AuDaLa state p such
that π ;(α1,h1,ς). Let F be the step sequence of π.

As Í {P }∆1{R} holds, we know from the definition of AuDaLogic triples and
safeScP that any execution of ∆1 is finite and thus terminates. It follows that
π = π1;π2, where π1 is the execution until after the last transition of the last
step executed for ∆1, and it follows that F =F1;F2, with F1 the step sequence
of ∆1. Let π1 end at the AuDaLa state p1.
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We know from our premise Í {P }∆1{R} that safeScP (π1,∆1, (α1,h1,ς),R)
holds. Then either π1 deviates from the AuDaLogic states between every
step of ∆1, or it does not. If it deviates, then for one of the subcalls of
safeScP (π1,∆1, (α1,h1,ς),R), requirement 3 is vacuously true, from which
it follows that safeScP (π1;π2,∆1 < ∆2, (α1,h1,ς),Q) is also true, as the same
requirement 3 will also be true. Therefore, assume that π1 never deviates for
any step in ∆1.

As π1 never deviates, it follows by multiple applications of Lemma 8.1.7
for all subcalls of safeScP (π1,∆1, (α1,h1,ς),R) that in the final state p1 of
π1, there exists a AuDaLogic state (α′,h′,ς) such that p1 ≻ (α′,h′,ς) and
(α′,h′,ς) Í R. Then by our premise Í {R}∆2{Q}, we know that for all executions
π2, safeScP (π2,∆2, (α′,h′,ς),Q) holds.

Note that at the end of π1, the recursive element in requirement 3e of
safeScP (π1,∆1, (α1,h1,ς),R) requires that (α′,h′,ς) Í R holds. We substitute
this recursive element with the fact that safeScP (π2,∆2, (α′,h′,ς),Q) holds,
from which we can conclude that $safeScP (π1;π2,∆1 <∆2, (α1,h1,ς),Q) holds.
Therefore, the BARRIER rule is sound.

Soundness of STEP CALL

Let X be a schedule of the form F . Let the precondition be P such that there
exists a struct type θ and an aε ∈ A such that S(P,P ′) and P ′ ⇒ ■1(aε,θ). Let
StepStatP (F,θ) =S and let Í {P }S{Q} hold.

to prove that Í {P }F {Q}, let (α1,h1,ς) be an AuDaLogic state such that
(α1,h1,ς) Í P and let π be an execution of F from an AuDaLa state p ≻
(α1,h1,ς). As the schedule is F , we know that the step sequence of F is (F,⊤) (as
F is a global step call). We then need to prove that safeScP (π,F, (α1,h1,ς),Q)
holds.

As the schedule is F , we know that π = t ;πF , so requirement 1 of
safeScP (π,F, (α1,h1,ς),Q) holds. Requirement 2 holds because the step se-
quence of π is (F,⊤). As in the safety predicate for schedules, let αu = m(α1).
As S(P,P ′), it follows that (αu ,h1,ς) Í P ′∧∅2

To prove requirement 3, assume that πF ;(αu ,h1,ς) (as otherwise require-
ment 3 of safeScP (π,F, (α1,h1,ς),Q) is vacuously true). We need to prove that
there exists a state (α2,h2,ς) such that there exist the splits outlined in safeScP
for which 3a to 3e hold. As there is only one step in the step sequence, prov-
ing 3e is done by establishing that (α2,h2,ς) ÍQ, which satisfies the recursive
element.

We make the split (αu ,h1,ς)6(α0,h0,ς) for requirement 3, where α0 is the
empty label triple. Intuitively, this can be considered as not splitting (αu ,h1,ς)
and just adding on an empty state. To satisfy requirement 3a, we will make the
same trivial split (α2,h2,ς)6(α0,h0,ς) for our currently abstract state (α2,h2,ς).
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Requirement 3b holds by definition of (αu ,h1,ς). Requirement 3c holds be-
cause π ;(αu ,h1,ς) and (αu ,h1,ς) Í ■1(l ,θ)∧∅2, which means that any com-
mand transition in π must be executed by ς(aε).

From the fact that π ;(αu ,h1,ς), the fact that αu(1) = {ς(aε),θ} and the
fact that αu(2) = ;, it holds that πF is exactly an execution of StepStatP (F,θ).
Additionally, due to the definition of AuDaLogic state correspondence, the fact
that t is an Init-transition (which loads commands into struct instances), we
know that πF ;(αu ,h1,ς). Then by the premise Í {P }S{Q}, we know that
there exists a state (α′,h′,ς) such that safeStP (πF ,S , (αu ,h1,ς), (α′,h′,ς)) and
(α′,h′,ς) ÍQ. This satisfies requirement 3d.

We fix (α2,h2,ς) = (α′,h′,ς). This satisfies requirement 3e and the recursive
element, as this means that (α2,h2,ς) ÍQ. Therefore, the proof rule STEP CALL

is sound.

Soundness of TYPED CALL

Let X be a schedule of the form θ.F . Let the precondition be P1 ∗P2 and let
the postcondition be Q1∗P2, such that P1 ⇒■ θ and P2 ⇒¬�θ. Let Í {P1}F {Q}
hold.

To prove Í {P1 ∗P2}F {Q ∗P2}, let (α1,h1,ς) be an AuDaLogic state such that
(α1,h1,ς) Í P1 ∗P2 and let π be an execution of X from an AuDaLa state p ∈
Ξ(α1,h1,ς). We prove that safeScP (π,X , (α1,h1,ς),Q ∗P2) holds. As X = θ.F ,
we know that π = t ;πF , with πF the command transitions of θ.F and t the
transition InitL for θ. We then know that π is finite (as steps are finite), and
that F must be (F,θ). It follows that the first two requirements are satisfied.

For the third requirement, we have to prove that if π ;(α1,h1,ς), there
exists a state (α2,h2,ς) such that requirements 3a-3e hold. Assume that π ;
(α1,h1,ς), as otherwise this requirement is vacuously satisfied.

According to the precondition, there exists a split
(α1,h1,ς) = (α1

1,h1
1,ς)6(α2

1,h2
1,ς) where (α1

1,h1
1,ς) Í P1 and (α2

1,h2
1,ς) Í P2. As

InitL for θ only gives struct instances of type θ command transitions and
(α2

1,h2
1,ς) Í ¬�θ as defined in the premise, we know that π ;(α1

1,h1
1,ς), as

all struct elements with transitions in θ.F must be in α1
1. As (α1

1,h1
1,ς) Í P1,

we can conclude from Í {P1}F {Q} that safeScP (t ;πF ,F, (α1
1,h1

1,′ς),Q). It fol-
lows that there exists a state (α1

2,h1
2,ς) and a split of (α1

1,h1
1,ς), (α1

2,h1
2,ς) and

πF = τ1 ∥ . . . ∥ τn such that requirements 3a-d hold for these splits.
Then as (α1,h1,ς) = (α1

1,h1
1,ς)6(α2

1,h2
1,ς), as safeScP (t ;πF ,F, (α1

1,h1
1,′ς),Q)

holds and t ;πF ;(α1
1,h1

1,ς), we can conclude that def ((α1
2,h1

2,ς)6(α2
1,h2

1,ς)), as
the execution t ;πF will not touch the heap h2

1.
We then fix (α2,h2,ς) = (α1

2,h1
2,ς)6(α2

1,h2
1,ς). To prove requirement 3, we

can then take the split as used in safeScP (t ;πF ,F, (α1
1,h1

1,′ς),Q), and add
(α2

1,h2
1,ς) to the part of the split that does not execute. Then 3a to 3d hold, as



8.3 Soundness of the Proof Rules 265

they hold in safeScP (t ;πF ,F, (α1
1,h1

1,′ς),Q), as there are no command execu-
tions for any of the struct instances in α2

1 in πF . By definition of the separator,
it also holds that (α2,h2,ς) Í Q ∗P2, so 3e and the recursive element hold as
well. It follows that the proof rule TYPED CALL is sound.

Soundness of FIXPOINT

Let X be a schedule of the form Fix(∆). Let the precondition be P ∧Va(0) and
let the postcondition be Q = P ∧Va(n + 1)∧ stableP (∆).

Let there exist an n ≥ 0 such that for all k ≥ n, it holds that P ∧Va(k) ⇒
stableP (∆). Let there furthermore exist some fresh AuDaLogic variable j such
that Í {P ∧Va( j )∧¬stableP (∆)}∆{P ∧Va( j + 1)} hold. As j stands for an abstract
natural number, due to the requirements on Va, we can conclude from this
premise that for any natural number i , Í {P ∧Va(i )∧¬stableP (∆)}∆{P ∧Va(i +1)}
holds.

To prove Í {P ∧ Va(0)}Fix(∆){P ∧ Va(n + 1) ∧ stableP (∆)}, let (α1,h1,ς) be
an AuDaLogic state such that (α1,h1,ς) Í P ∧ Va(0) and let π be an exe-
cution of X from an AuDaLa state p ∈ Ξ(α1,h1,ς). We then prove that
safeScP (π,X , (α1,h1,ς),Q) holds.

As X = Fix(∆), we know that we can partition π into iterations of the
fixpoint. The schedule Fix(∆) can then also be represented by ∆ <1 ∆ <2 . . ., a
chain of executions of ∆ of unknown length (by the semantics of AuDaLa).
Then, by induction, we prove the following:

For all i > 1, let πi be i executions of ∆, separated by a barrier, such that
π1 = ∆, π2 = ∆ < ∆ and so on. Then safeScP (πi ,∆i , (α1,h1,ς),P ∧ a ≥ 0∧Va(i ))
holds.

As induction hypothesis, we assume that safeScP (πi−1,∆i−1, (α1,h1,ς),P ∧
Va(i )) holds.

• As the base case, π1 is the execution of ∆ starting from p ∈ Ξ(α1,h1,ς).
As (α1,h1,ς) Í P ∧Va(0), and Í {P ∧Va(0)∧¬stableP (∆)}∆{P ∧Va(1)} holds,
it follows that safeScP (π1,∆1, (α1,h1,ς),P ∧Va(1)) holds.

• Let πi be the execution of ∆i . Then from the induction hypothesis we
know that safeScP (πi−1,∆i−1, (α1,h1,ς),P ∧ Va(i − 1)) holds. Assume
that this is not because πi−1 diverges from the active labels, as then
safeScP (πi ,∆i , (α1,h1,ς),P ∧Va(i )) holds vacuously. Then by i −1 appli-
cations of Lemma 8.1.7, we know that in the final state pi−1 of ∆i−1 there
exists a state (αi ,hi ,ς) such that pi ≻ (αi ,hi ,ς) and (αi ,hi ,ς) Í P∧Va(i−1).
Then, as πi =πi−1;π′, we know that π′ starts in pi−1.

Then, by the fact that Í {P ∧Va( j )∧¬stableP (∆)}∆{P ∧Va( j +1)} holds, we
know that Í {P ∧Va(i −1)∧¬stableP (∆)}∆{P ∧Va(i )} holds. It follows that
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safeScP (π′,∆, (αi ,hi ,ς),P ∧Va(i )) holds. If we add that to the end of the
proof of safeScP (πi−1,∆i−1, (α1,h1,ς),P ∧Va(i −1)) we can use that full
proof to conclude that safeScP (πi ,∆i , (α1,h1,ς),P ∧Va(i )) holds.

To extend this to prove that safeScP (π,Fix(∆), (α1,h1,ς),Q) holds, we use
that for all k ≥ n, it holds that P ∧Va(k) ⇒ stableP (∆). As discussed in Sec-
tion 8.2, stableP (∆) can be split up in subpredicates for every step in the sched-
ule, and then into even smaller predicates for every struct instance execut-
ing the step. By application of Lemma 8.2.13, we then know that for each
struct instance executing the step from some AuDaLogic state (α,h,ς), it holds
that for some heap h′ such that h and h′ are identical for the parameters,
safeStStrP (πS ,S , (α,h,ς), (α,h′,ς)), with S the statements of the step and πS
the execution of the step by the struct instance. Then that execution will not
change any parameters, nor will it create new struct instances. We can then
generalize this back to all struct instances and all steps. It follows that the
fixpoint is stable after iteration n.

It follows that Fix(∆) = ∆n+1 (the extra iteration is due to AuDaLa seman-
tics) and that π is an execution of ∆n+1. By our induction proof above, we
then know that safeScP (π,∆n+1, (α1,h1,ς),P ∧Va(n + 1)) holds. Then, as P ∧
Va(n + 1) ⇒ stableP (∆), we know that safeScP (π,∆n+1, (α1,h1,ς),P ∧Va(n + 1)∧
stableP (∆)) holds. We conclude that safeScP (πn+1,Fix(∆), (α1,h1,ς),P ∧Va(n +
1)∧ stableP (∆)) holds, so the rule FIXPOINT is sound.

8.3.4 Soundness of the general rules

In this section, we prove the general proof rules of AuDaLogic correct. The
proofs in this section generally prove that the conclusion of a proof rule holds
due to the premises given from that proof rule.

Soundness of EMPTY

Let X be the empty statement or schedule ε. Then, let the precondition and
postcondition be P .

To prove that Í {P }ε{P }, let (α1,h1,ς) such that (α1,h1,ς) Í P and let π be
an execution of ε starting in a AuDaLa state p such that p ≻ (α1,h1,ς).

Then as π = ε, F is ε. By the definition of safeScP , we then know Í {P }ε{P }
holds if ε is the empty schedule due to the fact that (α1,h1,ς) Í P . Furthermore,
if ε is the empty statement, we can choose (α2,h2,ς) = (α1,h1,ς), for which the
statements predicate holds and (α2,h2,ς) Í P also holds. Then, if ε is the empty
statement, we also conclude that Í {P }ε{P }. It follows that EMPTY is sound.
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Soundness of WEAKENING

Let X be an executable and let P , P ′, Q and Q ′ be predicates such that P ′ ⇒ P
and Q ⇒Q ′. Let Í {P }X {Q} hold.

Then either X is a schedule or X is a list of statements. If X is a list of
statements, let (α1,h1,ς) be an AuDaLogic state such that (α1,h1,ς) Í P ′ and
let π be an AuDaLogic execution of X from a state p such that π ;(α1,h1,ς).
As (α1,h1,ς) Í P and π ;(α1,h1,ς), we know due to Í {P }X {Q} that there
exists a state (α′,h′,ς) such that safeStP (π,X , (α1,h1,ς), (α′,h′,ς)) holds and
(α′,h′,ς) Í Q holds. Then from the assumptions we know that (α′,h′,ς) Í Q ′,
so we fix (α2,h2,ς) = (α′,h′,ς). It follows that there exists a state (α2,h2,ς)
such that safeStP (π,X , (α1,h1,ς), (α2,h2,ς)) holds and (α2,h2,ς) Í Q ′, so in
this case, Í {P ′}X {Q ′} holds.

If X is a schedule, again, as (α1,h1,ς) Í P ′, (α1,h1,ς) Í P ′, so by our as-
sumption Í {P }X {Q}, we know that safeScP (π,X , (α1,h1,ς),Q) holds. Then as
Q ⇒Q ′, safeScP (π,X , (α1,h1,ς),Q ′) also holds. Then Í {P ′}X {Q ′} holds.

It follows that the proof rule WEAKENING is sound.

Soundness of DISJUNCTION

Let X be an executable, let P1 ∨P2 be a precondition and let Q1 ∨Q2 be a
postcondition. Assume that Í {P1}X {Q1} and Í {P2}X {Q2} both hold.

Then either X is a schedule or X is a list of statements. If X is a list
of statements, let (α1,h1,ς) be an AuDaLogic state such that (α1,h1,ς) Í
P1 ∨ P2 and let π be an AuDaLogic execution of X from a state p such
that π ;(α1,h1,ς). To prove that there exists a state (α2,h2,ς) such that
safeStP (π,X , (α1,h1,ς), (α2,h2,ς)) holds and (α2,h2,ς) Í Q1 ∨ Q2, we do a
case distinction. If (α1,h1,ς) Í P1, then by assumption Í {P1}X {Q1}, we know
there exists a state (α′,h′,ς) Í Q1 such that safeStP (π,X , (α1,h1,ς), (α′,h′,ς)).
Then by implication, (α′,h′,ς) Í Q1 ∨Q2, so we fix (α2,h2,ς) = (α′,h′,ς). If
(α1,h1,ς) Í P2, then we do the same, but with assumption Í {P2}X {Q2}. Then
for this case Í {P1 ∨P2}X {Q1 ∨Q2} holds.

If X is a schedule, the proof follows the same reasoning as the proof for
X as a list of statements (assuming that π does not diverge from the active
labels, in which case the proof rule holds vacuously). We conclude that the
proof rule DISJUNCTION is sound.

Soundness of CONJUNCTION

Let X be an executable, let P1 ∧P2 be a precondition and let Q1 ∧Q2 be a
postcondition. Assume that Í {P1}X {Q1} and Í {P2}X {Q2} both hold. Then
either X is a schedule or X is a list of statements. If X is a list of statements,
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let (α1,h1,ς) be an AuDaLogic state such that (α1,h1,ς) Í P1 ∧P2 and let π be
an AuDaLogic execution of X from a state p such that π ;(α1,h1,ς).

We prove that there exists a state (α2,h2,ς) such that
safeStP (π,X , (α1,h1,ς), (α2,h2,ς)) holds and (α2,h2,ς) ÍQ1∧Q2. As (α1,h1,ς) Í
P1 ∧P2, by the premises, there exists a state (α′,h′,ς) such that
safeStP (π,X , (α1,h1,ς), (α′,h′,ς)) holds and (α′,h′,ς) Í Q1, and there exists a
state (α′′,h′′,ς) such that
safeStP (π,X , (α1,h1,ς), (α′′,h′′,ς)) holds and (α′′,h′′,ς) ÍQ2.

Let p ′ be the final state of π. Then by Lemma 8.1.7, we know that
p ′ ≻ (α′,h′,ς) and that p ′ ≻ (α′′,h′′,ς). It follows by the definition of state
correspondence (Definition 8.1.1), that there exists a state (α2,h2,ς) such that
(α2,h2,ς) - p ′, for which it must hold by definition of ⊑ (Definition 7.2.8)
that (α2,h2,ς) ÍQ1 ∧Q2. For this state, safeStP (π,X , (α1,h1,ς), (α2,h2,ς)) also
holds, as otherwise either safeStP (π,X , (α1,h1,ς), (α′,h′,ς)) or
safeStP (π,X , (α1,h1,ς), (α′′,h′′,ς)) would not hold. We then conclude that
Í {P1 ∧P2}X {Q1 ∧Q2}

The case where X is a schedule follows the same reasoning (assuming
that π does not diverge from the active labels, in which case the proof rule
holds vacuously). The existence of the states (α′,h′,ς) and (α′′,h′′,ς) follow
from safeScP (π,X , (α1,h1,ς),Q1) and safeScP (π,X , (α1,h1,ς),Q2) holding, if
π does not deviate. It follows that the proof rule CONJUNCTION is sound.

Soundness of EXAMPLE

Let X be an executable, let the precondition be ∃a.P and let the postcondition
be ∃a.Q. Let Í {P }X {Q} hold.

Then either X is a schedule or X is a list of statements. If X is a list of
statements, let (α1,h1,ς) be an AuDaLogic state such that (α1,h1,ς) Í∃a.P and
let π be an execution such that π ;(α1,h1,ς). From the semantic definition
of (α1,h1,ς) Í ∃a.P , we know that there exists a v ∈ΘP ∪V ∪⋃

n 2V
n

such that
(α1,h1,ς[a 7→ v]) Í P .

From the fact that Í {P }X {Q} holds, there exists a state (α2,h2,ς[a 7→ v])
such that safeStP (π,X , (α1,h1,ς[a 7→ v]), (α2,h2,ς[a 7→ v])) and (α2,h2,ς[a 7→
v]) Í Q holds. Then (α2,h2,ς) Í ∃a.Q, by the semantics of AuDaLogic. As
safeStP does not impose requirements on the AuDaLogic environment, we
also know that safeStP (π,X , (α1,h1,ς), (α2,h2,ς)) also holds. It follows that in
this case, Í {∃a.P }X {∃a.Q} holds.

If X is a schedule, the reasoning is largely the same, but we derive
safeScP (π,X , (α1,h1,ς),∃a.Q) from safeScP (π,X , (α1,h1,ς[a 7→ v]),Q) in-
stead, with (α2,h2,ς[a 7→ v]) defined as the state that must exist to satisfy
requirement 2 at the end of safeScP (π,X , (α1,h1,ς[a 7→ v]),Q), if π does not
deviate. It follows that the proof rule EXAMPLE is sound.
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Soundness of FRAME STATEMENTS

Let S be a list of statements, let the precondition be P ∗R and let the postcon-
dition be Q ∗R. Let R ⇒∅1, and let the free variables of R and P not overlap.
Let Í {P }S{Q} hold.

For this proof of Í {P ∗R}S{Q ∗R}, let (α1,h1,ς) Í P ∗R be an AuDaLogic
state and let π be an execution of S such that π ;(α1,h1,ς). We prove that
there exists an AuDaLogic state (α2,h2,ς) such that (α2,h2,ς) Í Q ∗ R and
safeStP (π,S , (α1,h1,ς), (α2,h2,ς)).

By the precondition, there exists a split (α1,h1,ς) = (α1
1,h1

1,ς)6(α2
1,h2

1,ς)
such that (α1

1,h1
1,ς) Í P and (α2

1,h2
1,ς) Í R. As R ⇒ ∅1, we know that π ;

(α1
1,h1

1,ς) (if not, then we can simply adjust the split of α(3)).
From Í {P }S{Q}, we know there exists a state (α1

2,h1
2,ς) such that

safeStP (π,S , (α1
1,h1

1,ς), (α1
2,h1

2,ς)) and (α1
2,h1

2,ς) ÍQ. As
safeStP (π,S , (α1

1,h1
1,ς), (α1

2,h1
2,ς)) holds, we know that π does not access h2

1
and does not use labels already used in α2

1. It then follows that
(α1

2,h1
2,ς)6(α2

1,h2
1,ς) is defined, so we fix (α2,h2,ς) = (α1

2,h1
2,ς)6(α2

1,h2
1,ς). Then

we know that safeStP (π,S , (α1,h1,ς), (α2,h2,ς)), directly from the fact that
safeStP (π,S , (α1

1,h1
1,ς), (α1

2,h1
2,ς)). As P and R have no overlap in free vari-

ables, we then also know that (α2,h2,ς) ÍQ ∗R, as nothing has changed in the
meaning of R. It follows that FRAME STATEMENTS is sound.

Soundness of FRAME SCHEDULE

Most of this proof is analogous to the proof for FRAME STATEMENTS, with the
change that due to the definition of safeScP , all elements of α1(2) will also
execute the schedule. This is then solved by the fact that R ⇒ ∅ instead of
R ⇒∅1. It follows that FRAME SCHEDULE is sound.

8.4 Conclusion

In this chapter, we have connected AuDaLogic to AuDaLa, based on the ap-
proach by Vafeiadis [173]. We have related AuDaLogic and AuDaLa states,
defined some context and defined two safety predicates for executions, which
check whether a postcondition holds in AuDaLogic when steps or a schedule
is executed. With this, we have defined the semantics of AuDaLogic triples.

We have used this to prove our expression translation and our stability
predicate generator function, as defined in Chapter 7, correct. We then used
that to also prove the soundness for all the proof rules defined in Section 7.4.
With this, AuDaLogic is sound for AuDaLa.

Currently, however, the proof system can only be used to prove programs
without write-write and read-write race conditions. As seen in Chapter 3, it
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can be beneficial to include write-write race conditions in AuDaLa programs.
To that extent, in the next chapter, we shall give an extension of AuDaLogic to
make it compatible with write-write race conditions.



Chapter 9
Adapting AuDaLogic for
Write-Write Race Conditions

So far, we have defined AuDaLogic and proven the proof system sound. How-
ever, this definition and the proof system are only applicable on programs
without read-write and write-write race conditions. The definition of AuDaLa
does not prohibit race conditions, and the properties and proofs of Chapter 4
and Chapter 5 specifically allow for write-write race conditions to occur dur-
ing steps. To use AuDaLogic in the same capacity, we adapt AuDaLogic in this
chapter to include write-write race conditions during the execution of steps.

Section 9.1 adapts AuDaLogic for write-write race conditions occurring
during the execution of steps. For the adaptation, the scope being steps
is important; we allow two struct instances writing to the same parameter
during a step, and we allow this parameter to be read from during a later step,
but we do not allow this parameter being read from during the same step as
the two writes.

We present the adaptation as changes to Chapter 7 and Chapter 8, rang-
ing from changes to the AuDaLogic state and some operations to changes in
the proof rules and their soundness. As these chapters already adapt work
by Vafeiadis [173] to work for AuDaLa and introduce new concepts to aid
that goal, we have decided to not integrate these changes directly with those
chapters but to present them separately, to separate the concerns of the two
adaptations and therefore make them more comprehensible.

Section 9.2 gives an example of a program for which we can prove a post-
condition using the adapted system. We then conclude the chapter in Sec-
tion 9.3.
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9.1 Adapting AuDaLogic for Write-Write Race
Conditions

In this section, we adapt AuDaLogic for write-write race conditions occurring
in the scope of step executions. We first give the approach and design deci-
sions of our extension, and then give the required changes to Chapter 7 and
Chapter 8. To not repeat Chapter 7 and Chapter 8 in this section, we have
decided to only highlight the changes. However, we present this adaptation
not as conjecture but as a result, especially when we claim that the soundness
proofs are minimally impacted by our changes. To that end, we will include
the proofs for our adapted version of the UPDATE rule and our adapted version
of the STEP CALL rule. We also give an updated proof for the SPLIT PARALLEL

rule, our most complicated proof. These serve as examples for how the sound-
ness proofs of proof rules need to be adapted for our changes. We consider
this to demonstrate that the proofs are minimally changed and that integrat-
ing the changes into the previous two sections will lead to a fully functioning
and sound proof system.

Summary of the changes

To add write-write race conditions to AuDaLogic, we adapt the memory heap
to be able to contain sets of values, which represent non-determinism in the
value of a certain memory cell. To do this, we adapt the permissions, the
⊕ operator and the merging of memory heaps to be able to merge values of
memory cells if and only if those cells have a write permission. We also add
change booleans to the memory heap to keep track of whether a value was
updated. This is beneficial in a write-write race conditions in AuDaLa, where
the winning value is a value newly written to the heap cell, and never a value
that was already there before the race condition. The merging of memory
heaps is then further augmented to remove old values when merging them in
new values.

Here, we intentionally decided to not be able to split or merge non-
deterministic memory cells with read permissions. This reflects that in
AuDaLa programs without read-write race condition, variables cannot be read
in the same step they are written to, and in the following steps, there will
always be a single, possibly unknown value that is deterministically read from
the memory cell. Allowing for non-deterministic reads therefore complicates
AuDaLogic far more than necessary to represent AuDaLa.

We adapt the syntax and semantics of memory assertions straightforwardly
and add some shorthands. We only adapt the access predicate A to work with
read permissions, which means it only holds when all memory cells read from
are deterministic and in the heap, which further reflects the way AuDaLa treats
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write-write race conditions. This however means that we need to add two
more relations, like the relation S(P,P ′), to be able to reset the predicates for
the next step to be executed.

When relating our changes back to AuDaLa, we introduce the notion of
a corresponding deterministic heap for states and heaps. This reflects that
non-determinism is reflected by the value of a variable during an execution
instead of non-deterministic variable environments, and that therefore we can
always lift our non-deterministic heaps to deterministic heaps with unknown
values. The notion of the corresponding deterministic heap, as well as a
change boolean reset function r , is then used to adapt the safety predicate for
schedules.

In the next subsections, we give the changes to AuDaLogic to allow for
write-write race conditions with the provisions for reading from memory cells
and the safety predicates as outlined above.

9.1.1 Changes to the syntax and semantics of AuDaLogic

In this section, we give the changes to AuDaLogic in more detail. We first
discuss the changes to permissions (and their corresponding AuDaLogic ex-
pressions) and the heap definition and an added relation to help reasoning
about the changed heaps. We then give the adaptations the null-heap, heap
ordering and the heap merge. Lastly, we give the changes to the memory
assertion definition.

Changes to permissions and the heap definition

We redefine the set of permissions Z as the set ((0,1]× {R,W })∪ {(ζ0,R)}, where
every permission is a pair (ζ, X ) with a designation X ∈ {R,W }, where the desig-
nation determines whether it is a read or a write permission and ζ determines
the value of the permission (between (0,1] or ζ0). We define that the permis-
sions (1,R) and (1,W ) are equivalent; they represent the full permission, which
we also denote with 1. In the syntax of expressions of AuDaLogic, we then
change EZ to EZ ::= (ζ, X ) | a, with X ∈ {R,W } and ζ ∈ (0,1]∪ {ζ0}. Furthermore,
we change the resolution function and the AuDaLogic variable environment to
reflect this straightforwardly.

To deal with the multiple values returned from a write-write race condition,
we redefine the heap as h :L× IDV * Z ×2V ×B, to allow the heap to hold the
multiple potential values of a race condition. The boolean is there to keep note
of whether the value set has been written to this cell in the last step, which we
use to eliminate old values when combining heaps. As a requirement on these
heaps, we do not allow any value set in the heap to be empty.

We then call a heap deterministic iff for all (ℓ, x) ∈ dom(h), with h(ℓ, x) =
((ζ, X ),V ,b) for some ζ, X ,b, V = {v} for some v ∈ V, and non-deterministic oth-



274 Adapting AuDaLogic for Write-Write Race Conditions

erwise. We relate non-deterministic heaps to deterministic heaps using the
binary relation ≫:

Definition 9.1.1 (deterministic relation ≫). With h′ a non-deterministic heap
and h a deterministic heap, we define that h′ ≫ h holds iff dom(h) = dom(h′)
and for all (ℓ, x) such that h′(ℓ, x) = ((ζ, X ),V ,b) where V = {v1, . . . , vn} for n ≥ 1,
h(ℓ, x) = ((ζ, X ), {vi },b) for some vi ∈V .

Intuitively, this relation relates non-deterministic heaps to deterministic heaps
which contain only values also found in the non-deterministic heap.

Changes to the null-heap, heap ordering and the heap merge

We adapt the definitions which were built on the heap definition to reflect
the changes in the heap definition. For Definition 7.2.7, the null-heap has
the change booleans set to false. For Definition 7.2.8, we keep the ordering
strict with regards to values. If, for two heaps h1 and h2, there exists an entry
h1(ℓ, x) = ((ζ, X ),V ,b) such that h2(ℓ, x) = ((ζ, X ),V ′,b) with V ⊊V ′, then h1 ̸⊑ h2.

We then give an alternative definition for Definition 7.2.4, which defines
permission and heap merging behaviour:

Definition 9.1.2 (Merging permissions and heaps with write-write race con-
ditions). We define ⊕ over the set (0,1]× {R,W }

(ζ1, X )⊕ (ζ2,Y ) =

{
(ζ1 +ζ2, X ) if X = Y and ζ1 +ζ2 ∈ (0,1]

undefined otherwise

extended for (ζ0,R) such that ∀(ζ1,R)∈(0,1)×{R}(ζ0,R)⊕ (ζ1,R) = (ζ1,R) and
(ζ0,R)⊕ (ζ0,R) = (ζ0,R).
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We then extend ⊕ to permission/value sets pairs as follows:

((ζ1, X ),V1,b1)

⊕
((ζ2,Y ),V2,b2)

=



((ζ1 ⊕ζ2, X ), {v}, false) if X = Y

∧def ((ζ1, X )⊕ (ζ2, X ))

∧V1 = V2 = {v}

∧b1 = b2 = false

((ζ1 ⊕ζ2,W ),V1, true) if X = Y = W

∧def ((ζ1,W )⊕ (ζ2,W ))

∧b1 = true∧b2 = false

((ζ1 ⊕ζ2,W ),V2, true) if X = Y = W

∧def ((ζ1,W )⊕ (ζ2,W ))

∧b2 = true∧b1 = false

((ζ1 ⊕ζ2,W ),V1 ∪V2, true) if X = Y = W

∧def ((ζ1,W )⊕ (ζ2,W ))

∧b1 = b2 = true

undefined otherwise

Merging heaps is defined the same as in Definition 7.2.4: We define that h1⊕h2

is defined iff h1(a)⊕h2(a) is defined for all a ∈ dom(h1)∩dom(h2). Then h1⊕h2

is defined with dom(h1 ⊕h2) = dom(h1)∪dom(h2) and for all a ∈ dom(h1 ⊕h2):

(h1 ⊕h2)(a) =


h1(a)⊕h2(a) if a ∈ (dom(h1)∩dom(h2))

h1(a) if a ∈ (dom(h1) \ dom(h2))

h2(a) if a ∈ (dom(h2) \ dom(h1)).

Changes to the memory assertion

We change the syntax of a memory assertion to (EL , x)
EZ7−−→ ({E1, . . . ,En},EB )

to reflect the heap now being possibly non-deterministic and having change
booleans, where EB ∈EB .

We then change the memory assertion semantics to:

(α,h,ς) Í (EL ,EX )
EZ7−−→ ({E1, . . . ,En},EB ) iff ∃ℓ, x,ζ, X , vi ,b.(

res(EL ,ς) = ℓ∧ res(EX ,ς) = x ∧ res(EZ ,ς) = (ζ, X )∧
(ζ = ζ0 ⇒ (X = R ∧h = h0))∧
(ζ ̸= ζ0 ⇒ (h0 ⊑ h ∧dom(h) = {(ℓ, x)}∪dom(h0)))∧
∀1 ≤ i ≤ n.res(Ei ,ς) = vi ∧ res(EB ,ς) = b∧
h(ℓ, x) = ((ζ, X ), {v1, . . . , vn},b))
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This allows us to assert which possible values are in a non-deterministic mem-
ory cell.

We add the shorthands to reflect the new read-write designations in per-
missions and the change boolean. We furthermore add a shorthand that re-
flects that one can split the possible values of a non-deterministic heap cell
using the separator, and a shorthand which reflects that the heap is determin-
istic. The exact types have been omitted from the universal quantifier of the
shorthand det, but can be derived from the semantics of memory assertions.

(EL ,EX )
EZ7−−→ (E ,EB ) = (EL ,EX )

EZ7−−→ ({E },EB )

(EL ,EX )
EZ7−−→ {E1, . . . ,En} = ∃a ∈A.(EL ,EX )

EZ7−−→ ({E1, . . . ,En}, a)

(EL ,EX )
X7−→ ({E1, . . . ,En},EB ) = ∃a ∈A.a = (ζ, X )∧

(EL ,EX )
a7−→ ({E1, . . . ,En},EB )

det(EL ,EX ) = ∃a1, a2 ∈A.(EL ,EX )
a1
,−→s a2

det = ∀(l , a) ∈L×A.

((l , a) ,→−⇒ det(l , a))

The existing shorthands are straightforwardly augmented for the new syntax
of memory assertions. Like in the original definition, shorthands can be freely
combined.

With this, we have all changes to the syntax and semantics of AuDaLogic
required. We continue with the changes to the syntax methods of AuDaLogic.

9.1.2 Changes to expression correspondence and the proof
rules

In this section, we detail the changes to the expression correspondence be-
tween AuDaLa and AuDaLogic, as well as the changes to the proof rules. The
changes to the proof rules include two new relations we use to define the new
proof rules.

Expression correspondence

To adapt expression conversion, we need to change Definition 7.3.22 to the
following definition:

Definition 9.1.3 (Adapted expression correspondence requirement). Let
E1, . . . ,En be AuDaLa expressions. We define the expression correspondence
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requirement function for an AuDaLogic variable aε and expressions E1, . . . ,En

as

A(aε,E1, . . . ,En) =∧
Y ∈occ(E1,...En )

((
∧

x∈prefixes(Y )
(aε, x)

R
,−→ ax )∧ (

∧
X .x∈prefixes(Y )

(aX , x)
R
,−→ aX .x )).

This definition now specifies that if A(E1, . . . ,En) holds, all resources re-
quired for E1 to En are in the heap and can be read from the heap. Furthermore,
this read must be deterministic, due to the notation of the memory inclusions.
Though we do not change Definition 7.3.23, this change also changes the
meaning of that definition, now requiring that all resources that are accessed
for an expression E have read permissions.

The stability function is then almost unchanged, except that in PrSP any

occurrence of (aX , x)
1
,−→ eqi(E ′, aε) is replaced with (aX , x)

W
,−→ eqi(E ′, aε). Though

a write permission less than 1 in this extension of AuDaLogic means that the
struct instance(s) to which the heap applies cannot read from a memory cell,
we are not prohibited from reasoning about the values of memory cells with
write-only permissions.

We do not change the proofs Lemma 8.2.10 and Lemma 8.2.13 beyond up-
dating them to work with our new permissions. It is however important to em-
phasize that due to the definition of the access predicate A, it does not hold if it
includes a memory assertion on a cell in the heap which is non-deterministic.
Therefore, Lemma 8.2.10 and Lemma 8.2.13 hold for deterministic heaps only.

New relations for the proof rules

For the proof rules, we define two binary relations between predicates, starting
with the deterministic weakening relation D:

Definition 9.1.4 (Deterministic weakening relation). We define the determin-
istic weakening relation D such that D(P,P ′) is true iff P ′ ⇒ det and for all
(α,h,ς) such that (α,h,ς) Í P , for all h′ such that h ≫ h′, it holds that (α,h′,ς) Í
P ′.

Recall that by definition of ≫, there is always at least one heap h′ for every
heap h such that h ≫ h′, and that for deterministic heaps hd , hd ≫ hd . It
follows that for any P ⇒ det, D(P,P ).

Generally, P can be adapted into P ′ using the fact that (EL ,EX ) 7→ {E1, . . . ,En}
can be weakened into ∃a ∈ A.(EL ,EX ) 7→ a ∧ (a = E1 ∨ . . . a = En). This is not
semantically equivalent in AuDaLogic, as the first requires non-determinism
and the second does not, but the second does maintain all the possible values
from the non-deterministic heap cell while allowing a deterministic heap to
satisfy the formula.
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Furthermore, we define the change reset relation C :

Definition 9.1.5 (Change reset relation). We define the change reset relation
C such that C (P,P ′) is true iff for all (α,h,ς) such that (α1,h,ς) Í P , it holds that
(α1,h′,ς) Í P ′, where h is identical to h′ except that all change booleans have
been set to false in h′.

Changes to the proof rules

The changes to most proof rules in Chapter 7 are minor, as the change to the
expression correspondence requirement relation A is sufficient for them. In
the rule NULL UPDATE, note that the change boolean at the end will also be
false, as the write is ignored.

Two more major changes are to the update rule and the step call rule. We
change the update rule into the following rule, which does not need full per-
mission but only a write permission, and which requires the change boolean
to be set to true at the end:

(UPDATE-WW)

PL is heap-free PH is triple-free
PL ⇒■1(aε,θ) PH ⇒ A(aε,E , X )

P = PL ∧ (PH ∗ (aX , x)
(ζ,W )7−−−−→−)

Q = PL ∧ (PH ∗ (aX , x)
(ζ,W )7−−−−→ (eqi(aε,E), true))

⊢ {P }X .x := E {Q}

We change the step call rule into the following rule, which resets all change
booleans and which makes the heap deterministic:

(STEP CALL-WW)

S(P,P1) C (P1,P2) D(P2,P3)
P3 ⇒■1(aε,θ)∧∅2

StepStatP (F,θ) =S ⊢ {P3}S{Q}

⊢ {P }F {Q}

The addition flattens the current non-deterministic heap to a deterministic
one. It also limits the change booleans to step executions. This encodes that
in AuDaLa, write-write race conditions are limited to their step, and that after
the step all variables should be readable again (even if the exact value may be
unknown). This concludes all adaptations to the definition of AuDaLogic, so
we move on to the adaptations for the soundness proof of AuDaLogic.

9.1.3 Changes to the AuDaLa-AuDaLogic connection

In this section, we give the changes to the AuDaLa-AuDaLogic connection
given in Section 8.1. For this, we start with the changes to state correspon-
dence, including a new notion of a corresponding deterministic heap and an
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additional relation to reset a heap back to deterministic. We then adapt the
notion of transition safety to adapt the safety predicate for statements, after
which we adapt the safety predicate for schedules.

State correspondence

The first change is in the definition of state correspondence (Definition 8.1.1).
We adapt the definition to use value sets and change booleans straightfor-
wardly, by making the following change to the requirement for memory-
equivalence:

Definition 9.1.6 (State correspondence adaptation). Let p = 〈∆,σ,sχ〉 be an
AuDaLa state and let (α,h,ς) be an AuDaLogic state. We additionally define
that p is (weakly) memory-equivalent to h, notation p - h, iff the following
holds:

1. h(ℓ, x) = (ζ,V ) iff σ(ℓ) = 〈θ,γ,χ,ξ〉 for some θ,γ,χ,ξ such that ξ(x) ∈V

This is extended as in Definition 8.1.1 to a weak derivation from AuDaLa to
AuDaLogic states, denoted using ≻ and Ξ.

From this point on, we consider the classic struct and memory-equivalence
as defined in Definition 8.1.1 to be strict, and change the symbols used for
memory equivalence and derivation to -s , ≻s . We also use Ξs to denote all
the states strictly derivable from a heap h.

For a deterministic heap cell in a AuDaLogic state, weak memory-equivalence
and memory-equivalence are the same equivalence. For a non-deterministic
heap cell in a AuDaLogic state, this relates all possible AuDaLa states implied
by the non-determinism of the heap cell to the AuDaLogic state. We keep the
transition and execution correspondence the same.

While we have a notion of non-determinism in AuDaLogic heaps, during
executions, AuDaLa variable environments do not have non-determinism in
that there is always a single value saved for every variable. We therefore
define the corresponding deterministic heap of an AuDaLa state and a heap h.

Definition 9.1.7 (Corresponding Deterministic Heap). Let X be a list of state-
ments or a step and let p be an AuDaLa state. Let h1 be some heap such that
p ≻ h1. We define the corresponding deterministic heap of p and h1 be the heap
h such that p ≻s h and h1 ≫ h. We also denote this heap as det(p,h1) for p
and h1. Additionally, for every execution π starting in p, we consider h to be
the corresponding deterministic heap of π and h1 as well. We overcharge the
notation to allow det(π,h1) as well.

We prove that the existence of a corresponding deterministic heap is guar-
anteed:



280 Adapting AuDaLogic for Write-Write Race Conditions

Lemma 9.1.8 (Existence Guaranteed). For all combinations of state p and
memory heap h1 such that p ≻ h1, there exists a corresponding deterministic
heap h for π and h1.

Proof. By the definition of AuDaLa p will have defined values for all entries
in all variable environments in p. If we combine these in a deterministic heap
hp , then p -s hp . Then as p ≻ h1, for every heap cell (ℓ, x) ∈ dom(h1), (ℓ, x) ∈
dom(hp ) and hp (ℓ, x) = ((ζ, X ), {v}) iff h1(ℓ, x) = ((ζ, X ),V ) such that v ∈ V . Let
h be the restriction of hp to dom(h1). Then h is deterministic, h1 ≫ h, by
definition of ≫, and p ≻s h, by definition of hp and ≻s . It follows that h is a
corresponding heap of p and h1.

We implicitly use this lemma when asserting a corresponding deterministic
heap.

Lastly, to use the change booleans to reflect a change in the previous step in
our heaps, we define the heap reset function r , where r (h) is the heap h′ such
that for every (ℓ, x) ∈ dom(h) such that h(ℓ, x) = ((ζ, X ),V ,b) for some ζ, X ,V and
b, h′(ℓ, x) = ((ζ, X ),V , false). Like the m function, we use the r function to reset
our state after every step.

Safety of transitions and the safety predicate for statements

We then use the deterministic corresponding heaps to define the meaning of
AuDaLogic triples with write-write race conditions. This can be done for state-
ments by changing the notion of transition safety, which amounts to changing
Definition 8.1.5 to reflect our new heap:

Definition 9.1.9 (Safety of Transitions with Write-Write Race Conditions). We
define transitions to be safe for two AuDaLogic states (α1,h1,ς) and (α2,h2,ς)
iff one of the following holds:

1. The transition is not a ComRd, ComWr or ComCons transition.

2. The transition is a ComRd transition annotated with (ℓ,ℓ2, x, v,θ′) and
h1(ℓ2, x) = ((ζ,R), {v},b) for some ζ ∈ (0,1]∪ {ζ0} and some b ∈B.

3. The transition is a ComWr transition annotated with (ℓ,ℓ2, x, v,θ′)
and h2(ℓ2, x) = ((ζ,W ), {v}, true) for some ζ ∈ (0,1], and if x ∈ ParsP (θ),
h1(ℓ2, x) = ((ζ,W ),V ,b) for some V ⊂V and b ∈B.

4. The transition is a ComCons transition annotated with (ℓ,ℓ′,θ′, v1, . . . , ve )
and ℓ′ ∈α1(3), ℓ′ ∈α2(2) and for all parameters xi ∈ ParsP (θ′), h2(ℓ′, xi ) =
(1, {vi }, true).

This definition of transition safety does not allow non-deterministic read-
ing from a variable. This means that to prove statement triples, one has to
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take care to make sure the memory heap that satisfies the precondition is de-
terministic in the values that need to be read.

We do not need to change the safety predicate for statements as given in
Definition 8.1.6. Due to the requirements on permissions in Definition 9.1.9,
the safety predicate still does not allow read-write race conditions. Note that
the safety predicate requires reads to be deterministic, so the precondition
needs to reflect that to be able to prove a triple for a list of statements. We
also do not need to change Lemma 8.1.7.

Safety predicate for schedules

We change the safety predicate for schedules minimally to make the heap
deterministic between each step and to reset the change booleans, as given
below. Changes are highlighted:

Definition 9.1.10 (Safety Predicate for Schedules). Let ∆ be a schedule,
let (α1,h1,ς) be an AuDaLogic state and let π be an execution of ∆ from
some AuDaLa state p ∈ Ξ(α1,h1,ς). Let F be the step sequence of π. Then
safeScP (π,∆, (α1,h1,ς),Q) holds iff
safeScP (π,F , (α1,h1,ς),Q) holds, and safeScP (π,F , (α1,h1,ς),Q) holds iff all
of the following hold:

1. π is finite.

2. If F = ε, (α1,h1,ς) ÍQ.

3. If F = (F, q);F ′, let π =π∆; t ;πF ;π′, where π∆ consists of all schedule tran-
sitions until the execution of F in π, t ;πF is the execution of F in π,
with t the Init-transition of F and πF containing all the command tran-
sitions in the execution of F and π′ as the rest of the execution of π.
Let p1 be the AuDaLa state after the transitions π∆; t . Let αu = m(α1)

and let hd = r (det(πF ,h1)) .

Then if πF ;(αu , hd ,ς), there exist a state (αt ,ht ,ς) and there exists the

splits (αu , hd ,h1) = (α′
u , h′

d ,ς)6(α1
u , h1

d ,ς)6 · · ·6(αn
u , hn

d ,ς) and

(αt ,ht ,ς) = (α′
t ,h′

t ,ς)6(α1
t ,h1

t ,ς)6 · · ·6(αn
t ,hn

t ,ς) and πF = τ1 ∥ · · · ∥ τn such
that all of the following hold:

(a) α′
u =α′

t and h′
d = h′

t .

(b) For every (ℓ,θ) ∈ αu(1), if q = θ∨ q = ⊤, then for some 1 ≤ i ≤ n,
αi

u(1) = {(ℓ,θ)}.

(c) For every transition in πF annotated with an execution label ℓ, there
exists a 1 ≤ i ≤ n such that αi

u(1) = {(ℓ,θ)} for some struct type θ.
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(d) For all 1 ≤ i ≤ n, with πi be the execution from p1 consisting of the

transitions τi . Then πi ;(αi
u , hi

d ,ς) and

safeStP (πi ,StepStatP (F,θ), (αi
u , hi

d ,ς), (αi
t ,hi

t ,ς)).

(e) safeScP (π′,F ′, (αt ,ht ,ς),Q) holds.

This concludes the changes to the connection between AuDaLa and AuDa-
Logic. Both safety predicates still do not admit read-write race conditions, due
to the semantics of heap splits and permissions.

In the next section, we give some soundness proofs as a demonstration that
the proofs are not impacted a lot.

9.1.4 Demonstration of soundness proofs for AuDaLogic
adapted for write-write race conditions

In this section, we give the soundness proofs for some AuDaLogic rules
adapted for write-write races. Though we do not give the proofs for all AuDa-
Logic rules, we estimate that the proofs given will sufficiently demonstrate the
changes to proving the soundness of AuDaLogic proof rules. We shall give the
proofs for UPDATE-WW and STEP CALL-WW, as given in Section 9.1.2 and the
rules SPLIT PARALLEL and BARRIER, as given in Section 7.4.2 and Section 7.4.3
respectively. We keep Lemma 8.2.11 the same.

Soundness of UPDATE-WW

This proof is almost identical to the proof for the soundness of the proof rule
UPDATE, as given in Section 8.3.1. The only change is that any occurrence of
(aX , x)

17−→ E is changed into (aX , x)
W7−→ E , and that the definition of h2 reflects

our new permissions and the change booleans. We give the proof to demon-
strate this. The heap h1 is allowed to be non-deterministic for the application
of this rule, but not in the variables read to execute ‘X .x := E ’, which is enforced
by A(aε,E , X ).

Let X be the syntactical statement ‘X .x := E ’, with a potentially empty vari-
able expression X and a simple expression E . Let the precondition be P =

PL ∧(PH ∗(aX , x)
17−→−), with PL a heap-free predicate and PH a triple-free pred-

icate such that PL ⇒ ■1(aε,θ) and PH ⇒ A(aε,E , X ). Let the postcondition be
Q = PL ∧ (PH ∗ (aX , x)

W7−→ (eqi(aε,E), true)).
To prove that Í {P }X .x := E {Q}, we need to prove that for all AuDaLogic

states (α1,h1,ς) such that (α1,h1,ς) Í P , for all executions π of X .x := E such
that π ;(α1,h1,ς), there exists a state (α2,h2,ς) such that safeStP (π, X .x :=
E , (α1,h1,ς), (α2,h2,ς)) and (α2,h2,ς) ÍQ.
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Then let (α1,h1,ς) be an arbitrary AuDaLogic state and let π be an arbitrary
execution satisfying the requirements of the last paragraph. Let π start in
AuDaLa state p.

To define (α2,h2,ς), we define v to be the result value of E executed from p.
As π ;(α1,h1,ς) and (α1,h1,ς) Í ■1(aε,θ) (as (α1,h1,ς) Í P), all transitions in π

can only have ℓ as their executing label, so π does not have race conditions. It
follows by Corollary 4.3.23 that the result value of E during π must also be v .

As (α1,h1,ς) Í P ∗ (a, x)
W7−→ −, we know that h1(ς(a), x) = ((ζ,W ), vo ,b)

for some vo ∈ V and some b ∈ B. We use this to define the AuDaLogic
state (α2,h2,ς) as (α1,h1[(ς(a), x) 7→ ((ζ,W ), v, true)],ς), with h1[(ς(a), x) 7→
((ζ,W ), v, true)] a function update of h1.

To prove safeStP (π, X .x := E , (α1,h1,ς), (α1,h1[(ς(a), x) 7→ ((ζ,W ), v, true)],ς))
to be true, we prove the requirements of safeStP . The first requirement of
safeStP is satisfied because X ̸= ε. For the second requirement, as X con-
sists only of X .x := E , we can satisfy 2c and the recursive element by taking
(α′,h,ς) = (α1,h1[(ς(a), x) 7→ ((ζ,W ), v, true)],ς). We then need to prove that re-
quirements 2a and 2b hold for (α1,h1[(ς(a), x) 7→ ((ζ,W ), v, true)],ς):

2a As π ;(α1,h1,ς) and (α1,h1,ς) Í ■1(aε,θ), we know that α1(1) = {(ℓ,θ)}.
Additionally, there is only a single struct instance that can execute tran-
sitions in π, so we know that all transitions have execution label ℓ.

2b To prove that requirement 2b holds, we need to prove all ComCons,
ComRd and ComWr transitions in π are safe:

– As there are only transitions executed by the struct instance of ℓ,
there are only transitions stemming from �X � in π. Therefore, there
are no ComCons transitions in π.

– As P ⇒ A(aε,E , X ) (as PH ⇒ A(aε,E , X )), E and X are the expressions
of X and π ;(α1,h1,ς), the fact that the ComRd rules are safe in π

follows from Lemma 8.2.11.
– As there are only transitions executed by the struct instance of ℓ,

there are only transitions stemming from �X � in π. Therefore, there
is only at most a single ComWr transition in π. By the fact that
(α1,h1,ς) Í PH ∗ (aX , x)

W7−→ −, we know that the variable written to
is not a parameter of a null-instance: if it was, it would be in h0, and
then by definition of memory assertions, (a, x)

W7−→ − would not be
satisfiable. We then know there is exactly one ComWr-transition.
Let the ComWr-transition of π be annotated with (ℓ,ℓ2, x, v ′,θ′) for
some ℓ2 ∈ L, v ′ ∈ V and θ′ ∈ ΘP . By the fact that the transition is
annotated with (ℓ,ℓ2, x, v ′,θ′) and the fact that �X � = �E�;�X �;wr(x),
it holds that v ′ = v and that ℓ2 is the return value of X in X . By
applying Lemma 8.2.10 on X .x, we can conclude that ς(a) = ℓ2. It
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follows that h2(ℓ2, x) = ((ζ,W ), v ′, true), from the definition of h2.

Additionally, as (α1,h1,ς) Í PH∗(aX , x)
W7−→−, we know that h1(ℓ2, x) =

(1, vo ,b) for some vo ∈V.

We conclude that
safeStP (π, X .x := E , (α1,h1,ς), (α1,h1[(ς(a), x) 7→ ((ζ,W ), v, true)],ς)) holds. We
then still need to prove that (α1,h1[(ς(a), x) 7→ ((ζ,W ), v, true)],ς) Í PL ∧ (PH ∗
(aX , x)

W7−→ (eqi(aε,E), true)). As PL is a heap-free predicate and (α1,h1[(ς(aX ), x) 7→
(1, v)],ς) only differs from (α1,h1,ς) in the memory heap, we know that
(α1,h1[(ς(aX ), x) 7→ (1, v)],ς) Í PL.

We prove that additionally, (α1,h1[(ς(aX ), x) 7→ (1, v)],ς) Í (PH ∗ (aX , x)
W7−→

(eqi(aε,E), true)). As h1[(ς(aX ), x) 7→ (1, v)] is only changed in the entry for
(ς(aX ), x), this is proven by proving that res(eqi(aε,E)) = v . This holds due
to Lemma 8.2.10, which is applicable in this situation. We conclude that
(α1,h1[(ς(a), x) 7→ ((ζ,W ), v, true)],ς) Í ■1(aε,θ)∧(P ′′∗(aX , x)

W7−→ (eqi(E , aε), true)).
It follows that the proof rule UPDATE is sound.

Soundness of STEP CALL-WW

This proof is almost identical to the proof found in Section 8.3.3. The main
change is that we now use the corresponding deterministic heap with the
change booleans reset, which needs to be reflected in the proof when we use
the statements triple in the premises.

Let X be a schedule of the form F . Let the precondition be P such that there
exist predicates P1, P2 and P3 such that S(P,P1), C (P1,P2) and D(P2,P3). Let θ
be a struct type and aε ∈ A be a AuDaLogic variable such that P3 ⇒ ■1(aε,θ).
Let StepStatP (F,θ) =S and let Í {P }S{Q} hold.

to prove that Í {P }F {Q}, let (α1,h1,ς) be an AuDaLogic state such that
(α1,h1,ς) Í P and let π be an execution of F from an AuDaLa state p ≻
(α1,h1,ς). As the schedule is F , we know that the step sequence of F is (F,⊤) (as
F is a global step call). We then need to prove that safeScP (π,F, (α1,h1,ς),Q)
holds.

As the schedule is F , we know that π = t ;πF , so requirement 1 of
safeScP (π,F, (α1,h1,ς),Q) holds. Requirement 2 holds because the step se-
quence of π is (F,⊤). As in the safety predicate for schedules, let αu = m(α1)
and let hd = r (det(πF ,h1)). As S(P,P1), C (P1,P2) and D(P2,P3), it follows that
(αu ,hd ,ς) Í P3 ∧∅2

To prove requirement 3, assume that πF ;(αu ,hd ,ς) (as otherwise require-
ment 3 of safeScP (π,F, (α1,h1,ς),Q) is vacuously true). We need to prove that
there exists a state (α2,h2,ς) such that there exist the splits outlined in safeScP
for which 3a to 3e hold. As there is only one step in the step sequence, prov-
ing 3e is done by establishing that (α2,h2,ς) ÍQ, which satisfies the recursive
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element.
We make the split (αu ,hd ,ς)6(α0,h0,ς) for requirement 3, where α0 is the

empty label triple. Intuitively, this can be considered as not splitting (αu ,hd ,ς)
and just adding on an empty state. To satisfy requirement 3a, we will make the
same trivial split (α2,h2,ς)6(α0,h0,ς) for our currently abstract state (α2,h2,ς).
Requirement 3b holds by definition of (αu ,hd ,ς). Requirement 3c holds be-
cause π ;(αu ,hd ,ς) and (αu ,hd ,ς) Í ■1(l ,θ)∧∅2, which means that any com-
mand transition in π must be executed by ς(aε).

From the fact that π ;(αu ,hd ,ς), the fact that αu(1) = {ς(aε),θ} and the
fact that αu(2) = ;, it holds that πF is exactly an execution of StepStatP (F,θ).
Additionally, due to the definition of AuDaLogic state correspondence, the fact
that t is an Init-transition (which loads commands into struct instances), we
know that πF ;(αu ,hd ,ς). Then by the premise Í {P }S{Q}, we know that
there exists a state (α′,h′,ς) such that safeStP (πF ,S , (αu ,hd ,ς), (α′,h′,ς)) and
(α′,h′,ς) ÍQ. This satisfies requirement 3d.

We fix (α2,h2,ς) = (α′,h′,ς). This satisfies requirement 3e and the recursive
element, as this means that (α2,h2,ς) ÍQ. Therefore, the proof rule STEP CALL

is sound.

Soundness of SPLIT-PARALLEL

This proof is adapted from the soundness proof in Section 8.3.2. The changes
are mostly to facilitate our use of the corresponding deterministic heap, mostly
in the splits.

Let X be a schedule consisting of the step F . Let P1 ∗P2 be the precon-
dition and let Q1 ∗Q2 be the postcondition. Additionally, let Í {P1}F {Q1} and
Í {P2}F {Q2} hold. Then to prove that Í {P1 ∗P2}F {Q1 ∗Q2}, let (α1,h1,ς) be an
AuDaLogic state such that (α1,h1,ς) Í P1 ∗P2 and let π be an execution of F
from p such that p ≻ (α1,h1,ς). As F is a single step, we know that the step
sequence of π is (F,⊤). We then need to prove that safeScP (π,F, (α1,h1,ς),Q).

As the step sequence of π is (F,⊤), it holds that π is finite, which satisfies the
first requirement of safeScP . As the step sequence is not empty, the second
requirement of safeScP is also satisfied.

Then, for requirement 3, from the fact that the schedule is F , it follows that
π = t ;πF , with t the Init-transition of F . Let p1 be the state before executing
πF . Due to the definition of AuDaLogic state correspondence, the fact that p ∈
Ξ(α1,h1,ς) and the fact that t is an Init-transition (which loads commands into
struct instances), we know that p1 ∈Ξ(αu ,h1,ς), with αu = m(α1). (Recall that
this means that αu(1) =α1(1)∪α1(2) and αu(2) = ;.) Let hd be r (det(πF ,h1)).

If πF ̸ ;(αu ,hd ,ς), the safety predicate is satisfied, and the rule is sound.
Therefore, assume that πF ;(αu ,hd ,ς).

To prove requirement 3, we need to prove that there exists a state (α2,h2,ς)
such that there exist the splits outlined in safeScP for which 3a to 3e hold. As
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there is only one step in the step sequence, proving 3e is done by establishing
that (α2,h2,ς) ÍQ, which satisfies the recursive element.

To establish the state (α2,h2,ς) and the split for which 3a-3e hold, we
use the premises, as they imply the existence of such a split. In the rest of
this proof, we first define the state (α2,h2,ς) and the splits as implied by
the premises, which we then combine to get a combined split which satisfies
requirement 3 for the whole.

As the precondition is P1 ∗ P2, we know there exists a split (α1,h1,ς) =
(α1

1,h1
1,ς)6(α2

1,h2
1,ς) such that (α1

1,h1
1,ς) Í P1 and (α2

1,h2
1,ς) Í P2. It fol-

lows by definition of αu and hd that there also exists a split (αu ,hd ,ς) =
(α1

u ,h1
d ,ς)6(α2

u ,h2
d ,ς) such that m(α1

1) =α1
u , m(α1

2) =α2
u , r (det(πF ,h1

1)) = h1
d and

r (det(πF ,h2
1)) = h2

d .
As πF ;(αu ,hd ,ς), we also have the split πF = π1

F ∥ π2
F such that πi

F ;
(αi

u ,hi
d ,ς) for i ∈ {1,2}. By the definition of π1

F and π2
F , both start in Au-

DaLa state p1. From the proof rule premises Í {Pi }F {Qi }, with i ∈ {1,2},
and as m(αi

1) = αi
u , we know that safeScP (t ;πi

F ,F, (αi
1,hi

1,ς),Qi ) holds. Fur-
thermore, as πi

F ;(αi
u ,hi

d ,ς), we know that safeScP (t ;πi
F ,F, (αi

1,hi
1,ς),Qi )

holds because there exists a state (αi
2,hi

2,ς) that satisfies requirement 3 of
safeScP (t ;πi

F ,F, (αi
1,hi

1,ς),Qi ) and for which (αi
2,hi

2,ς) ÍQi holds.
Then as (αu ,h1,ς) = (α1

u ,h1
1,ς)6(α2

u ,h2
1,ς), as safeScP (t ;πi

F ,F, (αi
1,hi

1,ς),Qi )

holds and πi
F ;(αi

u ,hi
d ,ς) for i ∈ {1,2}, we can conclude that

def ((α1
2,h1

2,ς)6(α2
2,h2

2,ς)), as the executions π1
F and π2

F will not go outside their
own heap. We fix (α2,h2,ς) = (α1

2,h1
2,ς)6(α2

2,h2
2,ς).

With (α2,h2,ς) established, we define the individual splits for both separate
states. As safeScP (t ;πi

F ,F, (αi
1,hi

1,ς),Qi ) holds for all i ∈ {1,2}, for (αi
u ,hi

d ,ς),
(αi

2,hi
2,ς) and πi

F there exist the individual splits

(αi
u ,hi

d ,ς) = ((αi
u)r , (hi

d )r ,ς)6((αi
u)1, (hi

d )1,ς)6 . . .6((αi
u)m , (hi

d )m ,ς),

(αi
2,hi

2,ς) = ((αi
u)r , (hi

d )r ,ς)6((αi
2)1, (hi

2)1,ς)6 . . .6((αi
2)m , (hi

2)m ,ς)

and πi
F = τi

1 ∥ . . . ∥ τi
m , such that requirement 3 of safeScP (t ;πi

F ,F, (αi
1,hi

1,ς),Qi )
holds.

These splits split the execution πi
F in m individual executions, and splits the

heaps (αi
u ,hi

d ,ς) and (αi
2,hi

2,ς) in m+1 parts, where the first part ((αi
u)r , (hi

d )r ,ς)
does not execute anything and the other m parts all have an individual exe-
cution. As requirement 3 of safeScP (t ;πi

F ,F, (αi
1,hi

d ,ς),Qi ) (for all i ∈ {1,2})
holds for their respective splits, more specifically, we know that the following
properties hold for these splits:

1. For every (ℓ,θ) ∈αi
u(1), there exists a 1 ≤ j ≤ m, (αi

u) j (1) = {(ℓ,θ)}.
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2. For every transition πi
F annotated by an execution label ℓ, there exists a

1 ≤ j ≤ m such that (αi
u) j (1) = {(ℓ,θ)} for some struct type θ.

3. For all 1 ≤ j ≤ m, with πi
j the execution of τi

j from p1, πi
j ;((hl i

u) j , (hi
d ) j ,ς)

and safeStP (πi
j ,StepStatP , ((αi

u) j , (hi
d ) j ,ς), ((αi

2) j , (hi
2) j ,ς)) holds.

Due to the existence of the above splits for (α1
u ,h1

d ,ς), (α1
2,h1

2,ς) and π1
F and

for (α2
u ,h2

d ,ς), (α2
2,h2

2,ς) and π2
F , there exists the combined splits of (αu ,hd ,ς),

(α2,h2,ς) and πF defined as follows:

(αu ,hd ,ς) = (α′
u ,h′

d ,ς)6((α1
u)1, (h1

d )1,ς)6 . . .6((α1
u)m , (h1

d )m ,ς)6

((α2
u)1, (h2

d )1,ς)6 . . .6((α2
u)m , (h2

d )m ,ς)),

with α′
u = (α1

u)r ♦(α2
u)r and h′

1 = (h1
d )r ⊕ (h2

d )r ,

(α2,h2,ς) = (α′
u ,h′

d ,ς)6((α1
2)1, (h1

2)1,ς)6 . . .6((α1
2)m , (h1

2)m ,ς)6

((α2
2)1, (h2

2)1,ς)6 . . .6((α2
2)m , (h2

2)m ,ς)),

and πF = τ1
1 ∥ . . . ∥ τ1

m ∥ τ2
1 ∥ . . . ∥ τ2

m .
For these splits, the requirements 3a-3e hold for safeScP (π,F, (α1,hd ,ς),Q):

3a This requirement holds by the definition of the combined splits.

3b For every pair (ℓ,θ) ∈αu(1), we know that (ℓ,θ) ∈α1
u(1) or (ℓ,θ) ∈α2

u(1). It
follows that for some 1 ≤ j ≤ m, (αi

u) j (1) = {(ℓ,θ)}. As (αi
u) j is also formed

in the combined split, it follows that 3b holds.

3c From property 2 for the individual splits we know that for every com-
mand transition contained in πi

F annotated with an execution label ℓ,
there exists a 1 ≤ j ≤ m such that (αi

u) j (1) = {(ℓ,θ)} for some struct type θ.
As πF = (π′

F )1 ∥ (π′
F )2 and all elements αi

u) j are also in the combined split
of (αu ,hd ,ς), this property still holds for πF and the combined splits of
(αu ,hd ,ς).

3d As all τi
j from p1 are included in the big split, as well as all (hl i

u) j and

(hi
d ) j , this property holds directly due to property 3 for the individual

splits.

3e As (α1
2,h1

2,ς) ÍQ1 and (α2
2,h2

2,ς) ÍQ2 and by the definition of the separa-
tor, we know that (α2,h2,ς) ÍQ1 ∗Q2. This satisfies 3e and the recursive
element, as the schedule consists of only F .

It follows that safeScP (t ;πF ,F, (α1,h1,ς),Q), so the rule SPLIT PARALLEL is
sound.
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1 struct Elem(decider: Elem, winner: Elem){
2 nominate{
3 decider.winner := this;
4 }
5 update{
6 if decider = this then {
7 decider := winner;
8 }
9 }

10 }
11

12 nominate < update

Listing 9.1: AuDaLa code for nomination

9.2 Proof Tree Example for Adapted AuDaLogic

In this section, we will first give an example partial program for AuDaLa which
contains race conditions, after which we prove the postcondition of the pro-
gram using AuDaLogic as adapted above. For proving the program, we use the
same style as in Section 7.5. Let any occurrence of

`
be a reference to another

part of a proof tree. Let proof trees labeled with Finished: be finished proof
trees. In partial proof trees, let question marks denote unknown predicates,
and let . . . denote that we will fill that part of the proof tree in later.

9.2.1 The example program

As an example for proving a program with write-write race conditions, we
create a nomination program. For this program, we assume that we initialize
a set of elements, amongst which one decider element. We assume that every
element can access the decider element. During the execution of the program,
a nomination will take place via a write-write race condition on a reference
to an element, which one of the elements in the set will win. The decider
element then updates then makes that element the next decider. The Listing
is shown in Listing 9.1.

For ease of use, we define the following statements.

S1 = “winner := this;”

S2 = “if(decider = this) then {S3}”

S3 = “decider :=winner;”
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`
1

⊢ {P2}nominate{?}
. . .

⊢ {?}update{?}
BARRIER⊢ {P2}nominate < update{?}

WEAKENING⊢ {P1}nominate < update{?}
EXAMPLE

{P0}nominate < update{?}

Figure 9.1: Proof Tree
`

0, first unfinished version

We formalize the initialization requirements in the predicate P0:

P0 := ∃Set ⊂L.Set = {l1, . . . , ln}∧
⊛1≤i≤n ((■1(li ,Elem∧∅2)∧∅2)∧ (li ,decider)

17−→ l1 ∗ (li ,winner)
17−→ ℓ0

Elem)

∗ (■1(ℓ0
Elem,Elem)∧∅2 ∧emp)

This predicate also encodes the existence of the null-instance.
We then create a proof tree to determine the postcondition of executing

Listing 9.1.

9.2.2 Initial schedule decomposition

We start the proof tree by removing the existential quantifier for the set Set,
resulting in P1, and then distributing the set over the big separator, using the
rule P A ∧ (PB ∗PC ) ⇔ (P A ∧PB )∗PC ), as given by Reynolds [159], as the first
line of P0 (and P1) is pure. This results in P2:

P2 :=

⊛1≤i≤n ((■1(li ,Elem∧∅2)∧∅2)∧
((li ,decider)

17−→ (l1, false)∗ (li ,winner)
17−→ (ℓ0

Elem, false))

∧Set = {l1, . . . , ln})∗ (■1(ℓ0
Elem,Elem)∧∅2 ∧emp)

We then split the schedule using the BARRIER rule. This results in the proof
tree

`
0 as given in Figure 9.1.

9.2.3 Resolving the nominate step

We then need to split all active elements to be able to call the step nominate.
For this, we first redistribute the permissions in the big separator to facilitate
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. . .
⊢ {P5}S1{?}

STEP CALL-WW⊢ {P5}nominate{?}
GEN PARALLEL⊢ {P4}nominate{?}

. . .
⊢ {PN }nominate{?}

SPLIT PARALLEL⊢ {P3}nominate{?}
WEAKENING⊢ {P2}nominate{?}

Figure 9.2: Proof Tree
`

1, first unfinished version

the write that happens in nominate. This results in the predicate P3:

P3 :=

⊛1≤i≤n (■1(li ,Elem∧∅2)∧∅2)∧
((li ,decider)

17−→ (l1, false)∗⊛1≤ j≤n((l j ,winner)
(1/n,W )7−−−−−→ (ℓ0

Elem, false)))

∧Set = {l1, . . . , ln})∗ (■1(ℓ0
Elem,Elem)∧∅2 ∧emp)

We then split off the null-instance with SPLIT PARALLEL, which leads to P4

and PN , with PN defined as (■1(ℓ0
Elem,Elem)∧∅2 ∧ emp). This is followed by

an application of GEN PARALLEL to split the rest of the struct instances, which
leads to P5:

P5 :=

(■1(li ,Elem∧∅2)∧
((li ,decider)

17−→ (l1, false)∗⊛1≤ j≤n((l j ,winner)
(1/n,W )7−−−−−→ (ℓ0

Elem, false)))

∧Set = {l1, . . . , ln})

Then, we use STEP CALL-WW, using the fact that S(P5,P5), C (P5,P5) and
D(P5,P5), by definition of P5: there are no newly created struct instances, all
the change booleans are set to false and there are no non-deterministic heaps
in P5. This results in the proof tree

`
1, as given in Figure 9.2

With our active elements split up, we locally prove the result of S1. For this,
we use the UPDATE-WW rule, as the clause (l1,winner)

(1/n,W )7−−−−−→ (ℓ0
Elem, false) is

contained in the big separator of the winner-parameters in P5. This results in
resulting in P6.

P6 :=

(■1(li ,Elem∧∅2)∧
((li ,decider)

17−→ (l1, false)∗ (l1,winner)
(1/n,W )7−−−−−→ (li , true))∗

⊛2≤ j≤n ((l j ,winner)
(1/n,W )7−−−−−→ (ℓ0

Elem, false))

∧Set = {l1, . . . , ln})



9.2 Proof Tree Example for Adapted AuDaLogic 291

UPDATE-WW⊢ {P5}S1{P6}
STEP CALL-WW⊢ {P5}nominate{P6}
GEN PARALLEL⊢ {P4}nominate{P7}

NULL UPDATE⊢ {PN 1}S1{PN 1}
WEAKENING⊢ {PN }S1{PN }

STEP CALL-WW⊢ {PN }nominate{PN }
SPLIT PARALLEL⊢ {P3}nominate{P8}

WEAKENING⊢ {P2}nominate{P9}

Figure 9.3: Finished: Proof Tree
`

1

We then return the other struct instances according to GEN PARALLEL, re-
sulting in P7. For PN , we use STEP CALL-WW, and then reform PN into

PN 1 = (■1(ℓ0
Elem,Elem)∧∅2 ∧ emp∗ (ℓ0

Elem,winner)
(ζ0,R)7−−−−→ (ℓ0

Elem, false)). We then
use the rule NULL UPDATE, which results in PN 1, which we reform into PN and
process down.

Readding PN to P7 results in P8. Through weakening, we then redistribute
the permissions of contained in the big separator dividing the struct instances
back to our earlier form, where every struct instance has full permissions for
their own parameters. To do this, we merge the results of the race condition,
which results into a non-deterministic heap predicate P9:

P9 :=

((■1(l1,Elem∧∅2)∧∅2)∧
((l1,decider)

17−→ (l1, false)∗ (l1,winner)
17−→ ({l1, . . . , ln}, true))

∧Set = {l1, . . . , ln})∗
⊛2≤i≤n ((■1(li ,Elem∧∅2)∧∅2)∧
((li ,decider)

17−→ (l1, false)∗ (li ,winner)
17−→ (ℓ0

Elem, false))

∧Set = {l1, . . . , ln})∗ (■1(ℓ0
Elem,Elem)∧∅2 ∧emp)

Note that here, due to the change booleans, ℓ0
Elem could never be included in

the set of values for (l1,winner).
We can then finish proof tree

`
1, as seen in Figure 9.3.

9.2.4 Resolving the update step

To continue tree
`

0, we then use P9 as the precondition for the update step,
as shown in Figure 9.4. We continue the proof tree in

`
2, where we process

the update step.
To process the update step, we first split off the null-instance with SPLIT

PARALLEL, which results in P10 and PN . Then, we split off the struct instance
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`
1

⊢ {P2}nominate{P9}

`
2

⊢ {P9}update{?}
BARRIER⊢ {P2}nominate < update{?}

WEAKENING⊢ {P1}nominate < update{?}
EXAMPLE

{P0}nominate < update{?}

Figure 9.4: Proof Tree
`

0, second unfinished version

FP⊢ {P12 ∧ l1 = li }S3{P12}
IS⊢ {P12}S2{P12}

SC-WW⊢ {P12}update{P12}
GP⊢ {P11}update{P11}

. . .
⊢ {PF }update{?}

SP⊢ {P10}update{?}
. . .

⊢ {PN }update{?}
SP⊢ {P9}update{?}

Figure 9.5: Proof Tree
`

2, first unfinished version. Here, we shorten the proof rule
names to the first letters and possible -WW suffixes.

for the label variable l1 using SPLIT PARALLEL as well, which results in P11 and
PF , where PF is defined as:

PF :=

((■1(l1,Elem∧∅2)∧∅2)∧
((l1,decider)

17−→ (l1, false)∗ (l1,winner)
17−→ ({l1, . . . , ln}, true))

∧Set = {l1, . . . , ln})

The rest of the struct instances we split using GEN PARALLEL. This results in
P12.

For the rest of the struct instances we use the STEP CALL-WW rule to ini-
tialize the step to S2. Then the condition of S2 resolves to l1 = li . We take the
postcondition to be P12, and note that P12 ∧ l1 ̸= li = P12 ∧ true (as 2 ≤ i ≤ n),
so P12 ∧ l1 ̸= li ⇒ P12. Then we need to prove the triple ⊢ {P12 ∧ l1 = li }S3{P12},
which holds because l1 = li is false, so we use the FALSE PRECONDITION rule.
We then reverse the effects of GEN PARALLEL, to once again gain P11.

This results in the proof tree
`

2, as shown in Figure 9.5.
For the first struct instance, we again use the STEP CALL-WW rule, but

now we have to find a precondition such that C (PF ,P ′) and D(P ′,PF 1) (note
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UP-WW⊢ {PF 2}S3{PF 3}
IF-STATEMENT⊢ {PF 2}S2{PF 3}
EXAMPLE⊢ {PF 1}S2{PF 4}

STEP CALL-WW⊢ {PF }update{PF 4}

Figure 9.6: Finished: Proof Tree
`

3.

that S(PF ,PF ). This is the case for the predicate PF 1 defined as follows:

PF 1 :=

((■1(l1,Elem∧∅2)∧∅2)∧∃lw ∈L.(

((l1,decider)
17−→ (l1, false)∗ lw ∈ {l1, . . . , ln}∧ (l1,winner)

17−→ (lw , false))

∧Set = {l1, . . . , ln})

We use the example rule to remove the existential quantifier, leading to PF 2.
Then, we use the IF-STATEMENT rule. Here, PF 2∧l1 ̸= l1 is false, so PF 2∧l1 ̸= l1 ⇒
Q holds for any postcondition Q. We can then continue with the precondition
PF 2 ∧ (l1 = l1) = PF 2. We use the UPDATE-WW rule, resulting in PF 3, with the
changes highlighted:

PF 3 :=

((■1(l1,Elem∧∅2)∧∅2)∧∃lw ∈L.(

((l1,decider)
17−→ (lw, true)∗ lw ∈ {l1, . . . , ln}∧ (l1,winner)

17−→ (lw , false))

∧Set = {l1, . . . , ln})

We then readd the existential quantifier removed from PF 1 to get PF 4. This
one we use as the postcondition of the if-statement as well. This results in
proof tree

`
3, as shown in Figure 9.6.

Lastly, for PN , we use STEP CALL-WW to initialize the step, and then find
that the if-condition is true. We then weaken PN in PN 2 = (■1(ℓ0

Elem,Elem)∧
∅2∧emp∗ (ℓ0

Elem,decider)
(ζ0,R)7−−−−→ (ℓ0

Elem, false)), and use the NULL UPDATE rule to
resolve S3. We refactor PN 2 back to PN , and use PN as the postcondition for
the if-statement. This results in proof tree

`
4, as shown in Figure 9.7.

We then merge PF 4 with P11, which results in P12, and we merge PN back
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NULL UPDATE⊢ {PN 2}S3{PN 2}
WEAKENING⊢ {PN }S3{PN }

IF-STATEMENT⊢ {PN }S2{PN }
STEP CALL-WW⊢ {PN }update{PN }

Figure 9.7: Finished: Proof Tree
`

4.

FP⊢ {P12 ∧ l1 = li }S3{P12}
IS⊢ {P12}S2{P12} ∗⊢ {P12}update{P12}

GP⊢ {P11}update{P11}

`
3

⊢ {PF }update{PF 4}
SP⊢ {P10}update{P10}

`
4

⊢ {PN }update{PN }
SP⊢ {P11}update{P13}

Figure 9.8: Finished: Proof Tree
`

2. Here, we shorten the proof rule names to the first
letters for conciseness. The occurrence of ‘∗’ is short for SC-WW.

in with P12, which results in P13 as given below:

P13 :=

((■1(l1,Elem∧∅2)∧∅2)∧∃lw ∈L.(

((l1,decider)
17−→ (lw , true)∗ lw ∈ {l1, . . . , ln}∧ (l1,winner)

17−→ (lw , false))

∧Set = {l1, . . . , ln})∗
⊛2≤i≤n ((■1(li ,Elem∧∅2)∧∅2)∧
((li ,decider)

17−→ (l1, false)∗ (li ,winner)
17−→ (ℓ0

Elem, false))

∧Set = {l1, . . . , ln})∗ (■1(ℓ0
Elem,Elem)∧∅2 ∧emp)

This results in the finished proof tree
`

2, as given in Figure 9.8.

9.2.5 Concluding the proof

We also use P13 to finish proof tree
`

0, as given in Figure 9.9. We extract Set
from the struct instances big separator again, resulting in P14, and we readd
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`
1

⊢ {P2}nominate{P9}

`
2

⊢ {P9}update{P13}
BARRIER⊢ {P2}nominate < update{P13}

WEAKENING⊢ {P1}nominate < update{P14}
EXAMPLE

{P0}nominate < update{P15}

Figure 9.9: Finished: Proof Tree
`

0

the existential quantifiers, which results in P15:

P15 := ∃Set ⊂L.Set = {l1, . . . , ln}∧
((■1(l1,Elem∧∅2)∧∅2)∧∃lw ∈L.(

((l1,decider)
17−→ (lw , true)∗ lw ∈ {l1, . . . , ln}∧ (l1,winner)

17−→ (lw , false)))∗
⊛2≤i≤n ((■1(li ,Elem∧∅2)∧∅2)∧
((li ,decider)

17−→ (l1, false)∗ (li ,winner)
17−→ (ℓ0

Elem, false)))

∗ (■1(ℓ0
Elem,Elem)∧∅2 ∧emp)

We conclude that in the program from nomination as given in Listing 9.1,
the elements succesfully nominate a winner, and the decider, generalized to
the first element, overwrites its own decider-reference to refer to the winner.
With this, we have demonstrated how to prove the results of a write-write race
condition in AuDaLogic with the adaptations given in this section.

9.3 Conclusion

In this chapter, we have adapted AuDaLogic to allow for write-write race con-
ditions, chiefly by adapting the memory heap to allow for multiple values per
memory cell, and by adapting the safety predicate to reset non-deterministic
heaps back to deterministic heaps after every step.

We have adapted the most difficult soundness proofs from Section 8.3 that
would be affected by the adaptations, to demonstrate that not much changes
for the soundness proofs. Furthermore, we have given a small example of how
AuDaLogic works with the current adaptations.

In the next chapter, we shall conclude the thesis.





Chapter 10
Conclusion and future work

In this chapter, we reflect on the research questions given in Section 1.2 and
discuss their implications and possible future work.

In Section 1.2, we gave the following two main research questions:

Research Question 1. What does a parallel programming language follow-
ing the data-autonomous paradigm look like, and what properties does that
language have?

Research Question 2. Can we create formal methods to prove programs of
AuDaLa correct?

The first question we answered by creating AuDaLa, and the second ques-
tion we answered by some work on semantic verification using the semantics
of AuDaLa and the creation of AuDaLogic. We created several subquestions to
answer in the two parts of this thesis, which we shall discuss separately.

10.1 Discussion of Part I

As the questions for Part I are pretty varied, in this section, we shall discuss
the subquestions defined in Section 1.2.1 in turn.

10.1.1 Theoretical Basis

Subquestion 1. What is the theoretical basis of AuDaLa?

We solve this question in Chapter 2. To do so, we first focused on the
concepts of the language, including the presentation of a motivating exam-
ple. We then formally defined the syntax, the type system and the operational
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semantics of AuDaLa. Through the concepts and the design of the syntax
and program structure of AuDaLa, we have created AuDaLa as a language
that approaches parallelism using structure and separation of concerns. While
AuDaLa takes a rather hands-off approach to race conditions in function exe-
cution, by separating loops from function execution as well, AuDaLa separates
parallelism from looping behaviour, which makes it easier to consider the im-
pact of parallel execution in AuDaLa. Furthermore, through the focus on the
environment as opposed to process execution and the requirement that every-
thing executes in parallel by default, AuDaLa shifts the focus of programming
from a more process-focused, sequential point of view to a more environment
and parallel point of view. We consider AuDaLa to be very suited for intuitive
parallel programming.

We have used an operational semantics to express AuDaLa, with two dis-
tinct layers: the commands and the schedule. Using an operational semantics
fits our focus on programmability and understanding parallelism: as opposed
to a denotational or axiomatic semantics, the operational semantics allowed
us to describe what the programming language does concretely, without ab-
straction. Through the use of commands, we were furthermore able to keep
this description small, which makes it easier to understand the semantics com-
pletely. This, in turn, allows for a better understanding of the programming
language, which aids in understanding the behaviour of the language and cre-
ating an intuition for programming in it.

As a direct answer to the research question, we consider the contents of
Chapter 2 to give a solid theoretical basis, which furthermore fits our intent
for the language AuDaLa. Future work consists of using and adapting the
theoretical basis of AuDaLa to improve, verify and implement AuDaLa. We
have made a start on this by exploring the other subquestions of Research
Question 1.

10.1.2 Simplicity and Structure

Subquestion 2. To what extent is AuDaLa simple and structured?

The answer to this question follows from Chapter 2 and Chapter 3: AuDaLa
is simple and structured due to a few reasons. AuDaLa is structured due to
the separation of concerns built into the design of the language. The structs,
steps and schedule are distinctly separate in the syntax, type system and the
semantics in the language. Though the design of the program can jump back
and forth between them, the three different sections of the program have clear
and distinct functions. This is also supported by Chapter 3, where the design
of the program is discussed in a structured way, in which the structure as
depicted in Figure 2.1 is clearly visible.
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AuDaLa is simple due to a few properties of the language. From Chap-
ter 2, the behaviour of an AuDaLa execution, as encoded in the operational
semantics, is reasonably straightforward, with only fifteen operational rules.
Furthermore, by separating steps and schedules, we separate loops from steps
in AuDaLa program, which separates finding race conditions from loops. This
allows for a simpler conceptualization of the race conditions in a step, as one
does not need to take multiple loop iterations into account. Because of this,
we think that AuDaLa stays simple, even though step executions may happen
asynchronously and the language does not explicitly control race conditions.
Lastly, as supported by Chapter 3 in our opinion, the structure of AuDaLa and
the lack of hardware concerns in AuDaLa code makes the code relatively easy
to follow. This is further supported by the proofs in Chapter 5, which also
roughly follow the structure as outlined in Figure 2.1.

Currently, there is one language construct which is, as far as we know,
superfluous in AuDaLa: the local step call. We have so far not been able
to find an example in which the presence of this construct is required. One
could therefore make AuDaLa even simpler in future work by removing that
construct. We have currently not done this, due to its potential use if one were
to extend AuDaLa to support packages and inheritance, which is future work
discussed in the next subsection.

Other future work would have to figure out what one can even consider
‘simple’ and ‘structured’ when designing languages and why, by adding to the
currently small body of programmability research. As this is an entire project
on its own, we consider this future work to be well out of the scope of this the-
sis, though important for studying programming language programmability.

10.1.3 Expressivity

Subquestion 3. How expressive is AuDaLa?

We explored this subquestion by proving Theorem 5.3.34, and by giving
semantic adaptations for AuDaLa in Section 6.1. From this, we conclude that
in some ways, AuDaLa is similarly expressive as many other programming
languages, as it is Turing complete. In other ways, AuDaLa does not support
certain kinds of behaviours, like singling out parameters to be stable in fix-
points and allowing for arrays to be used, due to its structured and simple
design, as shown in Section 6.1.

Of the extensions presented in Section 6.1, we think that the extension for
parameter-specific fixpoints as presented in Section 6.1.1 has the most merit,
as it directly increases the expressivity of AuDaLa, while still keeping AuDaLa
simple. Due to its simplicity, we also think that this extension would probably
not lead to too much overhead in the execution time of AuDaLa programs,
compared to programs executed with the original semantics.
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While the iterator as presented in Section 6.1.1, does add a more powerful
language feature to AuDaLa, the iterator does not allow for the creation of
AuDaLa programs that cannot be expressed otherwise. We therefore consider
the addition to the expressivity of AuDaLa to be small. It is, however, simple
and it would be very interesting to implement it, as it will probably remove
overhead when used correctly. In return, verifying programs with an iterator
using the methods in Chapter 4 would be a lot harder, as would verifying the
programs with AuDaLogic as presented in Part II.

In future work, we could investigate allowing for the nesting of fixpoints
and iterators into iterators. More interestingly, we could investigate some kind
of asynchronous separator, which separates steps without synchronisation in
between. However, both of these will probably require a fundamental change
to AuDaLa’s semantic structure, and will require a thorough analysis of the
impact of adding it, which is outside of the scope of this thesis.

Lastly, the array extension does make AuDaLa more expressive, and is di-
rectly and theoretically useful to convert older parallel algorithms to AuDaLa
and because many programmers will already be used to them. However, the
impact on the efficiency of AuDaLa will have to be tested. Additionally, using
arrays may lead to less parallel code: traversing an array is a sequential pro-
cess, which can lead to a delayed application of new information to elements
in the array.

For example, where in the reachability example of Section 3.1, the edges
propagated reachability information obtained in the next step without extra
delay, the first Node in Listing 6.3 will only try to set Node 3 to reachable
in the second step. As separating steps from loops is a fundamental design
choice of AuDaLa, we furthermore do not think it is a good idea to solve this
problem by introducing limited loops in the steps. However, even if it were
solved that way, such a simple array traversal loop would make step execution
less uniform and more sequential, as the struct instance with the longest array
walked through now has to finish before the next step can be executed, and it
could be that this array is significantly larger than the other arrays.

Furthermore, our current array extension considers all elements of any ar-
ray to be parameters, which is a problem for fixpoints if a step uses a local
array. Solving this would require a more sophisticated way to keep track of
which arrays are local. As arrays are special struct instances, this would re-
quire a way to keep track of which parameters an array has been set as the
value of, which would lead to more complicated extensions and read and write
procedures.

We therefore estimate that to make an array-like structure work in Au-
DaLa, more extensive extensions outside of the scope of this thesis would be
required. As the concepts and design philosophy of AuDaLa is not directly
compatible with arrays, implementing arrays should require more considera-
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tion on how the concept of arrays would work with AuDaLa and how arrays
should be integrated with AuDaLa without sacrificing the benefits of AuDaLa.

A similar potential extension to AuDaLa would be the inclusions of locks in
AuDaLa, to deal with the fact that as it is currently defined, AuDaLa assumes
atomic registers (by assuming the atomicity of the rd- and wr-commands).
While locks are a solution, they may not be the most fitting solution to AuDaLa,
or they may have to be adapted conceptually to work with AuDaLa’s design
and focus on simplicity. To do this, like with arrays, a study of the integration
of locks in AuDaLa should be done in future work, as well as research into
possible alternatives.

As additional future work for this question we propose an extension to in-
clude inheritance and packages in AuDaLa. This will allow us to work with
AuDaLa as it is to create new constructs, without having to fundamentally
change the semantics or requiring us to add in certain code for every new pro-
gram, making AuDaLa more expressive by making it easier to express more
complicated programs. To make this extension, it is first important to con-
sider whether inheritance and packages should be implemented as functions
on the AuDaLa syntax, which would allow us to keep the current semantics,
or whether this requires a semantics adaptation as well.

Other, more general future work is to further work on theoretical expres-
sivity, for example by establish more defined expressivity classes for parallel
programming, and to establish which class AuDaLa has in those classes. How-
ever, this task is hard and out of scope for this thesis.

10.1.4 Semantic Verification

Subquestion 4. How can we verify AuDaLa programs using the semantics and
how difficult is doing so?

We answered this question in Chapter 4 and Chapter 5. In Chapter 4, we
defined multiple properties of AuDaLa programs, and notably well-formed Au-
DaLa programs. For the AuDaLa programs, the properties we proved basically
give the pre- and postconditions of every possible transition relative to the
state the transition is taken from, as well as some guarantees on how the steps
and the schedule interact. One notable result is that we used these properties
to prove AuDaLa’s type system sound semantically. This was more convenient
and required less formal reasoning than proving the type system sound sepa-
rately.

The properties of Chapter 4 reflect our approach to proving parallel pro-
grams correct. In parallel programs, we consider it far more important to
establish what a program actually does than to establish only whether it does
what we expect or not. This is particularly visible in our approach for proving
steps in Chapter 5: we work from the start of the step to the end, instead of
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defining our intended postcondition first. While we still need to define the in-
tended postcondition up front for the loops, we think moving towards a more
observational approach on the behaviour of parallel programming would be
beneficial.

Though Chapter 4 describes some properties about race conditions for Au-
DaLa programs, these have so far not been used to develop algorithms for ac-
tually finding the race conditions in AuDaLa, which we leave to future work.
Furthermore, the proofs in Chapter 4 are lengthy and complicated, and would
benefit from being implemented in a theorem prover to be absolutely sure
there are no holes.

In Chapter 5, we give semantical proofs for two example programs.
Though without much of a framework, these proofs already indicate some
properties of the proof structure for AuDaLa proofs. The proofs for steps and
schedule are clearly distinct and the proof has a focus on pre- and postcon-
ditions, which can be combined. For step proofs, the struct instance which
executes the step is relevant, due to the decentralised environment of AuDaLa,
and sometimes this ‘perspective’ can be inverted to make it easier to deal with
race condition effects (as seen in Lemma 5.2.15). Furthermore, termination
is important for proving that a program actually achieves any goal at all, and
to do so, one will always have to prove that a fixpoint becomes stable at some
point.

However, the semantic proofs are lengthy, mostly because we need to es-
tablish the context and environment for every step contract and fixpoint proof
that we do. Furthermore, the fixpoint proofs are full-on inductions, which
can get quite complicated. To solve this, we have created a proof system
in Part II, AuDaLogic, to give a framework and standardise the proofs more,
which makes proving AuDaLa programs more straightforward. In future work,
the semantic proofs could be used to get an intuition for proof structure and
standard proof techniques which should be added into more abstract proving
methods, like proof systems.

10.1.5 Hardware and Optimisations

Subquestion 5. How can we improve AuDaLa’s semantics to be more com-
patible with common compiler and hardware optimisations?

In Section 6.2 and Section 6.3, we give one way to make AuDaLa more
compatible with common compiler and hardware optimisations. As also stated
in those sections, the weak-memory semantics that we present is based on,
but changed from, a version of the semantics by Leemrijse et al. [110]. We
consider our results to be straightforwardly extendable to that version, as dis-
cussed in Section 6.2.
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The most important notion discussed in Section 6.2 and Section 6.3 in our
opinion is the semantic web approach to programming language semantics. In
this approach, instead of treating the semantics of a language as a monolith,
one develops separate, fully realised semantics for different purposes and con-
nects them formally. This has the main benefit of separating different concerns
in the analysis of semantics, compilers and programs.

By using this method, concerns for the semantics can be separated in anal-
ysis and program execution. If a property or a specific hardware has to be
explored, it can be done separately from other versions of the semantics that
explore other properties and hardwares. For example, to implement arrays in
AuDaLa, we do not have to implement it on top of the weak-memory seman-
tics to start with. This reduces the complexity of extending the semantics, and
allows us to consider specific extensions separately from each other to start
with. Even if we want to combine extensions, a web approach allows us to
pick the extensions we want to combine and to ignore extensions which are
not relevant to the intended purpose of the new extended semantics.

Furthermore, by creating these kinds of connections, one can simplify anal-
ysis of programs, for example for verification. As an example, with the results
from Section 6.2 and Section 6.3, we can prove programs which fulfill the race
condition requirement correct using the original semantics, and then execute
them using the weak-memory semantics. As the original semantics is simpler
than the weak-memory semantics, this is preferable over having to prove the
program in the weak-memory semantics. Implementation and compiler cor-
rectness, in turn, also benefits from this. We can implement both the original
semantics and the weak-memory semantics, and verify the program using the
original semantics. We can then use the results of executing the program in
both implementations to find errors in the implementations and the compilers.

These are powerful benefits for language design and the design of com-
pilers. However, it does take some more work when creating semantics to
maintain the web, as seen in Section 6.3, and it does require a fully specified
semantics to start with.

Future work for this subquestion can then be divided into more hardware-
oriented future work and more semantics-oriented future work. Hardware-
oriented future work in the direction of the weak-memory semantics would
build upon the work by Leemrijse et al. [109, 110] to further develop a com-
piler for AuDaLa. A prototype has already been created, and by developing a
formalised memory model for AuDaLa and comparing it to the PTX memory
model as used by Nvidia for CUDA, the first steps have been made for further
optimising that compiler. Other possibilities are to directly implement AuDaLa
on hardware, or to make compilers to other languages.

As further hardware-oriented future work for making AuDaLa more com-
patible with hardware, some of the proofs in Chapter 4 also depend on the
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fact that AuDaLa cannot destroy struct instances after they are created. It
would be worthwhile for the implementations of AuDaLa to instead specify
some requirements on what struct instances are considered obsolete and can
be removed, and use that to replace any assumptions on that struct instances
cannot be removed. This will then allow for the implementation of garbage
collection without complications. Furthermore, as already discussed in the last
subsection, AuDaLa assumes atomic registers, and making a new semantics to
also be able to use AuDaLa without atomic registers would be worthwhile for
applying AuDaLa on current-day hardware. Lastly, another avenue of future
work is to investigate adapting AuDaLa for message passing, potentially as a
new semantics to add to the semantics web of AuDaLa.

For semantics-oriented future work, it would be interesting to find pro-
gramming languages with a similar web approach to different semantics, use
the web approach on other languages, and to expand the web of AuDaLa for
extensions like inheritance and packages. Work could also be done on stan-
dardizing the way these connections between semantics are made, for example
by proving meta-theorems that make it easier to establish the connections.

10.2 Discussion of Part II

In Part II, we discussed the design of the proof system AuDaLogic for AuDaLa.
In Section 1.2.2, we defined three subquestions for this question:

Subquestion 6. How can we define a proof system for AuDaLa?

Subquestion 7. Is AuDaLogic sound?

Subquestion 8. How can we verify AuDaLa programs with write-write race
conditions?

We answer the research question and the subquestions in Chapter 7, Chap-
ter 8 and Chapter 9 of this thesis. In Chapter 7, we define the formal lan-
guage and the proof rules for the proof system AuDaLogic. This proof system
is based on concurrent separation logic (CSL) and specifically the work by
Vafeiadis [173].

The proof system adapts CSL to the setting of AuDaLa by casting the de-
centralised parameters of AuDaLa to a fictional memory heap and by adding
a new heap-like structure to also be able to reason about which elements are
currently considered active. Furthermore, as AuDaLa has a decentralised envi-
ronment, connected by references, reasoning about the structure of the envi-
ronment is required, for which we added higher-order separation logic to the
formal language of AuDaLogic.
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As AuDaLa is highly relative, as a single struct instance’s perception of the
environment depends on its references, we also added a high level of abstrac-
tion to the formal language of AuDaLogic through the use of AuDaLogic vari-
ables on top of AuDaLa variables. Though the use of AuDaLogic variables
and the use of references in AuDaLa led to the concern of aliasing, we dealt
with this concern by making the update rules and the constructor rules more
specific, and by keeping it in mind during the design of the semantics of Au-
DaLogic.

We also defined functions to give AuDaLogic equivalents of AuDaLa expres-
sions in AuDaLogic and to generate the predicate that needs to be fulfilled for
a step or schedule execution to be stable. When designing the proof rules in
general, we kept an eye on the conclusions we took from the semantic proofs,
and notably kept the clear separation of the schedule and the step executions.
We consider the proof system AuDaLogic to answer Subquestion 6.

In Chapter 8, we connected AuDaLa to AuDaLogic by formalising how Au-
DaLa states and executions connect to AuDaLogic states, as well as what we
expect from an AuDaLogic triple in the context of AuDaLa executions in the
safety predicate functions safeStP for statements and safeScP for schedules.
Here, race conditions are taken into account only after the individual exe-
cutions of steps, as they lead to merge conflicts when merging the heaps of
individual struct instances back together.

We then used these notions to prove the expression transformation from
AuDaLa to AuDaLogic and the stability predicate generator function correct.
After this, we proved the proof rules as defined in Chapter 7 sound, using the
semantic definition of AuDaLogic triples. With this, we answer Subquestion 7.

In Chapter 9, prompted by the proofs of Chapter 5, we extended AuDa-
Logic to also be able to process write-write race conditions, which we did by
extending the memory heap and the merging procedures. This change we
then propagated through the entire proof system. A notable change here is
that after every step execution, we reset the heap to be deterministic in the
safety predicate for statements safeScP , to reflect that one value has won the
race condition. However, as we do this non-deterministically, we do not fix the
end result of the race condition and the safety predicate is correctly extended
for write-write race conditions, while still allowing us to reason about deter-
ministic heaps in the next step execution. With this, we answer Subquestion 8.

There are several directions for future work, however. Firstly, AuDaLogic
currently uses the separator for splitting both the active struct instances of the
program and the memory resources of the program. In future work, we can
study whether it would be beneficial to create separate separators for these
two resources. While using only one separator leads to a smaller syntax and
semantics and works for our purposes so far, it does create some overlap in
concerns, as we always have to consider both the implications on the label
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triple and on the memory heap.
AuDaLogic and its extension for write-write race conditions currently also

uses the more abstract relations S,D and C . In future work, these can be ex-
panded upon, by instead finding a way to make predicate generator functions
out of these, like the stable-function.

The design of AuDaLogic and its soundness proof have so far only been
done on paper. In future work, we can encode AuDaLogic in a proof assistant,
like for example also done by Vafeiadis [173], to truly guarantee the proof is
sound. This we leave to future work, where it can probably be combined with
looking into formalising ghost variables better for AuDaLogic.

Encoding AuDaLogic in a proof assistant will also help with another di-
rection of future work: axiomatising AuDaLogic. Generally, proof systems
include an axiomatisation, which defines some standard truths in the system.
In this thesis, we focused on the proof rules and the formal logic of AuDaLogic.
This means, however, that during AuDaLogic proofs one needs to understand
the semantics and be able to reason about the semantics as defined, as also
demonstrated in Section 7.5 and Section 9.2. Creating a full axiomatisation
of AuDaLogic would allow us to prove the methods used in these examples
correct formally, and lead to an easier application of the proof system as a
whole.

Another major research direction is to do some more analysis on AuDa-
Logic, its expressivity with regards to conventional CSL and how to improve
upon it if possible. This analysis can start with an analysis of the role of critical
sections and locks in (concurrent) separation logic, and whether these would
be logical additions for AuDaLogic. This can be done together with the future
work of determining whether locks would be a good extension for AuDaLa.
For this, some more delving into the origins and original purpose of resource
invariants, and how that would translate to AuDaLa, would be required.

Currently, AuDaLogic currently uses higher-order logic. We estimate that
AuDaLogic does require this, as we are reasoning about groups of struct in-
stances and their relations. However, a direction for future work is to figure
out whether we can constrain AuDaLogic to a subset of higher-order logic.
Furthermore, the definition of AuDaLogic expressions should be fine-tuned
further to fit the needs of AuDaLogic.

Lastly, AuDaLogic currently uses standard set theory. However, due to Au-
DaLa allowing for arbitrary choice of new labels for new struct instances, this
means we will have to keep track of which labels are used and not used via the
use of α(3) in the current version of AuDaLogic. We could possibly simplify this
by using Fraenkel-Mostowski set theory [2], which allows for easier handling
of variables for which only the distinction matters and not the exact names.
We leave investigating this and what it would mean for encoding AuDaLogic
in a proof assistant for future work.
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Appendix A
Rules Summary

A.1 Type System Rules

A.1.1 Environment Type Rules

(Empty) ;,;⊢⋄

(AddType)

Γ,Ω⊢ ⋄ θ ∉ dom(Ω) θ ∉ K
∀1 ≤ i < j ≤ n.(xi ̸= x j )

Γ,Ω;θ(x1 : T1, . . . , xn : Tn) ⊢ ⋄ (AddVar)

Γ,Ω⊢ T
x ∉ dom(Γ)

x ∉ K
Γ; x : T,Ω⊢ ⋄

A.1.2 Types Type Rules

(TBasic)
Γ,Ω⊢ ⋄ T ∈ {Nat,Int,Bool,String,Step}

Γ,Ω⊢ T

(TStruct)
Γ,Ω;θ(x1 : T1, . . . , xn : Tn);Ω′ ⊢ ⋄
Γ,Ω;θ(x1 : T1, . . . , xn : Tn);Ω′ ⊢ θ

(DefStruct)
Γ,Ω⊢ θ ∀1≤i≤nTi .Γ,Ω⊢ Ti

Γ,Ω⊢ θ(x1 : T1, . . . , xn : Tn)
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A.1.3 Standard Values Type Rules

(Bool)
Γ,Ω⊢ ⋄ b ∈ {true, false}

Γ,Ω⊢ b : Bool
(String)

Γ,Ω⊢ ⋄
Γ,Ω⊢ “Str” : String

(NInt)
Γ,Ω⊢ ⋄ c < 0

Γ,Ω⊢ c : Int
(PNat)

Γ,Ω⊢ ⋄ c ≥ 0

Γ,Ω⊢ c : Nat

(Null)
Γ,Ω⊢ T

Γ,Ω⊢ null : T
(This)

Γ,Ω⊢ θ
Γ,Ω⊢ thisθ : θ

A.1.4 Expressions Type Rules

(Eq)

Γ,Ω⊢ E1 : T Γ,Ω⊢ E2 : T
◦ ∈ {=,!=}

Γ,Ω⊢ E1 = E2 : Bool (Comp)

Γ,Ω⊢ E1 : N1

Γ,Ω⊢ E2 : N2

◦ ∈ {<=,>=,<,>,=,!=}

Γ,Ω⊢ E1 ◦E2 : Bool

(NArith)

Γ,Ω⊢ E1 : Nat
Γ,Ω⊢ E2 : Nat
◦ ∈ {∗,/,%,+,^}

Γ,Ω⊢ E1 ◦E2 : Nat
(IArith)

Γ,Ω⊢ E1 : N1

Γ,Ω⊢ E1 : N2

◦ ∈ {∗,/,%,+,^,−}

Γ,Ω⊢ E1 ◦E2 : Int

(BinLog)

Γ,Ω⊢ E1 : Bool
Γ,Ω⊢ E2 : Bool

◦ ∈ {&&, ||}
Γ,Ω⊢ E1 ◦E2 : Bool

(Brackets)
Γ,Ω⊢ E : T

Γ,Ω⊢ (E) : T

(Neg)
Γ,Ω⊢ E : Bool
Γ,Ω⊢!E : Bool

(VarS)
Γ1; (x : T );Γ2,Ω⊢ ⋄

Γ1; (x : T );Γ2,Ω⊢ x : T

(VarR)

Γ,Ω;θ(x1 : T1, . . . , xi : Ti , . . . , xn : Tn);Ω′ ⊢ X : θ
Γ,Ω;θ(x1 : T1, . . . , xi : Ti , . . . , xn : Tn);Ω′ ⊢ xi : Ti

Γ,Ω;θ(x1 : T1, . . . , xi : Ti , . . . , xn : Tn);Ω′ ⊢ X .xi : Ti

(ConsE)
∀0≤i≤n .Γ,Ω⊢ Ei : Ti

Γ,Ω;θ(x1 : T1, . . . xn : Tn);Ω′ ⊢ θ(E1, . . . ,En) : θ
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A.1.5 Statements Type Rules

(IfThen)

Γ,Ω⊢ E : Bool
Γ,Ω⊢S

Γ,Ω⊢ if E then{S}
(LVar)

Γ,Ω⊢ E : T
Γ1; (x : T );Γ2,Ω⊢ ⋄
Γ,Ω⊢ T x := E

(Update)

Γ,Ω⊢ X : T
Γ,Ω⊢ E : T

Γ,Ω⊢ X := E (Seq)

S ̸= ‘T x := E ′
Γ,Ω⊢ S
Γ,Ω⊢S
Γ,Ω⊢ S; S

(SeqLVar)

Γ,Ω⊢ T x := E
Γ; (x : T ),Ω⊢S
Γ,Ω⊢ T x := E ;S

(ConsS)
∀0≤i≤n .Γ,Ω⊢ Ei : Ti

Γ,Ω;θ(x1 : T1, . . . xn : Tn);Ω′ ⊢ θ(E1, . . . ,En)

A.1.6 Schedule Type Rules

(SBar)
Γ,Ω⊢∆1 Γ,Ω⊢∆2

Γ,Ω⊢∆1 <∆2
(SFix)

Γ,Ω⊢∆
Γ,Ω⊢ Fix(∆)

(STypCall)
Γ,Ω⊢ Fθ : Step
Γ,Ω⊢ θ.F

(SNormCall)
Γ,Ω⊢ Fθ : Step

Γ,Ω⊢ F

A.1.7 Program Type Rule

(Prog)

P = DP ∆P
∀θ(x1 : T1, . . . , xn : Tn) ∈ Structs(D).Γ,Ω;Structs(D) ⊢ θ(x1 : T1, . . . , xn : Tn)
∀(Fθ ,S) ∈ StepDef (D).Γ;ParsP (θ),Ω;Structs(D) ⊢S Γ;Steps(D),Ω⊢∆

Γ,Ω ⊢ P

A.2 Operational Semantics Rules

A.2.1 Command Rules

(ComPush)
σ(ℓ) = 〈θ,push(v);γ,χ,ξ〉

〈∆,σ,sχ〉⇒P 〈∆,σ[ℓ 7→ 〈θ,γ,χ;v,ξ〉],sχ〉

(ComPushThis)
σ(ℓ) = 〈θ,push(this);γ,χ,ξ〉

〈∆,σ,sχ〉⇒P 〈∆,σ[ℓ 7→ 〈θ,γ,χ;ℓ,ξ〉],sχ〉
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(ComRd)

σ(ℓ) = 〈θ,rd(x);γ,χ;ℓ′,ξ〉
σ(ℓ′) = 〈θ′,γ′,χ′,ξ′〉

〈∆,σ,sχ〉⇒P 〈∆,σ[ℓ 7→ 〈θ,γ,χ;ξ′(x),ξ〉],sχ〉

(ComWr)

σ(ℓ) = 〈θ,wr(x);γ,χ; v ;ℓ′,ξ〉
σ(ℓ′) = 〈θ′,γ′,χ′,ξ′〉

ℓ′ ∉L0 ∨x ∉ ParsP (θ′)
su = (x ∉ ParsP (θ′)∨ξ′(x) = v)

〈∆,σ,sχ〉⇒P 〈∆,σ[ℓ 7→ 〈θ,γ,χ,ξ〉][ℓ′,4 7→ ξ′[x 7→ v]],

sχ1 ∧ su; . . . ;sχ|sχ|∧ su〉

(ComWrNSkip)

σ(ℓ) = 〈θ,wr(x);γ,χ; v ;ℓ′,ξ〉
σ(ℓ′) = 〈θ′,γ′,χ′,ξ′〉

ℓ′ ∈L0 ∧x ∈ ParsP (θ′)

〈∆,σ,sχ〉⇒P 〈∆,σ[ℓ 7→ 〈θ,γ,χ,ξ〉],sχ〉

(ComNot)
σ(ℓ) = 〈θ,not;γ,χ;b,ξ〉

〈∆,σ,sχ〉⇒P 〈∆,σ[ℓ 7→ 〈θ,γ,χ;¬b,ξ〉],sχ〉

(ComOp)
σ(ℓ) = 〈θ,op(◦);γ,χ; a;b,ξ〉

〈∆,σ,sχ〉⇒P 〈∆,σ[ℓ 7→ 〈θ,γ,χ; (a o b),ξ〉],sχ〉

(ComCons)

σ(ℓ) = 〈θ,cons(θ′);γ,χ; v1; . . . ; vn ,ξ〉
ParsP (θ′) = x1 : T1; ...; xn : Tn

σ(ℓ′) = ⊥
〈∆,σ,sχ〉⇒P 〈∆,σ[{ℓ 7→ 〈θ,γ,χ;ℓ′,ξ〉,

ℓ′ 7→ 〈θ′,ε,ε,ξ0
θ′ [{x1 7→ v1, . . . , xn 7→ vn}]〉}], false|sχ|〉

(ComIfT)
σ(ℓ) = 〈θ, if(C );γ,χ; true,ξ〉

〈∆,σ,sχ〉⇒P 〈∆,σ[ℓ 7→ 〈θ,C ;γ,χ,ξ〉],sχ〉

(ComIfF)
σ(ℓ) = 〈θ, if(C );γ,χ; false,ξ〉

〈∆,σ,sχ〉⇒P 〈∆,σ[ℓ 7→ 〈θ,γ,χ,ξ〉],sχ〉
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A.2.2 Schedule Rules

(InitG)
Done(σ)

〈F <∆,σ,sχ〉⇒P 〈∆,σ[{ℓ 7→ 〈θ,�SF
θ �,ε,ξ〉 |σ(ℓ) = 〈θ,ε,χ,ξ〉}],sχ〉

(InitL)
Done(σ)

〈θ.F < sc,σ,sχ〉⇒P

〈sc,σ[{ℓ 7→ 〈θ,�SF
θ �,ε,ξ〉 |σ(ℓ) = 〈θ,ε,χ,ξ〉}],sχ〉

(FixInit)
Done(σ)

〈Fix(∆) <∆1,σ,sχ〉⇒P 〈∆ < aFix(∆) <∆1,σ,sχ; true〉

(FixIter)
Done(σ)

〈aFix(∆) <∆1,σ,sχ; false〉⇒P 〈∆ < aFix(∆) <∆1,σ,sχ; true〉

(FixTerm)
Done(σ)

〈aFix(∆) <∆1,σ,sχ; true〉⇒P 〈∆1,σ,sχ〉

A.3 AuDaLogic Proof Rules

A.3.1 Statement Rules

(UPDATE)

PL is heap-free PH is triple-free
PL ⇒■1(aε,θ) PH ⇒ A(aε,E , X )

P = PL ∧ (PH ∗ (aX , x)
17−→−)

Q = PL ∧ (PH ∗ (aX , x)
17−→ eqi(aε,E))

⊢ {P }X .x := E {Q}

(NULL UPDATE)

PL is heap-free PH is triple-free
PL ⇒■1(aε,θ) PH ⇒ A(aε,E , X )

P = PL ∧ (PH ∗ (aX , x)
ζ07−→ E ′)

⊢ {P }X .x := E {P }

(CONSTRUCTOR)

PL is heap-free PH is triple-free
ParsP (θ) = x1, . . . , xe PL ⇒■1(aε,θ)
PH ⇒∧¬(aε, x) ,→−∧ A(aε,E1, . . . ,Ee )

Q = (PL ∗■2(l ′,θ′))∧ (PH ∗ (aε, x)
17−→ l ′∗Q ′)

Q ′ =⊛1≤i≤e (l ′, xi )
17−→ eqi(aε,Ei )

⊢ {(PL ∗ fresh(l ′))∧PH }θ x := θ′(E1, . . . ,Ee ){Q}
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(ASSIGNMENT-1)

PL is heap-free PH is triple-free
PL ⇒■1(aε,θ) PH ⇒¬(aε, x) ,→−
⊢ {PL ∧ (PH ∗ (aε, x)

17−→−)}x := E {Q}

⊢ {PL ∧PH }T x := E {Q}

(ASSIGNMENT-2)

PL is heap-free PH is triple-free
PL ⇒■1(aε,θ) PH ⇒ (aε, x) ,→−

⊢ {PL ∧PH }x := E {Q}

⊢ {PL ∧PH }T x := E {Q}

(IF-STATEMENT)

P ⇒■1(aε,θ)∧ A(aε,E)
P ∧¬eqi(aε,E) ⇒Q
⊢ {P ∧eqi(aε,E)}S{Q}

⊢ {P }if E then {S}{Q}

(SEQUENCE)

P ⇒■1(aε,θ)
⊢ {P }S{R} ⊢ {R}S{Q}

⊢ {P }S;S{Q}

A.3.2 Parallel Rules

(SPLIT PARALLEL)
⊢ {P1}F {Q1} ⊢ {P2}F {Q2}

⊢ {P1 ∗P2}F {Q1 ∗Q2}

(GEN PARALLEL)
⊢ {P (i )}F {Q(i )}

⊢ {⊛1≤i≤n(P (i ))}F {⊛1≤i≤n(Q(i ))}

A.3.3 Schedule Rules

(BARRIER)
⊢ {P }∆1{R} ⊢ {R}∆2{Q}

⊢ {P }∆1 <∆2{Q}

(STEP CALL)

S(P,P ′) P ′ ⇒■1(aε,θ)
StepStatP (F,θ) =S ⊢ {P ′}S{Q}

⊢ {P }F {Q}

(TYPED CALL)

⊢ {P1}F {Q} P1 ⇒■ θ

P2 ⇒¬�θ

⊢ {P1 ∗P2}θ.F {Q ∗P2}
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(FIXPOINT)

∀ j∈N. j > 0 ⇒ (⊢ {P ∧Va( j )∧¬stableP (∆)}∆{P ∧Va( j + 1)})
∃n > 0.∀k ≥ n.P ∧Va(k) ⇒ stableP (∆)

⊢ {P ∧Va(1)}Fix(∆){P ∧Va(n + 2)∧ stableP (∆)}

A.3.4 General Rules

(EMPTY) ⊢ {P }ε{P }

(FALSE PRECONDITION) ⊢ {false}X {P }

(WEAKENING)

⊢ {P }X {Q}
P ′ ⇒ P Q ⇒Q ′

⊢ {P ′}X {Q ′}

(DISJUNCTION)

⊢ {P1}X {Q1}
⊢ {P2}X {Q2}

⊢ {P1 ∨P2}X {Q1 ∨Q2}

(CONJUNCTION)

⊢ {P1}X {Q1}
⊢ {P2}X {Q2}

⊢ {P1 ∧P2}X {Q1 ∧Q2}

(EXAMPLE)
⊢ {P }X {Q}

⊢ {∃a.P }X {∃a.Q}

(FRAME STATEMENTS)

⊢ {P }S{Q}
fv(P )∩ fv(R) = ;

R ⇒∅1

⊢ {P ∗R}S{Q ∗R}

(FRAME SCHEDULE)

⊢ {P }∆{Q}
fv(P )∩ fv(R) = ;

R ⇒∅
⊢ {P ∗R}∆{Q ∗R}
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A.3.5 Write-Write Race Condition Adapted Rules

(UPDATE-WW)

PL is heap-free PH is triple-free
PL ⇒■1(aε,θ) PH ⇒ A(aε,E , X )

P = PL ∧ (PH ∗ (aX , x)
W7−→−)

Q = PL ∧ (PH ∗ (aX , x)
W7−→ (eqi(aε,E), true))

⊢ {P }X .x := E {Q}

(STEP CALL-WW)

S(P,P1) C (P1,P2) D(P2,P3)
P3 ⇒■1(aε,θ)∧∅2

StepStatP (F,θ) =S ⊢ {P3}S{Q}

⊢ {P }F {Q}
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Glossaries

B.1 Part I - AuDaLa

AuDaLa Terms

Notation Description

(Turing ma-
chine/Imple-
mentation)
configura-
tion

An abstraction over Turing machine states and the states of
the Turing machine implementation, used to prove their
executions equivalent. See Definition 3.5.5 and Defini-
tion 5.3.25.

AuDaLa The language we create in Part I of the thesis. It stands for
‘Autonomous Data Language’.

AuDaLa
state

A semantic state in AuDaLa consists of a schedule, a struct
environment and a stability stack. See Definition 2.4.7.

abstract syn-
tax tree

A tree representation of a piece of code, with variables and
constants as leaves and other constructs as nodes. Nodes
and leaves can be annotated with additional information.

access An access of a variable x is defined as a read from or a write
to variable x. See also Definition 4.1.3.
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Notation Description

asynchronous
execution

Execution during which the parallel elements of a program
do not take into account the progress of other executing
parallel programs.

atomic
actions

Actions which are executed without any outside interfer-
ence from other actions, for example due to parallelism.

atomic
propositions

Propositions that express information about states. For ex-
ample, an atomic proposition may express how many other
states may be reached from the current state with a single
transition, or it may extract relevant data from the current
state. In this thesis, we abstract away from the full state
using the C-labeling function (Chapter 6) and configura-
tions (Section 5.3), the outputs of which can be considered
atomic propositions.

barrier Separates schedule elements and acts like a synchronisa-
tion point: the schedule execution only proceeds past a
barrier when all computations that precede the barrier have
concluded.

big
O-notation

When considering functions f (x) and g (x), we state that
f (x) is bounded by O(g (x)) if f (x) does not grow faster than
g (x). For example, for any constant c, c is bounded by O(1),
as these functions never change their value. The function
x is bounded by O(x) and O(x2), but not by O(1), as the
function x is not constant.

breadth-first
search

A graph traversal method that considers the nodes in order
of their depth: how many edges need to be traversed before
the node is reached.

command A command, defined formally in Definition 2.4.4, are the
atomic actions of the semantics of AuDaLa.

data-
autonomous

We consider a programming language data-autonomous if
in it, the data executes their own computations and all com-
putations are always carried out in parallel by default. Fur-
thermore, the language must abstract away from explicit
processors and memory, like the use of threads.

deterministic Something is deterministic when it will always have the
same result relative to the input. See Definition 4.1.4 for a
definition relative to AuDaLa.
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Notation Description

execution
from p

A sequence of semantics rule transitions starting from Au-
DaLa state p. See Definition 4.1.2. Extended to expression,
statement, command list, step and program executions. Ex-
ecutions of size i contain exactly i transitions.

expressivity A measure of what can and cannot be expressed in a lan-
guage.

fixpoint Looping mechanism of AuDaLa, which executes the steps
contained in it until the entire system is stable. When a fix-
point terminates, it will remove itself during the schedule.

identifiers Names given to program elements in the code by the pro-
grammer.

implicit/ ex-
plicit paral-
lelism

If a programming language is explicitly parallel, it leaves
it to the user to divide the tasks and its resources over
the parallel elements throughout the whole program. In
contrast, implicitly parallel programming languages rely on
their definition and semantics to divide the tasks and re-
sources.

incoherence A memory consistency model is considered incoherent if it
does not require all the processors to always agree on the
value of

inference
rule notation

A notation we use for type rules, operational rules and
proof rules which states that if the premises above the line
hold, so does the conclusion below the line. For example,
the below inference rule NAME states that if P1, P2 and P3

hold, P holds:

(NAME)
P1 P2 P3

P

Operational rules, instead of asserting that the conclusion
holds, instead assert that the transition depicted in the con-
clusion is enabled.

keywords Words protected from use by the programmer due to mean-
ing associated with them in the programming language.
AuDaLa uses the keywords this, if, then, null, Fix and
struct.



320 AuDaLa Terms

Notation Description

label A semantic struct instance identifier. Every struct instance
has a unique label in the semantics of AuDaLa.

local
variables

Local variables of a struct as defined during a step. Local
variables can only be accessed by the struct instance for
which they are defined. Local variables do not carry over
between steps.

Memory
Consistency
Model

A specification on how memory accesses can appear appear
to be executed to the programmer when executing the pro-
gram.

null-instance The default instantiation of an AuDaLa struct which repre-
sents the undefined instances of that struct.

paradigm A category of programming languages characterised by a
shared set of principles and assumptions in the hardware
model.

parameters Global variables of a struct as defined in the struct defi-
nition. Parameters of a struct instance can be used by all
struct instances with the right reference. Parameter values
carry over between steps.

path A sequence of semantics states, often generated during an
execution. See Definition 5.3.22.

potential
race condi-
tion

A pair of statements which may during execution lead to a
race condition. See Definition 4.1.9.

prefix A path starting in the initial state. See Definition 5.3.22.

programma-
bility

A measure of how easy and intuitive it is to program in a
language.

race
condition

A race condition in which the two accesses happen at the
same time. The result of these overlapping accesses are
generally unpredictable, which makes them undesirable.
Can be prevented by correctly implementing the atomicity
of certain actions.
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Notation Description

race
condition

A conflict between two executing struct instances where
two struct instances want to access the same variable, and
at least one struct instance wants to write to it. See also
Definition 4.1.5. Race conditions without undesirable side
effects are considered benign.

reference
notation

The notation s.x to denote to the variable x as owned by
the struct instance s, or ℓs .x to denote the same. See Defi-
nition 4.1.1.

references Links to other struct instances, used to access other struct
instances.

schedule The part of the AuDaLa program in which the execution
order is defined.

separation of
concerns

Making sure that different concerns during program design
(dealing with hardware, implementing the concept, syn-
chronisation etc.) do not have to be dealt with in the same
sections of code.

sequential
consistency

A memory consistency model that assumes that an execu-
tion of a parallel program can be expressed as the interleav-
ing of the sequential executions of the parallel elements ex-
ecuting the program.

shared mem-
ory language

A language which assumes that all memory is accessible by
all processors through a shared memory space.

span The largest amount of operations that have to be performed
sequentially when executing a parallel program. The span
limits the speed of a program.

spanning
tree

A spanning tree of a graph G is a subgraph G ′ of G such
that G ′ is a tree and G ′ contains all the nodes of G.

stability
stack

A part of the AuDaLa state which saves whether (nested)
fixpoints are stable. See Definition 2.4.7.
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Notation Description

stable An AuDaLa fixpoint is considered stable iff during the last
iteration of the contents of the fixpoint, no additional struct
instances have been created nor have any parameters been
changed. In AuDaLogic, a schedule is considered stable
iff it will not create any struct instances nor change any
parameters during execution. If the schedule in a fixpoint
is stable, then after the next iteration, the fixpoint will be
stable.

step A simple AuDaLa function defined for one or more structs
and called in the schedule.

struct An AuDaLa struct type definition. These can be considered
data type definitions.

struct
environment

A part of the semantic AuDaLa state which contains all
struct instances that exist during that state. Accessing
struct instances is done via labels. See Definition 2.4.7.

struct
instance

An instantiation of an AuDaLa struct during runtime. These
can be considered individual data elements. The semantics
of struct instances are defined in Definition 2.4.6.

stutter trace
equivalence

An equivalence between two semantics where two paths
are equivalent if they go through states with comparable
atomic propositions in the same order, but not necessarily
at the same time. See also Section 5.3.

termination A piece of code terminates iff at some point it finishes exe-
cution.

trace A sequence of atomic propositions as derived from seman-
tic states. Sequences of the output of the C-labeling func-
tion (Chapter 6) and of configurations (Section 5.3) are
traces defined over AuDaLa and Turing machine execu-
tions.

type error An error which occurs when there is a mismatch between
the expected type of an expression or variable and the ac-
tual type presented in the code.

unbound
variables

Variables not bound in the scope of a predicate. In our
inference rules, unbound variables are bound globally. Also
called free variables.
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Notation Description

weak-
memory
semantics

A semantics for AuDaLa which allows for the reordering of
the execution of commands, where commands may now be
executed the moment all of their dependencies have been
resolved. Additionally, the semantics allows for incoher-
ence between the variable values of struct instances.

well-formed An AuDaLa program is well-formed if it satisfies the type
system. See Definition 2.3.2

well-formed
mudulo aFix

A schedule is well-formed modulo aFix iff the schedule with
all occurrences of aFix replaced by Fix is well-formed. See
Definition 4.2.13.

work The amount of operations performed when executing a par-
allel program.



324 AuDaLa Notations

AuDaLa Notations

Notation Description

C Used to denote an arbitrary list of commands.

DP Used to denote the definitions of P, which is the part of the
program P where struct types and steps are defined.

E Used to denote an arbitrary expression.

F Used to denote an arbitrary step name.

K Set of keywords. Used in the type system of Section 2.3.

S Used to denote an arbitrary statement.

T Used to denote an arbitrary syntactic type generally.

W Used to refer to a random statement or expression in Sec-
tion 6.3.

γ The command list of a struct instance, holding the com-
mands that still need to be executed by that struct instance.
See Definition 2.4.6.

ξ A variable environment of a struct instance, which saves the
values owned by that struct instance. See Definition 2.4.6.

EX Used to denote the set of all AuDaLa expressions.

Γ Syntax variable environment, which saves the existing vari-
able names and their types. Used in the type system of
Section 2.3.

ID Used to denote the set of all AuDaLa identifiers.

L Used to denote a sufficiently large set containing all labels
used in the context of an AuDaLa program. Has a notable
subset L0, which is the set of all null-labels in the context
of an AuDaLa program.

LT Used to denote the set of all AuDaLa literals.

Ω Struct type environment, which saves the declared structs
and their parameters. Used in the type system of Sec-
tion 2.3.
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Notation Description

ParsP (θ),
ParsP (ℓ)

A function which returns the parameters declared for a
struct type θ or for the struct type of the struct instance
of a label ℓ, including the types of these parameters. We
consider x ∈ ParsP (θ) to be true if x is a parameter declared
for θ, which we straightforwardly extend to x ∈ ParsP (ℓ).

P Used to denote the set of all AuDaLa programs.

∆ Used to denote an arbitrary schedule.

SC Used to denote the set of all AuDaLa schedules.

O Used to denote the set of all AuDaLa semantic binary op-
erators. Defined as O = {=, ̸=,≤,≥,<,>,∗,/,%,+,−,^,∧,∨} for
this thesis.

T Used to denote the set of semantic types, defined as T =
{L,N,Z,B,String}.

sχ Used to denote a stability stack of an AuDaLa state.

χ The value stack of a struct instance, holding the values
computed during an execution by that struct instance. See
Definition 2.4.6.

ST Used to denote the set of all AuDaLa statements.

θ Used to denote an arbitrary struct type.

Θ,ΘP Used to denote a set of struct types. The annotation P
denotes that these are the struct types as defined in P.

σ Used to denote a struct environment of an AuDaLa state.

S The set of all possible struct instances.

O Used to denote the set of all AuDaLa syntactic binary oper-
ators. Defined as O = {<=,>=,<,>,=,!=,∗,/,%,+,−,^,&&, ||}
for this thesis.

T Used to denote the set of all AuDaLa syntactic types. De-
fined as T = {Nat,Int,Bool,String}∪ ID.

V Used to denote the set of semantic values, defined as V =
L⊔Z⊔B⊔String (where ⊔ denotes the disjoint union).

◦,o Used to denote the a syntactic binary operator and a se-
mantic binary operator respectively.
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Notation Description

defaultVal(T) Used to denote the default value of a type T , as defined in
Section 2.4.

⋄ Used to denote well-formedness of the environments in the
type rules given in Section 2.3.

ℓ Used to denote an arbitrary label.

�·� Notation for the application of the interpretation function
of AuDaLa, as defined in Definition 2.4.5.

P Used to denote an arbitrary AuDaLa program.

S Used to denote an arbitrary list of statements.

aFix A purely semantic schedule element which indicates an ini-
tiated fixpoint in the semantics of AuDaLa. See page 43.

sc Used to denote arbitrary AuDaLa schedule elements where
required for clarity. Schedule elements designated with sc
cannot be of the form ∆1 <∆2.

val(g ) Used to denote the semantic value of a syntactic literal g ∈
LT .

π Used to denote arbitrary AuDaLa executions.

ϱ Used to denote arbitrary AuDaLa paths.

⇒P The transition relation of the semantics of AuDaLa. De-
pendent on P because it uses struct type and parameter
information from P.

ε Signifies the empty element. Often used for stacks and lists.
For example, an empty stack is denoted ε, and we use ε in
lists to denote empty list elements, most notably the one at
the end, which is used to signify that the list is empty.

f [a 7→ b] A notation we use to denote a function update. Here,
with f ′ = f [a 7→ b], it holds that f ′(x) = f (x) iff x ̸= a and
f ′(a) = b. We extend this notation for multiupdates of
the form f [{a1 7→ b1, a2 7→ b2, . . .}], which are equivalent to
f [a1 7→ b1][a2 7→ b2] . . . and require the set a1, . . . an to be
pairwise distinct. Furthermore, we extend this notation for
index updates f [a, i 7→ b] such that if f (a) = 〈b1, . . . ,bn〉, then
f [a, i 7→ b](a) = 〈b1, . . . ,bi−1,b,bi +1, . . . ,bn〉.
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Notation Description

g Used to denote an arbitrary literal.

p Used to denote arbitrary AuDaLa states.

p0
P Used to denote the initial state of an AuDaLa program P.

s Used to denote arbitrary AuDaLa struct instances.

v Used to denote an arbitrary value.

x Used to denote an arbitrary variable.
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Commands

Notation Description

if(·) An if -command. The argument represents the commands
that will be executed if the top of the struct instance stack
holds the value true. See Definition 2.4.4.

not A not-command. See Definition 2.4.4.

op(·) An operator-command. The argument represents the oper-
ator that is applied. See Definition 2.4.4.

cons(·) A constructor-command. The argument represents the
struct type that is created. See Definition 2.4.4.

push(·) A push-command. The argument represents the value that
is pushed to the stack of a struct instance. See Defini-
tion 2.4.4.

push(this) A push-command with the special argument this, repre-
senting the currently executing struct instance. See Defi-
nition 2.4.4.

rd(·) A read-command. The argument represents the variable
that is read from. See Definition 2.4.4.

wrP(·) A writeP-command, used in the weak memory semantics, as
given in Section 6.2. The argument represents the variable
that is written to.

wr(·) A write-command. The argument represents the variable
that is written to. See Definition 2.4.4.
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Notations used for AuDaLa Adaptations

Notation Description

Zp The contents of the state p, consisting of the contents of all
its struct instances, as used in the stutter trace equivalence
proof of the standard semantics and the weak semantics.
See Definition 6.3.18.

ξ An environment that saves the variables read by the current
struct instance, with their values.

χ A list of commands and values. During execution, the com-
mands and the values required for those commands are
processed and replaced with other values.

ι The initial value function in the state of the weak memory
semantics. Saves the initial values when executing a step.

C(p) The label of state p, as used in the stutter trace equivalence
proof of the standard semantics and the weak semantics.
See Definition 6.3.19.

Conℓ The contents of the struct instance with label ℓ, consist-
ing of the label, struct type and parameter/value function
of ℓ, as used in the stutter trace equivalence proof of the
standard semantics and the weak semantics. See Defini-
tion 6.3.18.

µ The initial value function in the state of the weak memory
semantics. Saves the initial values when executing a step.

zℓ The parameter/value function of the struct instance with
label ℓ, as used in the stutter trace equivalence proof of the
standard semantics and the weak semantics. See Defini-
tion 6.3.18.
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Turing machine Notations

Notation Description

A Used to denote the set of accepting states of a Turing ma-
chine.

B Used to denote the blank symbol of a Turing machine.

M Used to denote an arbitrary Turing machine.

Q Used to denote the set of control states of a Turing machine.

Λ Used to denote the set tape symbols of a Turing machine.

Σ Used to denote the set of input symbols of a Turing ma-
chine.

δ Used to denote the transition function of a Turing machine.

I Used to denote an arbitrary input string of a Turing ma-
chine.

ς Used to denote an arbitrary tape symbol.

q0 Used to denote the initial state of a Turing machine.
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B.2 Part II - AuDaLogic

AuDaLogic Terms

Notation Description

safeStStrP Used to denote the strict safety predicate for statements.
See Definition 8.2.12.

(Hoare)
triple

A predicate {P }X {Q}, which denotes that if we execute some
executable X from a state satisfying precondition P , we end
up in a state satisfying Q. If we are talking about Hoare
triples in the context of AuDaLogic, we call them AuDa-
Logic triples. The semantics of AuDaLogic triples is defined
in Definition 8.1.9.

(concurrent)
separation
logic

See Section 7.1. An extension of Hoare logic to reason
about (concurrent) programs by using a memory heap.

AuDaLogic The proof system for AuDaLa we create in Part II of the
thesis. It stands for ‘Autonomous Data Logic’.

abstract A variable introduced in the scope of an AuDaLogic which
represents some explicit value. Often used when the exact
value is not relevant, but its origin is.

annotation To reason about the correspondence between AuDaLa ex-
ecutions and AuDaLogic, we annotate AuDaLa command
transitions with the execution label and some other infor-
mation depending on the transition. See page 215.

axioms An axiom is a basic assumption which is assumed to always
hold.

concurrency
rule (CSL)

The extension of the frame rule where memory is split be-
tween two separate processes, which allows one to consider
the processes apart from each other in CSL.

conforms An AuDaLa execution π conforms to an AuDaLogic state
(α,h,ς) if τ respects (α,h,ς) and π starts from an AuDaLa
state p from which (α,h,ς) can be derived. See Defini-
tion 8.1.2.
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Notation Description

constructor
normal form

An AuDaLa program is in constructor normal form when
constructor expressions only occur in special variable as-
signment statements. See also Section 7.3.1.

correctly
maintained

A rewrite function used for proving the stability predicate
is correctly maintained for an AuDaLogic state (α,h,ς) with
only one active struct instance represented by aε, if for any
input x rewritten to expression E , (α,h,ς) Í A(aε,E) holds.

correctly
maintained

A rewrite function used for proving the stability predicate is
correctly maintained for an AuDaLa state p if for any input
x rewritten to expression E , the result values of resolving x
and E from p are the same.

corresponding
determinis-
tic heap

In Chapter 9, the corresponding deterministic heap of an
AuDaLa state p and a heap h is the deterministic variant h′
of h such that h can be strictly derived from P . Also used
for AuDaLa executions, where we take p to be the starting
state of the execution. See Definition 9.1.7.

derived An memory heap h is derived from p iff it is weaker than
the heap h′ memory-equivalent to p according to the heap
ordering ⊑. This essentially means that h′ can be extracted
from p. See also Definition 8.1.1. In Chapter 9, this rela-
tion is weakened to allow for non-deterministic heaps. The
original variant is renamed to strict derivation.

deterministic
heap

In Chapter 9, we consider a heap deterministic when it
contains exactly one value per memory cell, and non-
deterministic when it contains at least one cell with mul-
tiple values.

equivalent An AuDaLa state p is equivalent to an AuDaLogic state
(α,h,ς) iff p is struct-equivalent to α and memory-
equivalent to h. See Definition 8.1.1.

execution la-
bel

For any command transition, the execution label is the la-
bel of the struct instance which executes the transition. In
the operational rules for commands, this is the label of the
struct instance which contains the command which causes
the transition to be enabled.
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Notation Description

expression
correspon-
dence re-
quirement

The requirement that when replacing AuDaLa variable ex-
pressions with AuDaLogic variables, the mapping from Au-
DaLa variables to AuDaLogic variables retains the structure
of the references of the AuDaLa variable expressions. This
is encoded in predicates generated by the expression corre-
spondence requirement function A. See also Section 7.3.2.

frame rule
(separation
logic)

The rule which allows separation logic to discard parts of
the memory context not relevant for the currently executed
code, which simplifies reasoning about programs which use
pointers.

fresh We consider a variable to be fresh if it is not presently al-
ready in use. In the case of new labels this means the label
is not yet in use, while in the case of the fixpoint rule in
Section 7.4.3 this means that it is not already in use in any
of the predicates related to that rule.

heap deter-
minism

We consider a memory heap h deterministic if every entry
of the heap can contain at most one value. This is used
in Chapter 9, where we adapt heaps to be able to contain
more than one value for every entry.

heap-free
predicate

A predicate which does not contain any assertions on the
memory heap. It can therefore be considered pure with
regards to the memory heap. See also Definition 7.2.13.

Hoare logic See Section 7.1. A formal system for reasoning about the
correctness of computer programs.

label triple The part of the AuDaLogic state that keeps track of the rel-
evant struct instances. It contains three sets: the first con-
tains the labels of the active struct instances, the second
contains the labels of the newly made struct instances and
the third contains the labels that are available to be used
for new struct instances. See also Defintion 7.2.1.

memory as-
sertion

A memory assertion. An integral part of separation logic
and AuDaLogic. See Sections 7.1 and 7.2. The memory
assertion x 7→ a states that our memory consists of a single
memory cell (or address) x, containing value a. Distinct
from the function update notation.
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Notation Description

memory
heap

A representation of the memory accessible by a processor,
modeled as a heap which can be split and combined. We
represent the heap by a partial function, which takes a vari-
able and returns the value, if the function is defined for the
variable.

memory in-
clusion

A memory inclusion, a weakened form of a memory asser-
tion which only asserts (in the case x ,→ a) that the memory
should contain a memory cell x which contains a. Logically
equivalent to (x 7→ a)∗ true.

memory-
equivalent

An AuDaLa state p and a heap h are memory-equivalent iff
all defined inputs in h are reflected in p and all parameters
in p are reflected in h, with the correct values. See also
Definition 8.1.1. In Chapter 9, this relation is weakened to
allow for non-deterministic heaps. The original variant is
renamed strict memory-equivalence.

null-heap The default memory heap, which stores the values of pa-
rameters of null-instances of a program P. As these pa-
rameters cannot be written to, the null-heap can safely
be shared between all active struct instances, which is ex-
pressed by the null-permission ζ0. See also Definition 7.2.7.

permissions An extension of CSL which allows for memory cells to be
present in both sides of a split, but only to be read. This
allows for read-read race conditions, which makes proving
concurrent programs with CSL easier.

precision In conventional separation logic, a predicate is precise if it
is true for only one exact definition of the memory heap.
Not used in AuDaLogic.

premise
AuDaLogic
state

During the soundness proof of a proof rule, a premise Au-
DaLogic state is an AuDaLogic state for which all premises
hold.

proof rule A proof rule specifies a number of premises and a conclu-
sion, and asserts that if the premises hold, the conclusion
also holds.

proof system The combination of a logic, inference rules and axioms
used to prove properties about statements and formulas.
Also called a formal system.
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Notation Description

pure A predicate is pure in AuDaLogic iff it is free from assertions
on the memory heap and on the label triple.

resource in-
variant

In conventional separation logic, a resource invariant is a
guarantee on the effects and properties of a resource ac-
cessed by a process. Not used in AuDaLogic.

respects A sequence of command transitions τ respects an AuDa-
Logic state (α,h,ς) iff all execution labels of τ are contained
in α(1) and all newly introduced labels are contained in
α(3). See Definition 8.1.2.

schedule
predicate

The safety predicate for schedules, as defined in Defini-
tion 8.1.8, used to define the semantic meaning of AuDa-
Logic triples. For AuDaLogic with write-write race condi-
tions, see Definition 9.1.10.

semi-
semantic
expression

An intermediate form between an AuDaLa and an AuDa-
Logic expression. AuDaLa expressions are transformed into
semi-semantic expressions before fully being converted to
AuDaLogic expressions. See also Section 7.3.2.

simple ex-
pression

Expressions in which no constructor expression occurs (ei-
ther as a subexpression or as the expression itself).

soundness A proof system is sound iff whatever can be proved in the
proof system is actually true. For AuDaLogic, this means
that AuDaLogic is sound iff any triple {P }X {Q} we can prove
using the proof rules of AuDaLogic reflects the semantics
and executions of AuDaLa correctly, which is the case iff
every AuDaLa execution of the executable X from an Au-
DaLa state which satisfies P leads to an AuDaLa state that
satisfies Q. See Definition 8.3.15.

statements
predicate

The safety predicate for lists of statements, as defined in
Definition 8.1.6, used to define the semantic meaning of
AuDaLogic triples.

step se-
quence

The step sequence of an execution π is the possibly infinite
ordered list Fπ consisting of the steps executed during π

and by which struct instances the step was executed. See
Definition 8.1.4.
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Notation Description

strict safety
predicate for
statements

A stronger version of the safety predicate for schedules,
which also requires that for any intermediate AuDaLogic
state chosen for requirement 2 of the original safety pred-
icate for schedules, the parameters are unchanged and no
additional parameters have been made. Used to prove the
stability predicate correct. See Definition 8.2.12.

struct-
equivalent

An AuDaLa state p and a label triple α are struct-equivalent
if for all labels in α(1) a struct instance is defined in p, for
all labels in α(2) there is a struct instance defined in p with
empty commands and stack and there is no struct instance
defined in p for any label in α(3). See also Definition 8.1.1.

transition
safety

A transition is safe iff it satisfies the requirements in Defini-
tion 8.1.5. When considering AuDaLogic with write-write
race conditions in Chapter 9, a transition needs to satisfy
the requirements in Definition 9.1.9 instead.

triple-free
predicate

A predicate which does not contain any assertions on the
label triple. It can therefore be considered pure with re-
gards to the label triple. See also Definition 7.2.13.

variant A predicate which encodes what changes. Opposite of an
invariant. In AuDaLogic, variants are used to prove fix-
points totally correct.

variant gen-
erator func-
tion

A function which takes as input the current iteration of a
fixpoint and which outputs a variant predicate correspond-
ing to the end of that iteration. The predicate Va(0) should
hold before the execution of a fixpoint.



AuDaLogic Notations 337

AuDaLogic Notations

Notation Description

(α,h,ς) An AuDaLogic state. See Definition 7.2.1.

(l , x)
ζ7−→ v) An example of an AuDaLogic memory assertion. The mem-

ory inclusion corresponding to (l , x)
ζ7−→ v ∗ true would be

(l , x)
ζ
,−→ v . See also Section 7.2.

∗ The separating conjunction, or separator. An integral part
of separation logic and AuDaLogic. See Sections 7.1 and
7.2. Used for separating resources between active elements
in AuDaLogic.

A(aε,E) An application of the expression correspondence require-
ment function A, as defined in Definition 7.3.22, from the
perspective of a struct instance referenced by label variable
aε which is executing expression E .

D(P,P ′) The deterministic weakening relation, where D(P,P ′) iff iff
P ′ ⇒ det and for all (α,h,ς) such that (α,h,ς) Í P , for all
h′ such that h ≫ h′, it holds that (α,h′,ς) Í P ′. Defined in
Definition 9.1.4.

R,W, X The notations used in Chapter 9 as the categories of per-
missions, such that a permission (ζ,R) is a read-permission,
(ζ,W ) is a write-permission and (ζ, X ) is a read or a write
permission.

S(P,P ′) The activation relation, where S(P,P ′) iff P ′ ⇒ ∅2 and
(α,h,ς) Í P iff (m(α),h,ς) Í P ′. Syntactically, P ′ can be cre-
ated from P by changing all occurrences of ■ and ■2 into
■1 and all occurrences of and 2 to 1. Defined in Defini-
tion 7.2.18.

Z The set of all AuDaLogic permissions, defined as (0,1]∪{ζ0}.

EX S The set of simple expressions. Simple expressions do not
contain constructor statements.

L The set of all AuDaLogic label variables.
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Notation Description

E The set of all AuDaLogic expressions. Has the notable sub-
sets EE , EM , EB , EL, ET , EZ and EX , which collect the Au-
DaLogic execution, math, boolean, label, struct type, per-
mission and variable expressions respectively. See also Def-
inition 7.2.10.

6 The merge operator for states. See Definition 7.2.5.

A The set of all AuDaLogic variables.

Ξ(h) The set of AuDaLa states p such that p ≻ h. See Defini-
tion 8.1.1.

■ i ,�i Symbols used as struct type quantifiers for the label triple.
with ■ i being comparable to forall and �i being compara-
ble to exists. If i ∈ {1,2}, the predicate ■ i θ states that the
set α(i ) contains only active labels of which the struct in-
stance has type θ, while the predicate �i θ states that the
set α(i ) contains at least one active label of which the struct
instance has type θ.

def ( f (x)),
def (a ◦ b),
def (E)

Denotes whether function f is defined for input a, whether
binary operator ◦ is defined for a and b and whether AuDa-
Logic expression E ∈E is defined. Here, def (E) is defined iff
for all subexpressions E1 ◦E2 in E , def (E1 ◦E2).

dom( f ) The domain of a function f .

emp A separation logic and AuDaLogic constant denoting the
empty memory heap.

■i (l ) An AuDaLogic label triple assertion which asserts that the
i th set of the label triple (with i ∈ {1,2}) consists only of
the label represented by the label variable l . This can be
extended to both sets through the notation ■(l ).

X Used to denote an arbitrary executable, which a schedule
or a list of statements.

fresh(l ) An AuDaLogic predicate which asserts that the label repre-
sented by the label variable l is in the third set of the label
triple.

≫ the deterministic relation ≫ as defined in Definition 9.1.1.
Relates a non-deterministic heap to potential deterministic
variants of that heap.
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Notation Description

ς An AuDaLogic variable environment. See Definition 7.2.1.

α An AuDaLogic label triple. See Definition 7.2.1.

∅i An AuDaLogic constant, with i ∈ {1,2}, denoting that the
i th set in the label triple is empty. If both the first and the
second set must be empty, then the notation ∅ can be used.

det The predicate which asserts that the memory heap of the
current state is deterministic.

F Used to denote a step sequence. See Definition 8.1.4.

ConsElim,
ConsElimE

The functions used to transform an AuDaLa program to
constructor normal form. See also Section ’7.3.1.

Va Used to denote variant generator functions.

Va(i ) A variant predicate as used for fixpoints. Here, i is a num-
ber depicting the iteration of the fixpoint.

eqi(aε,E) The predicate equivalent to executing E from the struct in-
stance referenced through the AuDaLogic label variable aε.
See Definition 7.3.23.

fv A function which takes one or more AuDaLogic predicates
and returns the set of unbound variables in those predi-
cates.

occ(E1, . . . ,En) An application of the occurrence function on the AuDaLa
expressions E1, . . . ,En , which returns all occurrences of
maximal variable expressions in E1, . . . ,En . For example,
for an AuDaLa expression x.y.z + z.y , the occurrence func-
tion returns the set {x.y.z, z.y}.

prefixes(EV ) An application of the prefixes function on the AuDaLa vari-
able expression E , which returns all non-empty prefixes of
E . For example, for an AuDaLa variable expression x.z, the
prefixes function returns the set {x, x.z}.

rew The rewrite function used in the stability predicate gener-
ator functions. It rewrites AuDaLa expressions to unfold
local variables back into parameter variables. See also Sec-
tion 7.3.3.

♦ The merge operator for label triples. See Definition 7.2.3.



340 AuDaLogic Notations

Notation Description

⊕ The merge operator for heaps. See Definition 7.2.4.

⊑ A heap ordering. For two heaps h1 and h2, h1 ⊑ h2 iff h2

contains all entries of h1 with the same values assigned to
them and with permissions equal or larger than in h1. See
also Definition 7.2.8.

π ;(α,h,ς) Used to denote that AuDaLa execution π conforms to Au-
DaLogic state (α,h,ς). See Definition 8.1.2.

PrSP The stability function for predicates, which, given a state-
ment, a label variable which denotes the struct instance
the statement is executed from, a struct type and a rewrite
function, returns a predicate that is true iff the execution
of the statement from the struct instance is stable. See also
Section 7.3.3.

res The resolution function for AuDaLogic expressions. See
Definition 7.2.11.

safeScP Used to denote the safety predicate for schedules, as de-
fined in Definition 8.1.8, used to define the semantic mean-
ing of AuDaLogic triples. For AuDaLogic with write-write
race conditions, see Definition 9.1.10.

safeStP Used to denote the safety predicate for lists of statements,
as defined in Definition 8.1.6, used to define the semantic
meaning of AuDaLogic triples.

−∗ The separating implication. An integral part of separation
logic and AuDaLogic. See Sections 7.1 and 7.2.

stableP The stability predicate generator function. Given a sched-
ule, it generates a predicate that checks whether the next
execution of the schedule is stable. See also Section 7.3.3.

stableFP The stability predicate generator function for steps. Given a
step, it generates a predicate that checks whether the next
execution of the step is stable. See also Section 7.3.3.

τ = τ1 ∥ τ2 Used to denote that sequence of AuDaLa transitions τ is an
interleaving of τ1 and τ2. τ is defined iff τ1 and τ2 respect
mergeable states. This can scale to multiple sequences of
AuDaLa transitions. See Definition 8.1.3.
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Notation Description

τ∼ (α,h,ς) Used to denote that the sequence of AuDaLa transitions τ
respects AuDaLogic state (α,h,ς). See Definition 8.1.2.

`
A sign used to name proof trees and to refer to other proof
trees in Section 7.5.

ζ A permission

ζ0 The null-permission, a special permission for parameters of
null-instances.

a : T This notation asserts that AuDaLogic variable a refers to a
value of type T .

h An AuDaLogic memory heap. See Definition 7.2.1.

h0 The null-heap. See Definition 7.2.7.

m(α) The maximally active label triple corresponding to α: the
label triple α′ such that α(1)∪α(2) =α′(1) and α′(2) = ;. De-
fined in Definition 7.2.17.

p ∈Ξ(α,h,ς) Equivalent to p ∈Ξ(h). See Definition 8.1.1.

p - (α,h,ς) Used to denote that p is equivalent to (α,h,ς). See Defini-
tion 8.1.1.

p -α Used to denote that AuDaLa state p is struct-equivalent to
label triple α. See Definition 8.1.1.

p - h Used to denote that AuDaLa state p is memory-equivalent
to label triple h. See Definition 8.1.1. In Chapter 9, this
notation denotes that p is weakly memory-equivalent to h,
with -s denoting strict memory-equivalence, which is the
same as the definition of memory-equivalence in Chapter 8.

p ≻ (α,h,ς) Equivalent to p -α and p ≻ h. See Definition 8.1.1.

p ≻ h Used to denote that h can be derived from AuDaLa state
p. See Definition 8.1.1. In Chapter 9, this notation denotes
that h is weakly derived from p, with ≻s denoting strict
derivation, which is the same as the definition of derivation
in Chapter 8.
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Summary

Since the advent of the computer, there has been a consistent effort to opti-
mize computer programs for their execution speed, or performance. These
days, a main method for doing so is exploiting parallelism, where multiple
processors work at the same time to execute a program as opposed to one
processor executing a program sequentially. To facilitate this, many languages
and frameworks aimed at parallel programming have been created. Of these
languages and frameworks, many of these put a large focus on the individual
process, which is often considered separate from the whole when accessing
hardware or interacting with other processes.

Parallel programming is inherently difficult. The behaviour of a parallel
program is far harder to specify than the behaviour of a sequential program,
due to the simultaneous behaviour of parallel processes. These behaviours
may for example lead to race conditions, which are bugs caused by simultane-
ous but clashing accesses of the memory by processes. This makes it harder to
create a correct parallel program and to verify that it is correct.

To solve this, many process-focused parallel languages require an explicit
mapping and handling of the communication between multiple processes and
between processes and the hardware, to limit unwanted behaviours. However,
as this makes the language more complicated, this makes parallel programs in
these languages less intuitive, more difficult to make and harder to verify.

We set out to investigate a solution for these problems. To do so, we in-
troduce the data-autonomous paradigm, in which data elements execute their
own code. It abstracts away from processes and hardware as much as possible.
The paradigm focuses on local interactions between data and a robust design
of the whole parallel system which executes the program. In this thesis, we de-
velop the first data-autonomous parallel programming language: AuDaLa, the
Autonomous Data Language, We claim that this language is understandable
and feasible in practice, we show that the language has a compact but com-
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plete semantics and we demonstrate that the language is verifiable in practice.
Furthermore, to demonstrate the verifiability of AuDaLa, we develop AuDa-
Logic, a proof system for AuDaLa based on separation logic.

In the first part of this thesis, we give the theoretical foundations of Au-
DaLa, including a syntax, type system and a semantics. We discuss these foun-
dations by giving some standard example programs, including programs for
prefix sum and sorting. We further analyse these foundations by proving Au-
DaLa to be Turing complete, and discussing the limitations of the language.
Furthermore, we demonstrate that the semantics of AuDaLa lends itself to
adaptation by extending AuDaLa to overcome some of the discussed limita-
tions.

Furthermore, we prove some semantic properties of AuDaLa programs,
which we can use to verify AuDaLa programs with the syntax and the se-
mantics. We demonstrate this using examples given in the thesis.

We also give an adaptation of the standard semantics which is compatible
with conventional hardware, which allows for feasible implementations of Au-
DaLa on current machines. We prove that this adaptation does not allow for
any behaviour the original semantics did not already allow as long as there are
no read-write race conditions, allowing us to keep using the simpler standard
semantics for verification.

In the second part of this thesis we introduce AuDaLogic, a proof system
for AuDaLa based on separation logic. We give the syntax, semantics and
proof rules of AuDaLogic and prove the proof system sound for AuDaLa. We
demonstrate the proof system using an extended example. also give a further
adaptation of the proof system to handle write-write race conditions, which
we again demonstrate.



Samenvatting

Sinds de opkomst van de computer hebben mensen zich consistent ingespan-
nen om computer programma’s te optimaliseren voor executiesnelheid, hier ef-
ficiëntie genoemd. Op dit moment is een van de voorname manieren om dit te
doen het gebruiken van parallelisme. In parallelle executie werken meerdere
processoren tegelijk om samen een programma uit te voeren, in tegenstelling
tot sequentiele executie, waar het programma door maar een processor wordt
uitgevoerd. Om parallelle executie te bewerkstelligen zijn er veel program-
meertalen en frameworks gemaakt voor parallel programmeren. Veel van deze
programmeertalen en frameworks leggen de nadruk op individuele processen,
welke vaak apart van het geheel worden beschouwd wanneer ze hardware
aanroepen of communiceren met andere processen.

Parallel programmeren is inherent moeilijk. Het gedrag van een parallel
programma is veel moeilijker om te specificeren vergeleken met het gedrag
van een sequentieel programma, doordat het gedrag van de parallelle pro-
cessen gelijktijdig plaatsvindt. Dit gedrag kan bijvoorbeeld leiden tot race con-
dities, bugs die worden veroorzaakt door het gelijktijdig aanroepen van het
geheugen door verschillende processen, waar de twee processen elkaar in de
weg zitten. Dit maakt het moeilijker om een correct parallel programma te
maken, en ook om dat te verifiëren.

Om dit op te lossen vereisen veel proces-gefocuste parallelle programmeer-
talen dat de communicatie tussen verschillende processen en de hardware ex-
pliciet wordt geregeld door de programmeur, om ongewenst gedrag te vermin-
deren. Dit maakt zulke talen echter nog moeilijker, wat parallelle programma’s
in deze talen minder intuïtief, moeilijker te maken en moeilijker te verifiëren
maakt.

Wij zijn begonnen met het zoeken naar een oplossing voor deze proble-
men. Om dit te doen introduceren wij de data-autonome programmeerstijl,
waarin data elementen hun eigen code uitvoert. De stijl abstraheert weg van
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processen en hardware waar mogelijk. De programmeerstijl focust op lokale
interacties tussen data en een robuust design van het hele parallelle systeem
dat een programma uitvoert.

In dit proefschrift ontwikkelen wij de eerste data-autonome programmeer-
taal: AuDaLa, wat staat voor Autonomous Data Language (Autonome Data
Taal). Wij zijn van mening dat deze taal begrijpelijk en bruikbaar is in de prak-
tijk, we laten zien dat de taal een compacte maar complete semantiek heeft
en we demonstreren dat programma’s in de taal te verifiëren zijn in de prak-
tijk. Om dit laatste aan te tonen hebben wij AuDaLogic (Autonomous Data
Logic, Autonome Data Logica) ontwikkeld, een bewijssysteem voor AuDaLa
gebaseerd op separation logic.

In het eerste deel van dit proefschrift geven wij de theoretische basis van
AuDaLa, inclusief een syntax, een typesysteem en een semantiek. Deze basis
wordt besproken door middel van standaard voorbeeldprogramma’s, inclusief
programma’s voor het prefix sum probleem en sorteren. Wij analyseren de
basis verder door AuDaLa Turing compleet te bewijzen en de door sommige
limitaties van de taal te bespreken. Daarna demonstreren wij dat de semantiek
van AuDaLa zich leent voor aanpassing door AuDaLa uit te breiden om de
besproken limitaties op te lossen.

Wij gebruiken de semantiek ook om sommige semantische eigenschappen
van AuDaLa programma’s te bewijzen die gebruikt kunnen worden om Au-
DaLa programma’s te verifiëren via de syntax en de semantiek. Dit wordt
gedemonstreerd in voorbeelden gegeven in het proefschrift.

Om te laten zien dat de taal bruikbaar is in de praktijk geven wij een
uitbreiding van de standaard semantiek die compatibel is met de huidige
hardware en kan worden gebruikt voor het implementeren van de taal op
huidige hardware. Wij bewijzen dat de uitbreiding geen nieuw gedrag toes-
taat vergeleken met de standaard semantiek zolang er geen lees-schrijf race
condities zijn, wat ons toestaat de simpelere standaard semantiek te gebruiken
voor verificatie.

In het tweede deel van het proefschrijft introduceren wij AuDaLogic, een
bewijssysteem voor AuDaLa, gebaseerd op separation logic. Wij geven de syn-
tax, semantiek en de bewijsregels van AuDaLogic en bewijzen de correctheid
van dit bewijssysteem voor AuDaLa. Wij demonstreren het bewijssysteem met
een uitgebreid voorbeeld. Ook geven wij een verdere uitbreiding voor dit
bewijssysteem om schrijf-schrijf race condities toe te laten, die wij wederom
demonstreren.
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